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PREFACE. 



In the following Treatise I have adopted the method of 
Ldmiting Batios as my basis; at the same time the co- 
ordinate method of Infinitesimals or Differentials has been 
largely employed. In this latter respect I have followed in 
the steps of all the great writers on the Calculus, from 
Newton and Leibnitz, its inventors, down to Bertrand, the 
author of the latest great treatise on the subject. An ex- 
clusive adherence to the method of Differential Coefficients 
is by no means necessary for clearness and simpKcity ; and, 
indeed, I have found by experience that many fundamental 
investigations in Mechanics and Geometry are made more 
intelligible to beginners by the method of Differentials than 
by that of Differential Coefficients. While in the more ad- 
vanced applications of the Calculus, which we find in such 
works as the M^canique Celeste of Laplace, and the Mica- 
nique Analytique of Lagrange, the investigations are all 
conducted on the method of Infinitesimals. 

The principles on which this method is founded are given 
in a concise form in Arts. 38 and 39. 

In the portion of the Book devoted to the discussion of 
Curves, I have not confined myself exclusively to the ap- 
plication of the Differential Calculus to the subject; but 
have availed myself of the methods of Pure and Analytic 
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Geometry, whenerer it appeared that siinplicity would be 
gained thereby. 

In the discussion of Multiple Points I have adopted the 
simple and General method given by Dr. Salmon in his 
Higher Plane Curves. It is hoped that by this means the 
present treatise will be found to be a useful introduction to 
the more complete investigations contained in that work. 

As this Book is principally intended for the use of begin- 
ners, I have purposely omitted all metaphysical discussions, 
from a conviction that they are more calculated to perplex 
the beginner than to assist him in forming clear conceptions. 
The student of the Differential Calculus (or of any other 
branch of Mathematics) cannot expect to master at once all 
the difficulties which meet him at the outset ; indeed it is only 
after considerable acquaintance with the Science of Geometry 
that correct notions of angles, areas, and ratios are formed. 
Such notions in any science can be acquired only after 
practice in the appHcation of its principles, and after patient 
study. 

The more advanced student may read with advantage the 
Reflexions sur la M^taphysique du Calcul Infinitesimal of the 
illustrious Camot : in which, after giving a complete resume 
of the different points of view under which the principles of 
the Calculus may be regarded, he concludes as follows : — 

" Le m^rite essentiel, le sublime, on pent le dire, de la 
m^thode infinit^simale, est de r^unir la facility des precedes 
ordinaires d'un simple calcul d'approximation d Inexactitude 
des resultats de I'analyse ordinaire. Cet avantage immense 
serait perdu, ou du moins fort diminu^, si si cette m^thode 
pure et simple, telle que nous I'a donn^e Leibnitz, on voulait, 
Bous Tapparence d'une plus grande rigueur soutenue dans 
tout le cours de calcul, en substituer d'autres moins naturelles, 
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mollis commodes, moins oonf onnes k la marche probable 
des inventeurs. Si oette m^thode est exaote dans les r^- 
soltats, oomme personne n'en doute axLJourd'hui, si o'est tou- 
jouiB d eUe qu'il faut en revenir dans les questions difficiles, 
oomme il parait encore que tout le monde en oonvient, 
pourquoi reoounr d des moyensd^toum^s et oompliqu^s pour 
la suppleer? Pourquoi se contenter de I'appuyer sur des 
inductions et sur la conformity de ses r^sultats aveo ceux que 
foumissent les autres methodes, lorsqu'on pent la d^montrer 
directement et g^n^ralement, plus faeilement peut-Stre 
qu'auoune de oes methodes elles-mSmes P Les objections que 
Ton a f aites centre elle portent toutes sur cette f ausse suppo- 
sition, que les erreurs commises dans le cours du calcul, en j 
n^gligeant les quantit^s infiniment petites, sent demeur^es 
dans le r^sultat de ce calcul, quelque petites qu'on les sup- 
pose ; or c'est ce qui n'est point : I'^limination les emporte 
toutes n^cessairement, et il est singulier qu'on n'ait pas 
aper9U d'abord dans cette condition indispensable de I'^limi- 
nation le veritable caractere des quantit^s infinit^simales et 
la r^ponse dirimante d toutes les objections." 

Manj important portions of the Calculus have been 
omitted, as being of too advanced a character; however, 
within the limits proposed, I have endeavoured to make the 
Work as complete as the nature of an elementary treatise 
would allow. 

I have illustrated each principle throughout by copious 
examples, chiefly selected from the Papers set at the various 
Examinations in Trinity College. 

In this Edition the text has been caref uUy revised ; and, 
amongst other additions, I have considerably increased the 
chapter on Roulettes, which I had introduced into the Third 
Edition. In this chapter, in addition to the discussion of 
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Cycloids and Epicycloids, I have given a tolerably complete 
treatment of the question of the Curvature of a Boulette, as 
also that of the Envelope of any Curve carried by a rolling 
Curve. This discussion is based on the beautiful and general 
results known as Savary's Theorems ; taken in conjunction 
with the properties of the Circle of Inflexions. I have also 
introduced the appUcation of these theorems to the general 
case of the motion of any plane area supposed to move on 
a fixed Plane. 

Chapter XX. contains the discussion of Cartesian Ovals, 
which had been given in a note in the last Edition : by this 
change it is hoped that the fundamental properties of these 
remarkable Curves will be more easily accessible to the 
student. 

I have again to thank Mr. Cathcart and Mr. Panton for 
their kind aid in the correction of the proof-sheets, as well as 
for many valuable suggestions throughout. 

TrINTTY COLLEGE; 

March, 1880. 
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CHAPTER I. 

FIBST PBINCIPLES — DIFFEBENTIATION. 

I . Functions. — The student, from his j^revious acquaintance 
with Algebra and Trigonometry, is supposed to understand 
what is meant when one quantity is said to be a function of 
another. Thus, in trigonometry, the sine, cosine, tangent, &c. , 
of an angle are said to be functions of the angle, having each 
a single value if the angle is given, and varying when the 
angle varies. In like manner any algebraic expression in x 
is said to be a function of x. Geometry also famishes us 
with simple illustrations. For instance, the area of a square, 
or of any regular polygon of a given number of sides, is a 
function of its side ; and the volume of a sphere, of its radius. 

In general, whenever two quantities are so related, that 
any change made in the one produces a corresponding variation 
in the other j then the latter is said to be a function of the 
former. 

This relation between two quantities is usually represented 
by the letters J^,/, ^, &c. 

Thus the equations 

u = F{x)y V =/(a?), w = ^ (a?), 

denote that u^ Vy w^ are regarded as functions of ^, whose 
values are determined for any particular value of ^, when the 
form of the function is known. 

2. Dependent and Independent Tarlables, Con- 
stants* — In each of the preceding expressions, x is said to be 

B 
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the independent variable, to which any value may be assigned 
at pleasure ; and u^ «?, Wy are cc^ed dependent variables, as their 
values depend on that of x, and are determined when it is 
known. 

Thus, in the equations 

y=io% y=^<x^y y = BmXy 

the value of y depends on that of or, and is in each case deter- 
mined when the value of a; is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent variable Xj then every fimction 
of X will assume a corresponding series of values. If a quan- 
tity retain the same value, whatever change be given to or, it 
is said to be a constant vAih, respect to x. We usually denote 
constants by a, b, c, &c., the first letters of the alphabet; 
variables by the last, viz., ti, <?, Wf x, y, z. 

3. Algebraic and Transcendental Functions. — 
Functions which consist of a finite number of terms, involving 
integral and fractional powers of x, together with constants 
solely, are called algebraic functions — ^thus 



are algebraic expressions. 

Functions which do not admit of being represented as 
ordinary algebraic expressions in a finite number of terms are 
called transcendental : thus, sin or, cos Xy tan Xf ^, log Xy &c.,' 
are transcendental functions ; for they cannot be expressed 
in terms of x except by a series containing an infinite number 
of terms. 

Algebraic functions are ultimately reducible to the follow- 
ing elementary forms : (i). Sum, or difference {u + v^u - v). 

(2). Product, and its inverse, quotient luvy - j. Powers, and 

their inverse, roots {u^, ti^). 

The elementary transcendental functions are also ulti- 
mately reducible to : (i). The sine, and its inverse, (sin w, 
sin"^t^). (2). The exponential, and its inverse, logarithm 
(c^logt«). 
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4* Continaous Functions. — ^A funotdon ^ {x) is said to 
be a continuom function of Xy between the limits a and b, 
when, to each value of x^ between these limits, corresponds a 
finite value of the function, and when an infinitely small 
change in the value of x produces only an infinitely small 
change in the function. If these conditions be not fulfilled 
the function is discontinuous. It is easily seen that all 
algebraic expressions, such as 



Of^ + ttiOf^^ +....« 



n> 



and all circular expressions, sin Xy tan ^, &c., are, in general, 
continuous functions, as also ^, log x, &c. In such cases, 
accordingly, it follows that if x receive a very small change, 
the corresponding change in the function of ^ is also very 
small. 

5. Increments and DiflTerentlals. — In the Differen- 
tial Calculus we investigate the changes which any function 
imdergoes when the variable on which it depends is made to 
pass l£rough a series of different stages of magnitude. 

If the variable x be supposed to receive any change, such 
change is called an increment ; this increment of x is usually 
represented by the notation Ax. 

When the increment, or difference, is supposed infinitely 
small it is called a differential, and represented by dx, i.e. an 
infinitely small difference is called a differential. 

In like manner, if t« be a function of x, and x becomes 
x + Aa?, the corresponding value of tiis represented by w + Aw ; 
i. e. the increment of w is denoted by £^u. 

6. liimiting Ratios, Derived Functions. — If t« be a 

function of x, then for finite increments, it is obvious that the 

ratio of the increment of u to the corresponding increment of 

X has, in general, a finite value. Also when the increment 

of ^ is regarded ae being infinitely small, we assume that the 

ratio above mentioned has still a definite limiting value. In 

the Differential Calculus we investigate the values of these 

limiting rutios for different forms of functions. 

The ratio of the increment of u to that of x in the limit, 

//j/ 

when both are infinitely small, is denoted by j-. When 

B 2 
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ti =f[x\ this limiting ratio is denoted \yjf[x\ and is called 
the^rs^ derived function* oif[x). 

Thus ; let x become x + hy where h = A^r, then u becomes 

f{x + A), i. e. w + Au =f{x + A), 

.-. Au =f{x + A) -/(a?), 

Au f(x + h)-f(x) 
Ax h 

The limiting value of this expression when h is infinitely small 
is called the first derived function of f{x)y and represented 

by/(«). 

Au 

Again, since the ratio -— has/' (x) for its limiting value, 

i\X 

if we assume 

c must become evanescent along with Ax ; also — becomes 

i^X 

-7- at the same time ; hence we have 
dx 

g./W. (0 

This result may be stated otherwise, thus : — If Ui denote 
the value of u when x becomes x^ then the value of the ratio 

-^ , when Xi- X IB evanescent, is called the first derived 

Xi — X 

du 
function of w, and denoted by -j-. 



* The method of deriyed functions was introduced by Lagrange, and the 
different derived functions otf{x) were defined by him to be, the coefficients of 
the powers of A in tiie expansion off{x+ h) : that this definition of the first 
derived function agrees widi that given in the text will be seen subsequently. 

This agreement was also pointed out by Lagrange. See "Thiorie des 
Fanctions Analytiques," N©*. 3, 9. 
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If Xi be greater than x, then Ui is also greater than Uj pro- 
vided — is positive ; and hence, in the Kmit, when Xi - x 

Xi-x . . du 

is evanescent, Ui is greater or less than u according as — is 

(tx 

positive or negative. Hence, if we suppose x to increase, 

then any function of x increases or diminishes at the same 

time, according as its derived function, taken with respect 

to ar, is positive or negative. This principle is of great 

importance in tracing the different stages of a function of rr, 

corresponding to a series of values of x. 

7. DIflfferential, and DiflTerentlal Coefficient, of 

Ijet u=f{x); then since 

we have du = d{/{x)) =f'{x)dx, 

where dx is regarded as being infinitely small. In this 
case dx is, as already stated, the differential of x, and du 
or Z' (x) dxy is called the corresponding differential of n. 
Also J^ (x) is called the differential coefficient of f{x)y being 
the coefficient of dx in the differential of f{x). 

8. Algebraic Illastration. — That a fraction whose 
numerator and denominator are both evanescent, or in- 
finitely small, may have a finite determinate value, is 

evident from algebra. For example, we have t = -7 what- 
ever n may be. If ^ be regarded as an infinitely small 
number, the numerator and denominator of the fraction 
both become infinitely small magnitudes, while their ratio 

remains unaltered and equal to t* 

It will be observed that this agrees vdth our ordinary 

idea of a ratio; for the value of a ratio depends on the 

relativCy and not on the absolute magnitude of the terms 

which compose it. 

. . .J, na + wV 

Again, ;f u = --=■ rp, 

^ nb + n*y 

in which n is regarded as infinitely small, and a, b, a' and b' 
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represent finite magnitudes, the terms of the fraction are 
both infinitely small, 

but their ratio is 7 r/> 

the limiting value of which, as w is diminished indefinitely, 

is T. Again, if we suppose n indefinitely increased^ the 

limiting value of the fraction is t>. For 



a + a'n a' aV - bd 

= T-. + 



b + b'n V V{b + b'n)' 

but the fraction 7777 — -r— • diminishes indefinitely as n 

^ V(b + Vn) ^ 

increases indefinitely, and may be made less than any 
assignable magnitude, however small. Accordingly the 

limiting value of the fraction in this case is 7;. 



9. Trigonometrical lUustration. — To find the values 
of 7 — jQ, and —5—, when 6 is regarded as infinitely small. 

Here 7 — 7: = cos 6, and when = o, cos6 = i. 
tan 

Hence, in the limit, when = o,* we have 

sin , tan 6 , . , , . 

7 — 7: = I, and, .*. -; — 75 = I, at the same time, 
tan sm 

Q 

Again, to find the value of - — 7:, when 6 is infinitely small. 

sm0 

From geometrical considerations it is evident that if 6 be 

the circular measure of an angle, we have 

tan 6 > 6 > sin 0, 

tan 61 
or -7—5 > -:— 5 > I ; 

sm sm 



*Ifa variable quantity he supposed to diminish gradually, till it he less than 
anything finite which can he assigned, it is said in that state to be indefinitely 
small or evanescent; for dbhreviation, such a quantity is often denoted hy cypher. 

A discussion of infinitesimals, or infinitely small quantities of different orders, 
will be found in the next Chapter. 
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but in the limit, i.e. when 6 is infinitely small, 

tand 

and therefore, at the same time, we have 

J_ ^ 
sin0 

This shows that in a circle the ultimate ratio of an arc to its 

chord is imity, when they are both regarded as evanescent. 

10. Creometrleal lUastratlon. — ^Assuming that the 

relation y = f(x) may in all cases be represented by a curve, 

where .. . 

y = /(^) 

expresses the equation connecting the co-ordinates (a?, y) 
of each of its points ; then, if the axes be rectangular, and 
two points (aj, y)y (a?i, y^ be taken on the curve, it is obvious 

that ^ represents the tangent of the angle which the 

chord joining the points (or, y), (iPi, y^ makes with the axis 

of iF. 

If, now, we suppose the points taken infinitely near to 
each other, so that Xi-x becomes evanescent, then the chord 
becomes the tangent at the point (rr, y), but 

— — - becomes -y- or f (x) in this case. 
Xi- X ax " ^ ' 

Hence, f (x) represents the trigonometrical tangent of the 
angle which the line touching the curve at the point {x, y) makes 
with the axis of x. We see, accordingly, that to draw the 
tangent at any point to the curve 

y = /(«) 

is the same as to find the derived function f{x) of y with 
respect to x. Hence, also, the equation of the tangent to 
the curve at a point (a:, y) is evidently 

y-Y = f{x)(x-X), (2) 

where X, T are the current co-ordinates of any point on the 



8 
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tangent. At the points for which the tangent is parallel to 
the axis of Xy we have f {x) = o ; at the points where the 
tangent is perpendicular to the axis, f {x) = oo . For all 
other points f {x) has a determinate finite real value in 
general. This conclusion verifies the statement, that the 
ratio of the increment of the dependent variable to that of 
the independent variable has, in general, a finite determinate 
mamitude, when the increment becomes infinitely small. 

This has been so admirably expressed, and its con- 
nexion with the fundamental principles of the Differential 
Calculus so well explained, by M. Navier, that I cannot for- 
bear introducing the following extract from his ^^Le9ons 
d'Analyse": — 

" Among the properties which the function y = /(a?), or 
the line which represents it, possesses, the most remarkable — 
in fact that which is the principal object of the Differential 
Calculus, and which is constancy introduced in all practical 
applications of the Calculus — is the 
degree of rapidity with which the 
function /(a?) varies when the in- 
dependent variable x is made to 
vaiy from any assigned value. 
This degree of rapidity of the 
increment of the function, when x 
is altered, may differ, not only 
from one function to another, but 
also in the same function, ac- 
cording to the value attributed to 
the variable. In order to form a 
precise notion on this point, let us attribute to a; a deter- 
mined value represented by ON, to which will correspond 
an equally determined value of y, represented by PN. Let 
us now suppose, starting from this value, that x increases by 
any quantity denoted by Aar, and represented by NMy the 
function y will vary in consequence by a certain quantity, 
denoted by Ay, and we shall have 

y + £iy =f{x+ Ax)y or Ay = f{x + Ax) -/{x). 

The new value of y is represented in the figure by QMy 
and QL represents Ay, or the variation of the function. 




Kg. I. 
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The ratio -~- of the inoremeiit of the function to that of 
the independent variable, of which the expression is 

Ax ' 

is represented by the trigonometrical tangent of the angle 
QPL made by the secant PQ with the axis of x. 

" It is plain that this ratio — ^ is the natural expression 

of the property referred to, that is, of the degree of rapidity 
with which the function y increases when we increase the 
independent variable x\ for the greater the value of this 
ratio, the greater will be the increment Ay when a? is in- 
creased by a given quantity Aa;. But it is very important 

Ay 
to remark, that the value of —^ (except in the case when 

Ao? ^ 

the line PQ becomes a right Kne) depends not only on the 

value attributed to Xy that is to say, on the position of P on 

the curve, but also on the absolute value of the increment Ax. 

If we were to leave this increment arbitrary, it would be 

impossible to assign to the ratio --^ any precise value, and 

it is accordingly necessary to adopt a convention which shall 

remove all uncertainty in this respect. 

" Suppose that after having given to Ax any value, to 

which wiU correspond a certain value Ay and a certain 

direction of the secant PQy we diminish progressively the 

value of AXj so that the increment ends by becoming 

evanescent ; the corresponding increment Ay will vary in 

consequence, and will equally tend to become evanescent. 

The point Q will tend to coincide with the point P, and the 

secant PQ with the tangent PT drawn to the curve at the 

Ay 
point P. The ratio -^ of the increments will equally 

approach to a certain limit, represented by the trigonometrical 
tangent of the angle TPL made by the tangent with the 
axis of X. 
"We accordingly observe that when the increment Ax, 
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and consequently Ay, diminisli progressively and tend to 
vanish, the ratio — of these increments approaches in 
general to a limit whose value is finite and determinate. 

TT A?/ 

Hence the value of — corresponding to this limit must be 

considered as giving the true and precise measure of the 
rapidity with which the function f (x) varies when the independent 
variable x is made to vary from an assigned value ; for there 
does not remain anything arbitrary in the expression of this 
value, as it no longer depends on the absolute values of the 
increments Aa? and Ay, nor on the figure of the curve at any 
finite distance at either side of the point P. It depends 
solely on the direction of the curve at fliis point, that is, on 
the inclination of the tangent to the axis of x. The ratio 
just determined expresses what Newton called the^tmon of 
the ordinate. As to the mode of finding its value in each 
particular case, it is sufficient to consider the general 

expression ^y /(.^a.)-/(.) 

^x Ax ' 

and to see what is the limit to which this expression tends, 
as Ax takes smaller and smaller values and tends to vanish. 
This limit will be a certain function of the independent 
variable x, whose form depends on that of the given function 

f{x) We shall add one other remark ; which is, that 

the differentials represented by dx and dy denote always 
quantities of the same nature as those denoted by the variables 
X and y. Thus in geometry, when x represents a line, an 
area, or a volume, the differential dx also represents a line, an 
area, or a volume. These differentials are always supposed 
to be less than any assigned magnitude, however small ; but 
this hypothesis does not alter the nature of these quantities : 
dx and dy are always homogeneous with x and y, that is to 
say, present always the same number of dimensions of the unit 
by means of which the values of these variables are expressed." 
loa. Iiimit of a Tarlable Magiiitude. — ^As the con- 
ception of a limit is f imdamental in the Calculus, it may 
be well to add a few remarks in further elucidation of its 
meaning : — 



Limit of a Variable Magnitude. 1 1 

In general, when a variable magnitude tends continually to 
equality mth a certain fixed magnitude^ and approaches nearer to 
it than any assignable difference, however smallj this fixed magni- 
tude is called the limit of the variable magnitude. For example^ 
if we insGribe, or circumscribe, a polygon to any closed curve, 
and afterwards conceive each side indefinitely diminished, 
and consequently their number indefinitely increased, then 
the closed curve is said to be the limit of either polygon. 
By this means the total length of the curve is the limit of 
the perimeter either of the inscribed or circumscribed polygon. 
In like manner, the area of the curve is the limit to the 
area of either polygon. For instance, since the area of any 
polygon circumscribed to a circle is obviously equal to the 
rectangle under the radius of the circle and the semi-perimeter 
of the polygon, it follows that the area of a circle is repre- 
sented by the product of its radius and its semi-circumfe- 
rence. Again, since the length of the side of a regular 
polygon inscribed in a circle bears to that of the correspond- 
ing arc the same ratio as the perimeter of the polygon to the 
circumference of the circle, it follows that the ultimate ratio 
of the chord to the arc is one of equality, as shown in Art. 9. 
The like result follows immediately for any curve. 

The following principles concerning limits are of fre- 
quent application: — (i) The limit of the product of two quan- 
titles, which vary together, is the product of their limits; (2) The 
limit of the quotient of the quantities is the quotient of their 
limits. 

For, let P and Q represent the two quantities, and p and 
q their respective limits ; then if 

P=jp + a, Q = q + (i, 

a and /3 denote quantities which diminish indefinitely as P 
and Q approach their limits, and which become evanescent 
in the limit. 

Again, we have 

PQ =pq +i?j3 + qa + a/3. 
Accordingly, in the limit, we have 

PQ^pq. 



n 
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Again, ^=^=^ + ?^. 

^ Q q-^fi q q{q+(i) 

The numerator of the last fraction becomes evanescent in 
the limit, while the denominator becomes q\ and consequently 

the limit of — is -. 
Q q 

1 1 . Differentiation. — ^The process of finding the derived 
function, or the differential coefficient of any expression, is 
called differentiating the expression. 

We proceed to explain this process by applying it to a 
few elementary examples. 



Examples. 

1. y = x\ 

Substitute X + h for x, and denote the new value of ^ by yi, then 

yi = (« + A)2 = a;2 + 2xh -i- h^ ; 

. . — ; — or — = 2X + n, 
h Ax 

If h be taken an infinitely small quantity, we get in the limit 

dy 

dx ' 

or if /(») = a;2, we have/' {x) = 2X. 

I 

2. y=-. 

X 

Here t/i = 



a? + A 
I I 



^^ ^ a;+A"'a; ar(tc + A)' 



or — 



A ' Ax x{x +ky 
which equation, when h is evanescent, becomes 

df/ _ I \a?/ _ _ I 

<;?a;~ x^* dx x^ 



Differentiation of a Product. 1 5 

12. Diflnerentlatlon of the Algebraic Sum of a 
Finite mrnnalier of Funetloiis. — ^Let 

y = u + v-w + &c. ; 
{hen, if a?i = a? + A, we get 

2/1 = Wi + I?! - «ri + . . . ; 

Vi — y Ui-U Vi -V Wi- w 

which becomes in the limit, when h is infinitely small, 

dy du do dw 
dx due dx dx 

Hence, if a function consist of several terms, its derived 
function is the sum of the derived functions of its several partSy 
taken with their proper signs. 

It is evident that the differential of a constant is zero. 

13. Differentiation of the Product of Two Func- 
tions. — ^Let y = uvy where u, v, are both functions of x ; and 
suppose Ay, /\Uy Avj to be the increments of y, u^ v^ corre* 
spending to the increment Air in x. Then 

Ay = («« + Aw) {v + At?) - uv 

= uJ^v + VJ^U + J^U A«7, 

Ay At? , . \ At* 
or --^ = u — + (t? + At?) — . 

Ao? Air Ao? 

Now suppose Air to be infinitely small, then 

Ay At? At* 

Air' Air' Air' 
become in the limit 

dy dv , du 
-^, — and — ; 
dx dx dx 

also, since At? vanishes at the same time, the last, term dis» 
appears from the equation, and thus we arrive at the result 

dy _^ dv du , . 

dx dx dx' ^ 
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Hence, to drSerentiate the product of two functions, 
multiply each of the factors by the differential coefficient of the 
other ^ and add the products thus found. 

Otherwise thus : let/(iu), (a?), denote the functions, and 
h the increment of ^, then 

yi =/(«? + ^) f^[x-\-h); 

. y^-y _ /(^ + A) (a? + A) -f{x) [x) 
" h h 

Now, in the limit, 

fix + h) - f[x) ^ , . , ,. , V 
h~^ "•^^''^' 0(0? + /^) = «(^), 

and (a? + A) - (a?) 



and, accordingly, 

dy 



h 



= «'(^), 



which agrees with the preceding result. 

When y = auy where a is a constant with respect to or, 

we have evidently 

dy du 
-r- = a-=-. 
ax dx 

14. Differentiation of the Product of any HTnnaber 
«f Functions. — ^First let 

y = t(t?e^; 



suppose 






viv 


= s, 




then 






y 


= UZy 




and, by Art. 


13, 


we 


have 












dy^ _ 
dx 


dz 
dx 


du 
'Tx^ 
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but, by the same Article, 



dz dv die 
hence 



dx dx dx^ 



dy du dv dw 

-^ = VW-rr- •\- tCU-y- ■\- UV -7-. 

dx dx dx dx 

This process of reasoning can be easily extended to any 
number of functions. 

The preceding result admits of being written in the form 

I dy I du I dv i dw 
ydx u dx vdx w dx^ 

and in general, if y = yi . ^2 . 2^3 .... yn, 
it can be easily proved in like manner that 

ydx yi dx y^dx ' ' ' yn dx' 
15. Differentiation of a Quotient — ^Let 

2^ = -, then u = yvi 

V 

ji p T. A i d^ dv dy 

therefore, by Art. 13, ^ = y^+^;^. 

dy du dv du udv 
dx dx dx dx vdx 

du dv 

V u — 

dx dx 

^ 'v ' 

du dv 
^ dy _^ dx di; (5) 

* ' dx v^ 

This may be "written in the following form, which is often 
useful: 

d fu\ I du u dv 

dx\vj vdx v"^ dx' 
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Hence, to differentiate a fraction, multiply the denominator 
into the derived function of the numerator ^ and the numerator into 
the derived function of the denominator; take the latter product 
from the former^ and divide by the square of the denominator. 

In the particular case where t« is a constant with respect 
to a? (a suppose), we obviously have 





a fa\ a av 
dx \v) v^ dx 


(6) 




Examples. 




T 


M = . 


du 2a 


1* 


dx {a + xf 


2. 


u = (a + ar) (* + «). 


du 

— - = a + b+2x. 
dx 



1 6. Differentlatloii of an Integral Power. — ^Let 

y = 0^9 where n is a, positive integer. 

Suppose yi to be the value of y, when x becomes x^ then 

t/i-y Xi^ - af*^ 
a?i - a? X\ — X 

Now, suppose Xx- X to be evanescent. In this case we 

may write x for Xx in the right-hand side of the preceding 

equation, when it becomes naP^^\ but the left-hand side, in 

dv 
the limit, is represented by -^ • 

ax 

dy 
Hence -j- = mf^\ 

ax 

or — J — = nar \ 

dx 

This result follows also from Art. 14 ; for, making 

yi = 2^2 = 2^3 = . . . = 2^» = «^, 
we evidently get from (4), 



^(^") ...n-l^^ 



= nu^'^T-* 



dx dx 

This reduces to the preceding on making w = a?. 



(7) 
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17. nUforentlatlon of a Fractional Poinrer. — ^Let 



m 



then tf" 


u- and^(^^ ^^^'"^' 


hence, by (7), 

Hi 




d(u") 


dy mu^'^du m --idu 


dx 


dx n f/^'^dx n dx 



(8) 

18. mflRDrentlatlon of a lITegatlTe Power. — Let 

y = IT*, then y = — , and by (6) we get 

^(«^) = — ;jsr- = --«-*"-' ^. (9) 

Combining the results established in (7), (8), and (9), we 
find that 

d itT) ^ . du 

dx dx 

for all values of m, positive, negative, or fractional. When 
applied to the differentiation of any power of x we get the 
^ following rule : — Diminish the index by unity, and multiply the 
power ofx thus obtained by the original index; the result is the 
required differential coefficient, with respect to x. 

19. miforeiitlatlon of a Function of a Function. — 

fliii 

Let y = fix) and w = (y), to find —. Suppose yi, Uiy to be 

dx 

the values of y and u corresponding to the value Xi for x ; 

then if A^, ^u, A^, denote the corresponding iQcrements, 

we have evidently 

ill- u Ui — u yi - y 

iCi-x^ yi'-y Xi-x^ 
or 

Aw _ Lul^y 

Ax Ay Ax' 
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As this relation holds for all oorresponding inorementSy 
however small, it must hold in the limity* when Ao; is 
evanescent ; in which case it becomes 

— = ^. (lo) 

dx dydx 

Hence the derived function mth respect to x of u is the 
product of its derived mth respect to y ; and the derived of y 
with respect to x. 

20. Differ entiatioii of an IiiTerse Function. — ^To 

prove that 

dx I 

dy ~ dy' 

dx 

Suppose that from the equation 
the equation 

is deduced, and let Xi^ 2/i> he corresponding values of a?, y, 
which satisfy the equation (a), it is evident that they will 
also satisfy the equation {b). But 

^LZ^x ^'"^ = I 
a?i - i» yi-y 

As this equation holds for all finite increments, it must 
hold when Xi- x and yi-y are infinitely small ; therefore 
we have in the limit 

dy dx _ / X 

dx dy 

The same result may also be arrived at from Art. 19, 
as follows : — 

When y = f{x)^ and u = 0(y), 



* The Student will observe that this is a case of the principle (Art. loa) that 
the limit of the product of two quantities is equal to the product of their limits. 
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we have, in all cases, 

dii du dy 
Tx'Tytx 

This result most still hold in the particular case when u = x, 
in wiiich case it becomes 

dzdy 

dydx 

Examples. 
I. « = (a» - a?2)6. 

Let a* - a;2 _ y^ then i* ss y«. 

Hence -r- = - loa? (a' - a;*)*. 



3. f# = (i + «')». 






4. M = (i +«:*)"•. -7- = »wwa?»-i(i+a:'*)''*"V 



dx 



We next proceed to determine the derived functions of 
the elementary trigonometrical and circular functions. 
21. mflnerentiation of sin a?. — ^Let 

y = sina?, y^ - sin (x + /*), 

. h 
. , ,. . 2 sm - cosi iz:-i- 

yi-y sm (a? + A) - sm iZJ 2 



sm- 
2 
But by Art. 9, the limit of — r— = i ; moreover, the limit of 



(a, + ^)i8 



COS ( o; + - ) is COS ^. 

C 2 
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Hence -^ — ^=cosa?. (12) 

cue 

22. DiflRerentiatioii of cos or. 

y = cos Xy yi' = cos (x + A), 

. h . f h' 
I ,x 2sm-sm a? + - 

2^l - 2^ _ cos (a? + A) - COS a?_ 2 \ 2 

~jr^ h h ' • 

Hence, in the limit, 

fl? cos a? . , . 

-^^-Bmx. (13) 

TMs result might be deduced from the preceding, by substi- 

tuting s f or a?, and applying the principle of Art. 19. 

It may be noted that (12) and (13) admit also of being 
written in the following symmetrical form :— 

dAvLX . / 7r\ 
= sm I i» + - , 



dx V 2 

t^coso; 



= cos a? + 



i 



dx 
23. Differentiation of tan or. 

y = tan a?, yi = tan {x + A), 

sin {x + h) sin a? 
yi- y tan (a? + A) - tan x cos {x + h) cos x 
~h' ^ h " h 

sin h 



A cos a? cos (a? + A)' 



which becomes — =- in the limit. 

cos' a? 
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Hence — ^ — - = — ^ = sec'* a?. (14) 

ax cos* a? ^ ^ 

Otherwise thus, 

, sin X dsmx . dooBx 

^ a^^ ^\ " • COS X — -z sin a? —3 — 

q(tana?; _ cos a? cte dx 

dx dx " cos*a? 

cos' X + sin* X I 



cos* a? cos* a?* 



24. DUferentlation of cot x. — ^Proceed as in the last, 

and we get — ^ — ^ = - -r-r- = - cosec*:r. (15) 

dx sin* a? 

This result can also be derived from the preceding, by put- 
ting — 2 for a;, as in Art. 22. 

25. Differ entiatloii of sec x, 

I 

y = sec X = ; 

cos a? 

dy WLX . , ^. 

•*• -r = — r— = tana? seoa?. (16) 

dx cos* X 

d. ., t d cosec X , 

Similarly — -^ = - cot a? cosec x, 

(tie 

26. DiflRerentlatloii of y = sin'^a?. 

Here a; = sin y, .". -3- = cos y. 

dy 

Hence, by Art. 20, we get 

dy I I 

c& cosy v^i -.a;2 



2 2 Mrst Prindpks. — Lifferentiatum. 

The ambiguity of the sign in this case arises from the ambi- 
guity of the expression y = sin"^ a? ; for if y satisfy this equa- 
tion for a particular value of x^ so also does tt - y ; as also 
27r + y, &c. If, however, we assign always to ^ its least value^ 
i. e. the acute angle whose sine is represented by x^ then the 
sign of the differential coefficient is determinate, and is evi- 
dently positive ; since an angle increases with its sine, so long 
as it is acute. Accordingly, with the preceding limitation, 



d . sin~* X 



In like manner we find 

d . cos"^ X I 



(17) 



^ \/l - 'X^ 



(18) 



with the same limitation. 

This latter result can be at once deduced from the preced- 
ing by aid of the elementary equation 

sin~^ X + Qoer^x = -, 

2 

27. Differ entlatlon of tan'^o;. 

y=^tanr^x, .*. ;r = tany; 
dx I 



hence 



dy cos* y ' 
d . tan'^ X dy 



rf.ootr'a; i 

Sumlarly, —^— = -77^- 

28. Cfeonaetrlcal Deiiaoiistratlon. — The results ar- 
rived at in the preceding Articles admit also of easy demon- 
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stration by geometrical oonstmction. 
meihod by applying it to 
the case of sin 0. 

Suppose XPQFtobe a 
qoadrtuat of a oirde hav- 
ing O as its centre, and 
oonstruot as in figure. 
Let denote the angle 
XOP expressed in circu- 
lar measure; then 



We shall illustrate this 
Y 




o N M X 

Fig. 2. 



e = ^^,andA = A0 = ^. 



OP 

Accordingly, 
sin (0 + A) - sin 



QR OR PQ PQ 

OP^ PQ' 0P~^^ ^^' OP' 



sin (0 + A) - sin _ 



= cos PQR 



PQ 



arcPQ' 



But we have seen, in Art. 9, that the limiting value of 



arc PQ 



= I ; also PQJK = 0, at the same time ; hence —^ — = cos 0, 

as before. 

The student wiU find no difficulty in applying the pre- 
oedinff construction to the differentiation of cos 0, sin~* ©, and 
oofiT^ S. The differential coefficients of tan 0, tan"^ 0, &c., can, 
in like manner, be easily obtained by geometrical construction. 



I. y = sin (ftjp + a). 



2. ysscoBmx ctxnm. 



Examples. 



= fi cos (fUB + a). 



dx 

dy 

rr = - {mcoanx anmx + n coamx sin nz). 



3. petmn^x. 



dy 

•7- = fi 8m»'i X cos X, 

dx 
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dy 

4. y = sin (i + SB*). —■ = 2* cos (i + s^), 

ax 

5. Show that sin* x — (sin"** sin mx) s= m sin"**^** sin (m + i) «. 

Here -j- (sin"*^ sin mx) — m 8in"*~^a; (cos Xfosimx •\-WiX cosfikp) 
ax 

= m sin"»-^ X sin (m + I) ;p ; .•• &c. 

6. p = (a sin* oj + d cos* a;)». ^ = n (a - ^ sin 20; (a sin* « + J cos'af)""'. 

7. y = sin (sin x). 

dy 
Or y = sin «#, where « = sin a:. — = cos a? cos (sin «)• 

QiX 

9. y = sin-^ (i — x^)i. 

Here (i — ic*)* = sin y ; .*. a: = cos y. 

di/ dy I 

i=-8my-^; •*• t" = . 

.ft + acosa; <^ */«2 _ ^t 

10. y = cos-^ r . -7- = ^ 

a + *cosa? <M? a + *cosic* 

<fy 

1 1. y = sec» a?. 'J'~^ sec" a? tap a:. 

Aa? 

i2.y = sec-M^«). Tx^xV^^^l 

29. Diflterentlatlon of log^^. 
Let y = logoO?, yi = loga (a? + A), 

yi-y ^ logg (a? + A) - logga? ^ ^^^V '^a?y ^ 
h h A * 

Hence ~ is equal to the limiting value of 



dx 



^^'^-G^) 



when h is infinitely small. 
Again, let h-xuy then 



T / /A I logo (i + w) I 1 / \^ 
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.'. -J--- mxdtiplied by the value of loga (i + w)" when u is 
infinitely small. 

To find the value of the latter expression, let - = s, then 

(i + w)** becomes ( i + - ) , in which z is regarded as infinitely 

great. Suppose the limiting value of this expression to be re- 
presented by the letter e, according to the usual notation. We 
can then find the value of « as follows by the Binomial 
Theorem : — 

iV SI s (s - i) I 

Z) IS 1.2 Z^ 

. (-^) (-^)(-D , 

= I + _ + .^ L + .^ i-i L + &0. 

I 1.2 1.2.3 

The limiting* value of which, when s = 00, is evidently 



III I p 

1 + - + + + + &c. 

I 1.2 1.2.3 1.2.3.4 



\ 



By taking a sufficient number of terms of this series, we 
can approximate to the value of e as nearly as we please. 
The ultimate value can be shown to be an incommensurable 
quantity, and is the base of the natural or Napierian system 
of logarithms. When taken to nine decimal places, its value 
is 2.718281828. 



Again, since (i +«*)" = c when t^ = o, we get 

d.lo^aX logae 



dx X 



(20) 



Also, since the calculation of logarithms to any other 
base starts from the logarithms of some numbers to the base e ; 

* It will be shown in Chapter 3, without assuming the Binomial expansion, 
that e is the limit of the sum of the series 

I H 1 H + &c., ad infinitum, 

I 1.2 1.2.3 
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and moreover, sinoe the logarithms of all numbers are expressed 
by their logarithms to the base e multiplied by the modulus 
of transformation, the system whose base is ^ is fundamental 
in analysis, and we shall denote it by the symbol log without 
a suffix. In this case, since log « = i, we have 

Again, 

d ,. . logio« M , . 

T. ^'^'"''^ = . = T' <"> 

where M or logioC is the modulus of Briggs* or the ordinary 
tabulated system of logarithms. The Ycdue of this modulus, 
when calculated to ten decimal places, is 

0.4342944819. 

On the method of its determination see Qalbraith's "Algebra,'* 

P- 379- 

If a; be a large number, it is evident, from the preceding, 

that the tabular difference (as given in Logarithmic Tables), 

M 

i. e. the difference between logio (a? + i) and logioa?, is — , ap- 

X 

proximately. The student can readily verify this result by 
reference to the Tables. 

30. Diflterentlatloii of a*. 

Let y = a^y then log 1/ = x log a ; 

.-. ^-^^^^ = loga; 

tut d(logy) d(JLogy) di/_ idy^ 

dx dy dx ydx* 

' ' X = y ^^? ^ =* ^^^S «• (23) 



% • 



dx djt 
AlsO| since log <» « i, we have 



, ^' (24) 

ix 
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Examples. 



I. y = log (sin a:). 

Let sin a; = 2, then y = log z. 

... dy dy dz 

And since :s^ = -r- • -r» 

ux dz dx 

dy coBX 
we get ~ = - — = cot a?. 

dz smx 






= logJi^ 



— COS a; 
- ~ • ' cos a; 



J 



a; 
2 sin^- 



I — cos a; / 2 a; 

— ^— = tan - : 
I + cosa? / -a; 2 

2 cos* - 



•c dy I 

.'. y = log tan-. Hence -7- = -: — . 
2 dx smx 

31. liOgarltiunlc DilTerentlatlon. — ^When the funo* 
tion to be differentiated consists of products and quotients 
of functions, it is in general useful to take the logarithm 
of the funotion, and to differentiate it. This process is called 
logarithmic differentiation. 

Examples. 
'• y = yi.y2.ys. . . y«, logy = log yi + log y2 + ... + logyn. 

Hence 1^= I ^+ 1^ ^ . . . +-L^». 

ydx yi dx y%dz yn dx 

This famishes another proof of formula (4), p. 15. 

sin"* X 
2. y = . Here, log y = w log sin a: — « log cos x ; 

cos" X 0^0 

I dy cos a; sin a? dy sin*""' x , _ . „ , 

.'. --^ = w -; + » : .*. ~ = J— (mcos2a; + nsia'*a:). 

ydx sin ar cosa; dx cos^-^^a; 
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3. y = 



{x - 2)J (x - 3) J* 



537 

Here log y = - log (a? - i ) - - log (a? - 2) - -i- log (« - 3) ; 

243 

bence ^ ^^ _ 5 i 3 » 7 i _ 72=® + 3o« - 97 



y cfa; 2 a: - i 4 as - 2 3 « - 3 12 . (a? - i) (« - 2) (« - 3) ' 

<fy _ (a; - i)§ (73;' + 30^ - 97) 
' ' dx^ 12 . (a; - 2)i (a: - 3)^*. 

• dy «* + «*«*- 4a:* 

4. y=a?K + a;2)v/a2-a;«. j^- —y==-. 

5. y = aj«. Here log y = a? log a?. 

I ^y d ,if 

Hence - ^- = (log « + i) ; •'• -7— =a!* (i + log «). 

y dx ^ ° ' dx 

6. y = ^. Here log y = x^, 

idy d,x^ , . . 

dy X , . » 
.-. -T-^^ «* (i + log a;), 
ffa? 

7. y = «**> where w and r are both functions of ar. 

Here log y = v log w, 

I dy . dv V du 
,\ -— =log«#~+- — ; 
y dx dx udx 

dy /, dv V du\ . dv .du 

.'. -^ = «• I log w 3- + - — I = «• log « -;- + vur^ — . 

dx \ ° dx udx I ° dx dx 

32. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such cases the 
student will find it an advantage to reduce the expression to 
its simplest form before proceeding to its differentiation. 



Examples. 



. , X 
I. y =» sin-* 



-v/i + X' 
X . x^ 



Here — , = sin y, or ^ = sin^y ; hence a; = tan y, 

-/i + aja ' + ^' 

and we get — = cos'* y = 



dx I + a;2 



Hence 



Hence 
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2. y = tan-i 



Here tan y = 



\/i +a;2 tan y + I 
^7—2 tan y - I ' 

.^ (i + tan y)2 - (i - tany)* 2 tan y 

.*. z* = -. 2-— — ^^ ^ = ^— = Bin zy. 

(i +tany)* + (i -tany)» i+tan«y 

dy 



r2 



rfic COS 2y y, _^4 



, /\/i +« + \/i -a? I, A/i+a? + A/i- 

y = 10g / . / =-10g y 7 = 

I, i + \/i-«» I- , / -. I , 

= - log = - log (i + V I - »^) - - log X. 



- X 



dy 



^ 2«Vi - a;2 

, 1 V I + iC*- I , , 2X 

4« y.=a tan-* -^ + tan-^ -, 

X I - a;- 

Let X = tan 2, and the student can easily prove that 

y = - 2 ; hence —- = r,. 

a <fe 2 I + a?- 
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1. y = 8ec-^aj. 

2. y = a; log x, 

3. y = logtanaj. 

4. y = log tan'' X. 

5. y^a^/x, 

6. y = sin (log aj). 



7. y = tan"^ 



8. y = tan-i 



2; 



a; 



V a; + V « 



EXAHPUR. 




I 


dx 


irv^a?«-l 


dy 
dx 


I + loga?. 


dy 


2 


dx 


sin 2a; 


dy 


I 


dx 


(i + a^) tan-i a; 


dx 





dy 

dx 


COS (log a?) 

• 

X 


dy 


I 


dx 


\/I-«« 


dy 


I 



I - ^ ax ^ 2^x (i + x). 

Here y - tan^^ yx + tan-^ v^a. 

_ a:'» <fy _ 2wa^*»-^ 

^' y- (I + a;2)'»' 5i ~ (I + a;2)«*i* 

.o.y = log(^ -itan-.,. ^=j3^. 



f- y = iog / 

\V^i + a;2- 



a; <fy 

II. y = loff /-^ -^ 

/^ dx 



V^ I + a;* 



. 3 + 2a; <?y 

12. y = sm^ ~ 



\/i3 ^* \/i-3a;- 



a?-* 



>3- y = log . , /. + \ tan-i X, 



dy X 



14. y = 



(i+a;)* ^^ ete (I + ar) (I + a:'^)' 

I - a? rfy (i + x) 



v/7T^' «** ('+«')«■ 
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(i - «")§ sin-* X . dy i -x^ i + 2rp3 , ,,. . , 

I c. y = i . An$, -f- = — (I - x^)* . sin * x. 

^ ^ X dx X x^ ^ ' 

, I -tana? dy , . . x 

16. y = . -r- = - (coaa? + sin «). 

sec « dx 

, ^/l—x^ + x\/^ dy -v/a 

17. y = \o^^ 



^/i-aJ* ^^ {'s/i -x^ + xx/2)(i-x^) 

' ^ (I + ic*)» * ^ (I + «»)i • 

, i+a? ,, i + a: + «2 ,x\/$ dy 6 

20. y = log {(2« - I) + 2^^-x-i}. I = (^._'^_,)i - 

, li -\-x^2-\-x^ • ,x^2 dy 1^/ 1 

31. y = log / 7= + tan-i — ^. :r = —7—4. 

22. y = c» tan-» x, -^ = e» ( + a^ tan">« (i + log x) ) 

oa; \ I + a?* / 

23. Being given that y = a;3/i_<j:2J fi J ;if 

*■('-)'(■-?)'• 

detennine the yalues of c, c', c". ^w«. c = 3, c' = - 6, c" = f . 

<fy 3 



24. y = log(loga;). 



<£r a; log x 



, 3 + 5 cos a; rfy 4 

25. y = coari ^-^ . -/ = 5^ . 

5 + 3 cos a? rfa? 5 + 3 cos* 

26. y - sm-i — ; — r, ~ = -. 

I + a* die I + a;* 

<^y 

27. y = c«« fiin"* ra^ -s" = ^^ sin»«-i rx (a sin ra? + mr cosr*). 

oa; 

a8. y = tf««8infa?. -^ = c«« y^^Tr* sin (ra; + ^), 

f 

where tan = -. 
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. y - . dy ^ I 

29- y = log \Vx - a + A/a; - b). Ans, ^ - -'y=====.- 

30. y = 2 tan-i I ) . 

Vi + a;/ 

Here = tan' -; .*. a: = cos y; * - 



31. y = a:*". ^ = aj«***«-^ (« log a? + i). 

m . m- 1 

32. y = (i + ««)2siD (m tan-i a:). ^^ = m(i + «2) * cos{(m-i)tan-^a;}» 



_ . \a cos a; - d sin a? dy 

\a cos » + 6 sin a?* <fo a* 



— aJ 



cos* a? — d* sin^ x' 



34. Define the differential coefficient of a function of a variable quantity, 
with respect to that quantity, and sh^w that it measures the rate of increase of 
the function as compared witii the rate of increase of the variable. 



35. If y = -, prove the relation 

X 



dy dx 

+ — - ■ - = o. 



a^ + flfa? + *y (a?* + ax)^ — bx du 

36. If « = log — - f prove that — is of the form 

s^ ■\- ax — Y (^ + <w?)' — *^ 

-4ar 4- J? 

, and determine the values of ^ and B, Ans. A=:$y B=a» 



*y {x^ + axf^ — bx 

^ ^, ^ d f , \ ^ sin* fl + jPsin'fl + C 

37. Prove that ^ gin fl cos y^ i - ^mitn.^ = 7====— , 

"^ \ / *y i"^ sin* 

and determine the values of -4, 5, C -4«s. ul = 3(^, 2? = — 2 (i +^, C = r* 

« T« I a;' 1.3 a:* I . 3 . 5 i*"' , . ^ /» , ^, 

38. If w = a? + + — - — 4- p V , • , ad %nu ; find the sum 

232.452.4.67' 

^ du 
of the series represented by — . Am. (i — a^)"*, 

39. Beduce to its simplest form the expression 

yj^ d ar(a:'+2a)i I 



(a;2 + a)l («« + 2a)4 <?a; ' (»2 + a)i ' * (a;* + a)4 (a;* + ^a)\ ' 

»- . . / » .-, A ^y BVD?ia + y) 

40. If sin y s a; sm (a + y), prove that -7- = r •• 

dx sm a 
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41. If «(l + y)l + y(l +ar)l = o,find^. 

ax 

In this case «' (i +y) = y*(i +a:) ; 

X dii I 

or « + y + «y = o; .-. y = --_-;... ^ = - _^^. 

I + a? ox (I + a;^) 

4*. y = log(» + -/;?r^+seo->| ^=ijl±i. 

a oa; a? ~aj — a 

43. If a; and y are given as functions of t by the equations 
find the value of ^ in tenns of ^. — 



£te * dx f'(t)' 

44. y = 



a:2 



1+ «« 



I + *2 



I + &c., ad infinitum. 
Hence y = • - 



I + y ««» -/a;» + i' 



45. x = ey . 



„ a? </y log a; 

nence y 



i+loga? rfa? (i + loga:)^ 



( 34 ) 



CHAPTER n. 



SUCCESSIVE DIFFERENTIATION. 



S3. Successive Derived Functioiis. — ^In the preceding 
chapter we have considered the process of finding tne derived 
functions of drSerent forms of functions of a single variable. 

If the primitive function be represented by /(a?), then, as 
already stated, its^rs^ derived function is denoted by /'(a?). 
If this new function, /'(a?), be treated in the same manner, 
its derived function is called the second derived of the original 
function /(a;), and is denoted by /"(a;). 

In like maimer the derived function of /"(a?) is the third 
derived of /(a?), and represented by /'"(a?), &c. 

In accordance with this notation, the successive derived 
functions oif(x) are represented by 

f{x), f"{x), r\x), /(») (a:), 

each of which is the derived function of the preceding. 
34. Successive Differential Coefficiente, 

If y = f{x) we have ^ =f{i^)' 

Hence, difierentiating both sides with regard to x^ we get 

then S = /»- 

In like manner x(^] ^ represented by ^, and so on ; 
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hence g =/"(ar), &o. . . . g =/(«) (a>). (i) 

The expressions 

di/ d^y d^y d^y 

dx' d^' 'd^' ' ' ' 1^ 

are called the first, second^ thirds , . , n*^ differential coef- 
ficients of y regarded as a f tinction of x. 

These functions are sometimes represented by 

1/, f, f, . . . y(-), 

a notation which will often be found convenient in abbre- 
viating the labour of forming the successiTe differential 
coefficients of a given expression. From the mode of 
aniving at them, the successive differential coefficients of a 
function are evidently the same as its successive derived 
functions considered in the preceding Article. 

35. SaccesslYe Diflterentlals. — ^The preceding result 
admits of being considered also in connexion with differen- 
tials ; f or, since x is the independent variable, its increment, 
dx, may be always taken of the same infinitely small value. 
Hence, in the equation dy = f\x) dx (Art. 7), we may 
regard dx as constant, and we shall have, on proceeding 
to the next differentiation, 

d {dy) =dxd[f {x)^ = {dxyf\x), 

since d^f {x)']^/' {x) da:. 

Again, representing d {dy) by d^y, 

we have d^y =f\x) {dxY ; 

if we differentiate again, we get 

d'y^r\x){d^); 

and in general 

rf«y=/(«) (a?) ((&)». 

TVom this point of view we see the reason why/(") {x) is 
called the n** differential coefficient o{/{x). 

d2 
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In the preceding results it may be observed that if da: 
be regarded as an infinitely small quantity^ or an infinitesimal 
of the first order, {dxYy being infinitely small in comparison 
with dxy may be called an infinitely small quantity or an 
infinitesimal of the second order ; as also d^y, if /" [x) be 
finite. In general, c?"y, being of the same order as {dx^y is 
called an ir^nitesimal of the n** order. 

36. Inflnitesimals. — ^We may premise that the expres- 
sions great and small, as well as infinitely great and infinitely 
small, are to be understood as relative terms. Thus, a magni- 
tude which is regarded as being infinitely great in comparison 
with €L finite magnitude is said to be infinitely great. Similarly, 
a magnitude which is infinitely small in comparison with a 
finite magnitude is said to be infinitely small. If any finite 
magnitude be conceived to be divided into an infinitely great 
number of equal parts, each part will be infinitely smtdl with 
regard to the fimte magnitude ; and may be called an infini' 
tesimal of the first order. Again, if one of these infinitesimals 
be conceived to be divided into an infinite number of equal 
parts, each of these parts is infinitely small in comparison 
mth the former infinitesimal, Mid may be regarded as an 
infinitesimal of the second order, and so on. 

Since, in general, the number by which any measurable 
quantity is represented depends upon the unit with which 
the quantity is compared, it follows that a finite ma&;nitude 
may be represented oy a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distences is 
assumed as the imit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the 
earth may be regarded as a very small magnitude of the first 
order, and the length of a foot as one of a higher order of 
smaUness in comparison. Similar remarks apply to other 
magnitudes. 

Again, in the comparison of numbers, if the fraction (one 

million)'* or — ^, which is very small in comparison with 
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unity, be regarded as a small quantity of the first order, the 

fraction — ^, being the same fractional part of — ^ that this 

is of I, must be regarded as a small quantity of the second 
order, and so on. 

If now, instead of the series —r, ( — ; ) , ( — j ) , . • . 



we consider the series 



n' n^' n^' 



in which n is 



supposed to be increased without limit, then each term in the 
series is infinitely small in comparison with the preceding 
one, being derived from it by multiplying by the infinitely 

small quantity -. Hence, if - be regarded as an infinitesimal 

of the first order, -^, —,...-;:, may be regarded as infini- 
tesimals of the secondy third, . . . r^* orders. 

37. Oeometiical niustration of Infinitesimals. — 

The following geometrical results will help to illustrate the 
theory of infinitesimals, and also 
will be found of importance in the 
application of the Differential Cal- 
colos to the theory of curves. 

Suppose two points, -4, 5, taken 
on the circumference of a circle ; 
join B to Ey the other extremity 
of the diameter AE, and produce 
EB to meet the tangent at A 
in 2>. Then since the triangles 
ADB and EAB are equiangular, 
we have 




Fig. 3. 



AB BE ^BD AB 
„ and 



AD AE 



AD AE' 



Now suppose the point B to approach the point A and to 
become indefinitely near to it, then BE becomes ultimately 

AB 



oqual to AEy and, therefore, at the same time. 



AD 



- I. 
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Again, -j^ becomes infinitely small along with -j^r 

i. e. BD becomes infinitely small in comparison with AD or 
AB. Hence BD is an infinitesimal of the second order when 
AB is taken as one of the first order. 

Moreover, since DE - AE < BDy it follows that, when one 
side of a right-angled triangle is regarded as an infinitely/ small 
quantity of the first order y the difference between the ht/pothenuse 
and the remaining side is an infinitely small quantity of the 
second order. 

Next, draw BN perpendicular to AD, and BF a tan- 
gent at B\ then, since AB > AN, we get AD - AB 
<AD-AN<DN\ 

AD--AB DN AD 
BD ^ BD^ DE' 

AD - AB 
Consequently, ^^ — becomes infinitely small along with 

AD\ .*. AD - AB is an infinitesimal of the third order. 
Moreover, as BF^ FD, we have ^2) = AF + BF\ .'. AF 
+ BF- AB is an infinitely small quantity of the third order ; 
but AF-\- FB is > arc ABy hence we infer that the difference 
between the length of the arc AB and its chord is an infinitely 
small quantity of the third order, when the arc is an infinitely 
small quantity of the first. In like manner it can be seen 
that BD - BN is an infinitesimal of the fourth order, and 
80 on. 

Again, if AB represent an elementary portion of any 
continuous* curve, to which AFsaad BFajre tangents, since 
the length of the arc AB is less than the sum of the taiigents 
AF and BF, we may extend the result just arrived at to all 
such curves. 

* In this extension of the foregoing proof it is assumed that the ultimate 
ratio of the tangents drawn to a continuous curve at two indefinitely near 
points is, in general, a ratio of equality. This is easily shown in the case of 
an ellipse, since the ratio of the tangents is the same as that of the parallel 
diameters. Again, it can he seen without difficulty that an indefinite numher 
of ellipses can he ^wn touching a curve at two points arhitrarily assumed on 
the curve ; if now we suppose the points to approach one another indefinitely 
along the curve, the property in question foUows immediately for any con* 
tinuous curve. 
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Hence, the difference between the length of an infinitely 
small portion of any contintwus curve and its chord is an infi- 
nitely small quantity of the third order ^ i.e. the difference between 
them is ultimately an infinitely small quantity of the second 
order in comparison with the length of the chord. 

The same results might have been established from the 
expansions for sin a and cos a, when a is considered as infi- 
nitely small. 

If in the general case of any continuous curve we take 
two points Ay By on the curve, join them, and draw BE 
perpendicular to AB^ meeting in E the normal drawn to 
the curve at the poiat A ; then all the results established 
above for the circle still hold. When the point B is taken 
infinitely near to Ay the line AE becomes the diameter of 
the circle of curvature belonging to the point A ; for, it is 
evident that the circle which passes through A and By and 
has the same tangent at ^ as the given curve, has a contact 
of the second order with it. See "Salmon's Conic Sections," 
Art. 239. 



Examples. 

I. In a triangle, if the vertical angle be very small in comparison with either 
of the liase angles, prove that the difference between the sides is very small in 
compariaon with either of them ; and h^ice, that these sides may be regarded as 
uUimateLy equal. 

3. In a triangle, if the external angle at the vertex be very small, show that 
the difference between the sum of the sides and the base is a very small quantity 
of the second order. 

3. If the base of a triangle be an infinitesimal of the first order, as also its 
base angles, show that the difference between the sum of its sides and ita base 
is an infinitesimal of the third order. 

This famishes an additional proof that the difference between the length of 
an arc of a continuous curve and that of its chord is ultimately an infinitely 
small quantity of the third order. 

4. If a right line be displaced, through an infinitely small angle, prove that 
the projections on it of the displacements of its extremities are equal. 

5. If the side of a regular polygon inscribed in a circle be a very small 
magnitude of the first order in comparison with the radius of the circle, show 
that the difference between the circumference of the circle and the perimeter of 
the polygon is a very small magnitude of the second order. 
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38. Fundainental Prineiple of the Infinitesimal 
Calculus. — ^We shall now proceed to enunciate the funda- 
mental principle of the Infinitesimal Calculus as conceived by 
Leibnitz :* it may be stated as follows : — 

If the difEerence between two quantities be infinitely 
small in comparison with either of them, then the ratio of 
the quantities becomes unity in the limit, and either of them 
can be in general replaced by the other in any expression. 
For let a, /3, represent the quantities, and suppose 

a = ^ + I, or ^ = I + ^. 

Now the ratio 7^ becomes evanescent whenever i is infinitely 

small in comparison with j3. This may take place in three 
different ways : (i) when j3 is finite, and i infinitely small : 
(2) when i is finite, and (i infinitely great ; (3) when j3 is 
infinitely small, and i also infinitely small of a higher order : 

thus, if i = ^j3^ then jz = k(5, which becomes evanescent along 

with/3. 



* This principle is stated for finite magnitudes by Leibnitz, as follows : — 
'* Cseterum sequalia esse puto, non tantum quorum differentia est omnino nulla, 
sed et quorum differentia est incomparabiliter parva." , . . " Scilicet eas 
tantum homogeneas quantitates comparabiles esse, cum Euc. Lib. 5, defin. 5, 
censeo, quarum una numero sed finito multiplicata, alteram superare potest ; et 
qu8B tali quantitate non differunt, aBoualia esse statuo. quod etiam Archimedes 
sumsit, aliique post ipsum omnes.'' Leibnitii Opera, Tom. 3, p. 328. 

The foregoing can be identified with the fundamental principle of Newton, 
as laid down in his Prime and Ultimate Batios, Lemma I. : ^* Quantitates, ut 
et quantitatum rationes, quae ad sequalitatem tempore quoyis finito constanter 
tendxmt, et ante finem temporis illius proprius ad inyioem accedunt quam pro 
dat^ quavis differentia, fiunt ultimo aequales." 

All applications of the infinitesimal method depend ultimately either on the 
limiting ratios of infinitely smaU quantities, or on the limiting value of the 
sum of an infinitely great number of infinitely small quantities ; and it may 
be observed that the difference between themetnod of infinitesimal and that of 
limits (when exclusively adopted) is, that in the latter method it is usual to 
retain evanescent quantities of higher orders until the end of the calculation, 
and then to neglect them, on proceeding to the limit; while in tiie infinitesimal 
method such quantities are neglected from the commencement, from the know- 
ledge that they cannot affect ihejlnal remlty as they necessarily disappear in tho 
limit. 
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Accordingly, in any of the preceding cases, the fraction 

^ beoomes unify in the limit, and we can, in general, substi* 

tute a instead of /3 in any function containing them. Thus, 
an infinitely small quantity is neglected in comparison with 
a finite one, as their ratio is evanescent ; and sunilarly an 
infinitesimal of any order may be neglected in comparison 
with one of a lower order. 

Again, two infinitesimals a, /3, are said to be of the same 

fi ... 8 

order if the fraction — tends to a finite limit. If -^ tends 

a a^ 

to a finite limit, /3 is called an infinitesimal of the n^^ order 

in comparison with a. 

As an example of this method, let it be proposed to 
determine the direction of the tangent at a point (x, y) on a 
curve whose equation is given in rectangular co-ordinates. 

Let a? + a, y + /3, be the co-ordinates of a near point on 
the curve, and, by Art. 10, the direction of the tangent 

depends on the limiting value of — . To find this, we substi- 
tute a? + a for a?, and y + /3 f or y in the equation, and neglect- 

6 
ing all powers of a and j3 beyond the first, we solve for — , 

and thus obtain the required solution. 

For example, let the equation of the curve be os^ -\- y^ = laxy : 
then, substituting as above, we get 

hence, on subtracting the given equation, we get the 

lindt of ^ = ^^,. 
a ax - y^ 

39. Suteidiary Prlneiple. — If ai + cz + 03 + . . . + a„ 

represent the sum of a number of infinitely small quantities, 
which approaches to a finite limit when n is increased indefi- 
nitely, and if /3i, /Sa, . . . j3» be another system of infinitely 
small quantities, such that 

i3l ^ 02 ftn 

^— = I + €1, = I + 62, . . . = I + t;,, 

ai a% an 



I 
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where ci, €2, . . . n^ ^^ infinitely small quantities, then the 
limit of the sum of ^1, /32, . . . /3» is ultimately the same as 
that of aiy 02, . . . Oft* 

For, from the preceding equations we have 

/3i + j32 + • • • + /3« = Ci + a2 + . . . + On + ai£i + 0262 + . . . + an^n* 

Now, if ?} be the greatest of the infinitely small quan- 
tities, £1, C2> . • . Cn> we have 

/3i + /32 + . . . + j3n - (oi + 02 + . . . • + On) < l| (oi + 02 . . . + On) ; 

but the factor ai + 02 + . . . + a« has a finite limit, by hypo- 
thesis, and as r\ is infinitely small, it follows that the limit of 
j3i + /32 + . . . + j3n is the same as that of oi + 02 + . . . -^^ on. 
This result can also be established otherwise as follows : — 



The ratio 



/3i + /32 + . . . + j3n 

Qi + 02 + . • . + a« 



by an elementary algebraic principle, lies between the greatest 
and the least values of the fractions 

y > • • • 9 

Qi 02 an 

it accordingly has unity for its limit imder the supposed con- 
ditions : and hence the limiting value of /3i + /32 + . . . + i3« is 
the same as that of ai + 02 + . . . + o/i. 

40. Approximatloiis. — ^The principles of the Infini- 
tesimal Calculus above established lead to rigid and accurate 
results in the limit, and may be regarded as the fundamental 
principles of the Calculus, tiie former of the Differential, and 
the latter of the Integral. These principles are also of great 
importance in practical calculations, in which approximate 
results only are required. For instance, in calculating a 

result to seven decimal places, if — ^ be regarded as a small 

quantity a, then a^, a% &c., may in general be neglected. 

Thus, for example, to find sin 30' and cos 30' to seven de- 
cimal places. The circular measure of 30' is -^, or .008 7266; 
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denoting this by a, and employing the formulae, 



a' a" 



Bin a = a — -Ti ^^s ^- ' > 

o 2 

it is easily seen that to seven decimal places we have 

_2 3 

— = .0000381, -7- = .0000001. 

2 O • 

Hence sin 30' = .0087265 ; cos 30' = 9999619. 

In this manner the sine and the cosine of any small angle 
can be readily calculated. 

Again, to find the error in the calculated value of the 
sine of an angle arising firom a small error in the observed 
value of the angle. Denoting the angle by a, and the small 
error by a, we have 

sin (a + a) = sin a cos a + cos a sin o = sin a + a cos AT, 

neglecting higher powers of a. Hence the error is repre- 
sented by a cos a, approximately. 

In like manner we get to the same degree of approxima- 
tion 

tan (a + a) - tan a = — ~, 
^ coera 

Again, to the same degree of approximation we have 

a + a a ha- afi 

where a, /3 are supposed very small in comparison with a and b. 
As another example, the method leads to an easy mode of 

^proximating to the roots of nearly square numbers ; thus 

_ 2 

y/cf + a = a + — ; ^/a^ + a^ = a + — = a, whenever a' may 

2Cv 2(1 

be neglected. 

Likewise, \/a^ + a = a + — ;, &c. 

3a 

If 5 = a + a, where a is very small in comparison with a^ 

a a + b 



we have ^/ab = \/d^ -\- aa= a + - = 



2 2 



<^-Ji 
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Again, in a plane triangle, we have the formula 

C C 

c^ = a^ ■¥ W - zab cos C = {a + by sin- — + {a - by cos^ — . 

Now if we suppose a and b nearly equal, and neglect {a - by 
in comparison with {a + 6)', we have 

C C C 

a + 6)'* sin'^ — + {a- by cos^ — = (a + ft) sin — . 

This furnishes a simple approximation for the length of 
the base of a triangle when its sides are very nearly of equal 
length. 

Examples. 

1. Find the value of (i + o) (i - 2a*) (i + 3a^), neglecting o* and higher 
powers of a. uins. I + o — 2a* + a*. 

2. Find the value of sin (a + a) sin ifi + 0), neglecting tenns of 2nd order 
in a and fi. Am. sin a sin 5 + a cos a sin ^ + /S sin a cos b, 

3. If m = tt - « sin u, 6 heing very small, find the value of tan Jw. 

Ans. (i + «) tan — . 

2 

— u m e . .w^/m\- e , 

Here - = — + - sin w ; tan - = tan ( — + a ) , where a = - sin t< ; .*. &c. 
222 2 \2 / 2 

4. In a right-angled spherical triangle we have the relation cos c = cos « cos h; 
determine the corresponding formula in plane trigonometry. 

d 
The circular measure of a is -:=. R heing the radius of the sphere ; hence, 

It 

fiuhstituting i - •— - for cos a, &c., and afterwards making 22 = 00, we get 

c2 = a* + ^2. 

5. If a parallelogram he slightly distorted, find the relation connecting 4he 
changes of its diagonals. 

Ans, dLii + dlLii* -= o, where d^ d! denote the diagonals, and Ld^ L.d! the 
changes in their lengths. In the case of a rectangle tiie increments are equal, 
and of opposite signs. 

6. Find the limiting value of 

ati!^ + ^a"*! + ca"-'* + &c. 
when a hec(xnes evanescent. 

Aai^ A 

In this case the true value is that of = — a*»^. 

0a" a 

Hence the required value is zero, — , or infinity, according as m>, =^ or < n. 

a 
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7. Find the yalue of 



a;2 ic* 

6 120 

x^ 3^ ' 

I + — 

2 24 

neglecting powers of x beyond the 4th. Ans, i -\ — ■{ . 

8. Find the limiting yalues of - when tf = Oy x and ff being connected by 

the equation y' = zxt/ — «*. 
Here, dividing by y* we get 

x^ X 



-7 - 2 - = - y. 



If we solve for - we have 

y 



?=i±(i-y)J. 
y 

Hence, in the limit, when y = o, we have - = 2, or - = o. 

y y 

9. In fig. 3, Art. 37, if ^^ be regarded as a side of a regular inscribed polygon 
of a very great number of sides, show that, neglecting small quantities of the 
4th order, the difference between the perimeter of the inscribed polygon and 
that of the drcumscribed polygon of Ihe same number of sides is represented 

by- 52). 
2 

Letn.be the number of sides, then the difference in question is n {AD - AB) ; 

vx ^-4-^ /^T. ^«v vAEiAD-AB) 

but n= — ; .\ n(AD-AB)= i-^^ -' 

axe AB AB 

= irAB — -j= — = v{l)JB - AE) = - BD, q. p. 

This result shows how rapidly the perimeters of the circumscribed and in- 
Kribed polygons approximate to equality, as the number of sides becomes very 
great. 

10. Aflsuminff the earth to be a sphere of 40,000,000 metres circumference, 
show that the difference between its circumference and the perimeter of a regular 
inscribed polygon of 1,000,000 sides is less than -/^^ o^ & millimetre. 

11. If one side 6 of a spherical triangle be small, find an expression for the 
difference between the other sides, as far as terms of the second order in b. 

Here cos = cos a cos ^ + sin a sin 6 cos C, 

Let g denote the difference in question ; i,e.e = a — z; 

then cos a cos 2 + sin a sin 2 = cos a cos d + sin a sin d cos C; 

.*. sin « - sin 3 cos (7= cot a (cos b — cosz). 
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Since z and b are both small, we get, to terms of the second order, 

cot a 
a - cos (7= (a- - o'*). 

2 

The first approximation gives a = ^ cos (7. If this be substituted for a in the 
xight-hand side, we get, for the second approximation, 

^ i'sin'Ccota 
a = cos (7 - . 

2 

We now proceed to find the successive derived functions 
in some elementary examples. 

41. DerlYed Funetioiis of ^. 

Let y = iz^, 

then -r = mof'^K -r^^mim - i) x'^^ 

dx dx^ ^ ^ 

And in general, -7-^ = m (m - i) (m - 2) . . . (m - w + i) «"*^. 
If ^ be a positive integer, we have 



d^ 



= I . 2 . . . (m - i), 



and all the higher derived functions vanish. 

If m be a nraotional, or a negative index, then none of the 
successive derived functions can vanish. 

Examples. 
I. If w s! aaf^ + iiP»-i + csff*'''^ + &c., prove that 

—5 = « (« - i) aMr»-8 + {« - i) {« - 2) dir»-2 + &c., 
also -r— = i.2....w.a, and -; — : = o. 



2. 


y = 




prove that 




rfy_ fta tPy _n{n'h i)a 
dx~ a^^^ dx^~ ic»+* ' 


and 







^JfW+IW 
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3. y = 2a^/x; 

.n . dy a ^y a d^y % a 

provediat ^=7"- ^^'zli' ^ = ii5' 

^^y ^t iw 3'5-7«»»(»»-i)« 

42. ITy = a^ log or, to find -7-^. 
Here -r^ = 3^ loff a? + a;^ ; 

also — = 6a? log a? + 30? + 2a? = 6aj log a; + 5ar, 

It miglit have been observed that in this ease all the 
terms in the successive differentials which do not contain 
log X will disappear from the final result — ^thus, by the last 

Ariicley ^^ = o, accordingly, that term may be neglected ; 

and similar reasoning applies to the other terms. The work 
€an therefore be simplified by neglecting such terms as we 
proceed. 

The student will find no difficulty in applying the same 
mode of reasoning to the determination of the value of 

d^y , - 

•^, where y = a^* log x. 

For, as in the last, we may neglect as we proceed all terms 
which do not contain log a? as a factor, and thus we get in 
this case, 



d^ _ (^ - i) » ■ » 2 . I _ p- ^ 
daf^ ~ a? X 
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43. DerlYed Funetloiis of sin 7Jix. 



Let 



then 



y = sin mxy 

dy 

— = w cos mxj 

Cl/X 






= - m^ sin mx, 



d^^y 
and, in general, -=-^ = (- 1)**^^** sin mxy 






> 



= (- 1)"^^**+* cos mx. 



(0 



It is easily seen that these may be combined in the single 
equation (Art. 22)^ 



d^ (sin mx) ^ , f tt 

— ^-7— — - = m^ &m[mx+ r- ]• 



(2) 



In like manner we have 



d^ QO^mx ^ ( IT 

; = m*^ COS woj + r - ) • 

daf \ 2 



then 



44. DeriYed Funetlons of ^. 

Let y = ef^i 









a^e™. 



(3) 



This result may be written in the form 



(: 



(4) 



where the symbol [-^ denotes that ^^ process of differentia- 
Um is applied n times in succession to the function ef^. 
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In general, adopting the same notation, we have 



! 



^ii)"*^<sr'^-(ir*'^*^i«-' 



A^\-^ e^+Ax(^\ €f^ -\-A^(^] ef^-v&Q. 



—V" ^' A (^Y 
^dx) * \dxj 

=A^^ + Axdr^^ + A^ar^ef^ + &c. 

= lA^ + ^la"-^ + A'.c^'' + &c. An'\ €f^. 

This result, if {x) denote the expression 

Ai^ + Aiotf^'^ + . . . -4„, 
may be written in the form 



*(^)^"" = «(«)^^; (5) 



in which {a) is supposed to contain only positive integral 
powers of a. 

45. To find the n*^ DerlYed Funetlon of e^^ cos hx. — 

Let y represent the proposed expression, 

then —• = aef^ cos bx - bef^ sin bx 

ax 

= ^ (a cos Sa? - 6 sin bx) ; 



if tan 0—, we have 6 = Va^ + 6* sin ^, and a = \/a* + i* cos ^. 
Hence we get 

^ = (a« + 6'*)i 6^ cos (6a? + ^). 
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Again, 

^ = (a' + i*)i ^ \a cos (62? + 0) - 6 sin {px + 0)] 

= (a^ + i*) 6«* cos {hx + 2^). 

By repeating this process it is easily seen that we have in 
geneiBl, when n is any positive integer, 

^ = (a^ + li'fef^' cos {bx + mf). (6) 



46. To find the DerlYed Functloiis of tan^M-], 

and tan"^ x. 

Let y = tan^^ f-j, or a? = cot y: 
XI. dy - I 






y d (dy\ «? / . 2 \ dy ^ f • 2 \ 



= sin* y — {bvd? y) = sin* y sin 2y. 

. d^y d f . ^ . ^ dy d , . ^ . . 
^"^^ ^ = ^ ('""^ '"" '^^ = ^^ (sm*y sin 2y) 

= - sin*y-r- (sin*y sin ly) 

= -1.2. sin'y sin ly. {Ex. 5, -4rf. 28.) 

Hence, also — = 1.2.3. sin*y sin 4^ ; 

d^y 
and in general, ^ ^ ^■' ')* 1^-ZJL ^^ ^ ®^ ^y- 
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Agaiiiy Bmoe tan"* a? = — tan~* -, 

. d*" (tan"*a?) , v^, • « . / x 

we nave — ^-^-^ — - = (- i)**"* n - 1 sin** y sin wy, (7) 

where y = cotr^a?, as before. 

This result can also be written in the form 



, /, V sin I n tan'* — 

a'' (tan"* a;) , ^^, , \ X; 



47. ITy = sin (m sin"* a;), to prove that 



(8) 



(-• ■)3'-'l-v-o. (,) 

Here 

dy ^m cos (w sin"* 2?) ^ 

.-. (i - oj*) ( ~ J = w' cos* (»i sin~*a;) =m^ {i - tf). 

dij 
Hence, differentiating a second time, and dividing by 2 ^, 

we get the required result. 

48. Theorem of IdeibiiltaE. — To find the n*^ differen- 
tial coefficient of the product of two functions of x. Let 
y = to? ; then, adopting the notation of Art. 34, we write 

. , , ^ dy d^ ^dv 

and similarly, i/% vl\ «?", &c., for the second and higher 
derived functions — ^thus, 

E 2 
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Now, if we differentiate the equation p = uv, we have 

/ = uv' + vu'y by Art. 13. 
The next differentiation gives 

The third differentiation gives 

y -Wt? +tt«? ■¥ 2UV + 2U V + vu + vu 

= W2?'" + 3wV' + 3^*V + m/'\ 

in which the coeffioients are the same as those in the expan- 
sion of {a + by. 

Suppose that the same law holds for the n^^ differential 
coefficient, and that 

1.2 
then, differentiating again, we get 

= m^'^') + (^ + i) w't?(«) + i^-±J^t*'V(«-^) + &c. . . . , 

1.2 

in which it can be easily seen that the coefficients follow the 
law of the Binomial Expansion. 

Accordingly, if this law hold for any integer value of », 
it holds for the next higher integer ; but we have shown that 
it holds when n = ^; therefore it holds for ^ = 4, &c. 

Hence it holds for all positive integer values of w. 

In the ordinary notation the preceding result becomes 

(^(tiv) d**v dud^^v n(n - i)d^ud^'^v ^ 

, ^ = « -rr + ^ -r -nrr + — ^^ • tt Tin + »o. 

daf" daS^. dxdaif^^ 1.2 da^doif^^ 
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49. To proTe that 

f d\* f d\^ 

(^j(^«) = ^(«+^)«, (") 

where n is a positive integer. 

Let f? = e^ in the preceding theorem ; then, since 






we have 



which may be written in the form 

a + — J is supposed to be 
developed by the Binomial Theorem, and t"> Ti> • • • 33: 



sobstituted for (^)^> (j")^' (t") *^' ^ *^® resulting ex- 
pansion. 

50. In general, if 0(a) represent any expression in* 
volving only positive integral powers of a, we shall have 

For, let ^f ;7- )> when expanded, be of the form 



^(i)"^^'(ip--- 



+ A 



n> 




54 Successive Differentiation. 

then the preceding formula holds for each of the component 
terms, and accordingly it holds for the sum of all the terms ; 

The result admits also of being written in the form 

This symbolic equation is of importance in the solution 
of differential equations with constant coefficients. See 
" Boole's Differential Equations," chap. xvi. 

51. If ^ == sin"^^, to prove that 

Here -y- = , or (i - a^)5 -7^ = 1; 

hence, by differentiation, 

(.-^)g-4.0. ,.4, 






Again, by Leibnitz's Theorem, we have 

\dx) \ dx) daf^^ daf" 

On subtracting the latter expression from the former, we 
obtain the required result by (14). 
If ^ = o in formula (13), it becomes 



PVKSl- 
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where f^j represents the value of -^ when x becomes 

cypher. 

Also, since l-rr] = i, we get, when w is an odd integer, 



IS an even 



Again we have (;tj) = o ; consequently, when n i 
integer, we have (^) = o. 

52. If ^ = (i + x}^ sin {m tan"^^), to prove that 

^^ ■*'^^^" ^^^ ~ i)x — + m{m'-i)p = o. (15) 
Here 

^ = «wa?(i + a^y' ain(m tan""^;p) + w(i + a?')* cos (wtan'^ a?), 
or 
(i +ii?)^ = «ia?(i + aj*)*sin(wtan"^ip) + w(i+aj*)*cosw(tan'"^a7) 



= mxy + w(i + a^y cos (m tan"' a?) ; 




.•. (i + aj*)* cos {m tejT^xjWfmt- -j -xy. 



The required result is obtained by differentiating the last 
equation, and eliminating cos (m tan"' a;) and sin (^ tan^^a;) by 
aid of the two former. 

Again, applying Leibnitz's Theorem as in the last Article, 
we get, in general — 
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Hence, when a; = o, we have 

Moreover, as when aj = o, we have y = o, and -p = m ; it 
follows from the preceding that ^ 

(S)o= ° ■' (£^)o = (- ')" -(—)...(— -). («6) 

For a complete discussion of this, and other analogous 
expressions, the student is refeired to Bertrand, '' Traits do 
Cfidcul DifE^rentiel," p. 144, &c. 
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Examples. 

d^ff |4 
r. ^ = jB* log «, proye that ji^^^' 

2. y = a: log a:, „ ^ = (-0» ^-i 

3. y = ««, „ ^ = «*(!+ log a?)2 + «»-i. 



4. y = log (sin a:), 



C^Sy 2 COS ^ 

*' da? ~ sin^ a; ' 



5. y = tan-i + taii^ 7,, „ :rT = ~7 — ; — ^• 

d^u 2* 

6. y = a;* log («l), „ ^ = -. 






8. p = er*emXf 



rf'^^ e*'* sin {x + »^) 
dic» sin**^ ' 

where tan d> = -. 

r 



» 



9. If y = c«*«»', proye that 

10. If y = a cos (log jt) + b sin (log «), 

XV X .^'y du 

proye that a?' t-£ + a; , + y = o, 

dx^ dx ^ 

11. Ify=eo«to-J*, 

prove that (i-a48)0«a?^ = a2y. 
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12 Froye that the equation 

is satiBfied by either of the following yalues of y : 

y = cos (a sin"* x), or y = «« -* tin-i*. 

13. Being given that y = {x + ^/x- — 1)"», 

prove that (ar* - i) -z^ ^-x-f-- «»'y = o. 

tw* ax 

14. If y = sin (sin jp), 

d^y dy 
prove that irh-^-r tana? + y cos'a; = o. 

wc^ ax 

15. In Fig. 3, Art. 37, itAB be regarded as a side of a regtdar polygon of an 
indefinitely great number of sides, show that the difference between the circum- 
ference of the circle and the perimeter of the polygon is represented by 7 BD, 
to the second order of infinitesimals. 

16. If y = ^ cos f»r + ^ sin ftar, prove that I — + «* ) y ^ o. 

I ^, ^^y , , |«.8in»+iAsin(fi+i)A 

where * = tan"* . 

d / <i\ — Q 

This follows at once from Art. 46, since -7- ( tan**- ) = . It can also be 

ax \ 96 1 a* -{- ar 

proved otherwise, as follows : 



a« 



L^ =_i_ r ' 1. 

+ r» 2a(-i)lL«-a(-i)» a: + a(-i)*J' 



" dx^" 2a(- 1)^ \dx) ' a; - a (- i)» aa (- i)* \S/ * a: + a (- i] 



(- i)» I . a . . . M 
3aP"][)» 



L(« - a (- i)»)»*i " (a: + a (- 1)*)"* J 



(-!)•» In Hx + a(- i)i)»>^*) . (g - a(. i)i)»^n 



Examples, 5^ 



Again, since -= tan ^, we hayo a = y^a* + a?* sin ^, and x = -v/a* + ** cos (^ ; 
a; 

ii+i 
hence {« + a {- i)*)»*i = (a* + a«) * (cos ^ + (- i)4 sin <^)»+i 

fi+i 
= (a2 + a^) » {co8(n+ i)<^ + (- i)*8in(n+ i)<^}; 

and we get, finally, 

^ l« . sin (« + i) ^ . sin»»+i ^ 

_ = (- i)» _ . 

a; 



i8* In like maimer, if y = 



a* + a:2' 



^ Ift . sin»*+i <^ . cos (« + I) <^ 
prove liiat ^ = (- i)» ^;;^^ . 

19. l{u = xy^ 
prore that -— = »—■ + « 3—1. 

30. If ti =s (sin"^ »)*, 
proye that (i-«2j«^_2, 

21. Proye, from the preceding, that 

/ ov d»*^u , ^ <?»+»« - d^H* 

* ^y dff 

22. If y = ««* sin da?, prove that •— - 2a ~ + (a» + i*)y = o. 

na? -4- 6 <^*V 

23. Giyen y = -= — r, find --^. 

_. ax •{' b ae ■\- b I ac - b i 
Here -r = = + . 

X^— tr 20 X - 20 x + o 

Hence ' *lJll^ (JLtL + '""M. 

<fe« 2fl \(a; - c)»*i {x + cY*^l 



( 6o ) 



CHAPTEE in. 

DEVELOPMENT OF FUNCTIONS. 

53. I^emina. — If t* be a function of a? + y which is finite 
and continuous for all values of a; + y, between the limits 
a and h^ then for all such values we shall have 

du du 
dx dy 

For, let u ^f{x + 2/), then if x become ir + A, 

J = K^t of /(^ ^y^^l --^(^ -^ y\ 

dx h 

when h is infinitely small. 

Similarly, if y become y + A, we have 

5^ = li^t of / (^±y±*)ji/(£±lO, 

dy h 

which is the same expression as before. 

TT du du 

Hence -- = -—. 

dx dy 

Otherwise thus : — ^Let z = x + y^ then w =/(«), 

dz - dz 

du ^dudz ^ ,. .^ 
^"^^"•^^^^^ 

«?«« e?«* dz _ ,// V _ fl^«* 



Taylor^ 8 Eapansian. 6 1 

54. If f{x + y be a continuous function, which does not 
become infinite when y = Oy its expansion in powers of p can 
contain no negative powers ; for, suppose it contains a term of 
the form My^^ where M is independent of y, this term would 
become infinite when y = o ; but the given function in that 
ease reduces to /(a?) ; hence we should have /(a?) = 00, which 
is contrary to our hypothesis. Consequently the expansion 
of /(a? + y) can contain only positive powers of y. 

Again, ^f{x) and its successive derived functions I^q finite 
and continuous, the expansion of f{x + y) can contain na 
fractional power of y. For, if it contain a term of the form 

Pl/^*qy where - is a proper fraction, then its {n + i)^ derived 

function with respect to y would contain y with a negative 
index, and, accordingly, would become infinite when y = o; 
which is contrary to our hypothesis. 

Hence, with the conditions expressed above, the expan- 
sion oif{x + y) can contain oiAj positive integral powers of y, 

55. Taylor's Expanusion of/ (a; + y).* — ^Assuming that 
the fBuiction/(ir + y) is capable of being expanded in powers of 
y, then by the preceding this equation must be of the form 

f{x + y) = Po + Piy + P^ + &c. + P„y« + &c., 

in which Po, Pi, ... P„ are supposed to be finite and con- 
tinuous functions of x. 

When y = Oy this expansion reduces to/(ii;) = Po. 

Again, let u=f{x + y); then by differentiation we have 

du dPo dPi JP^ dP^ _ 

dx dx dx dx dx 

du 

— = Pi+ iPiy + aPa/ + &c. 

ay 

* The investigation in this Article is introduced for the purpose of showing- 
the beginner, in a simple manner, how Taylor's series can be arrived at. It is 
based on the assumption that the function /(^ + y) is capable of being expanded 
in a series of powers of y^ and that it is also a continuous function. It demon- 
strates that whenever the function represented by/(^ + ^) is capable of being 
expanded in a convergent series of positive ascending powers of y, the series 
must necessarily coincide with the form given in (i). An investigation of the 
conditions of convergency of the series, and of the applicability of the Theorem 
in genial, will be introduced in a subsequent part of the Chapter.^ The parti- 
cular case of this Theorem when /(a;) is a rational algebraic expression of the n'^ 
degpree in jt is already familiar to the student who has read the Theory of Equations. 
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Now, in order that these series should be identical for all 
values of. ^ the ooeffioients of like powers must be equal. 
Accordingly, we must have 

I . 2 eke I . 2 do? 1.2^'* 

i dx 1.2.3 <*»' 1 .2.3"^ ^ ' 
and in general, 

^ 1 . 2 . . .n oaf* I . 2 . . . n 

Accordingly, when f{x) and its successive derived func- 
tions are finite and continuous we have 

A X • ^ \ n 

This expansion is called Taylor's Theorem, having been first 
published, in 17 15, by Dr. Brook Taylor in his Methodm 
Incrementorum. 

It may also be written in the form 

^ V . y/ ^ w J ^^ I 2 da? \n daf '^ ^ 

or, if w = f{x), and Ui =f{x + y), 

yc?w y^ d^u f/^ d^u - , ^ 



To complete the preceding proof it will be necessary to 
obtain an expression for the limit of the sum of the series 
after n terms, in order to determine whether the series is 
oonvergent or divergent. We postpone this discussion for 
the present, and shall proceed to iUustrate the Theorem by 
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fihowing that the expansions usually given in elementary 
treatises on Algebra and Trigonometry are particular oases 
of it. 

56. The Binomial Theorem. — ^Let u= {x + p)"; 
here /(a?) = a?", therefore, by Art. 41, 

Henoe the expansion becomes 

(a? + 2^)*» = a^ + - of^^i/ + -^^ ^ af'Y' + . . . 

n{n- j) . . . (n-r - 1) ^ ^ p . . 

+ -^^ ^ ^ af^y"^ + &o. (4) 

If n be a positive integer this consists of a finite number of 
terms; we shall subsequently examine the validity of the 
expansion when applied to the case where n is negative 
or fractional. 

57. The Iiogaiithmie Series. — To expand log (a; + ^). 

Here f{x)=logix), /(*) = '-, /»=->, 

Accordingly 

If a? = I this series becomes 

log(i+y) = f-f + ^-...(-i)-^"..&o. (5) 

When taken to the base a, we get, by Art. 29, 

log.(i+y)=Jf^^-^ + ^-^ + &o.y (6) 
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58. To expand sin (^ + ^). 
Here /{x) = sin a?, f{x) = cosir, 

/'{x) = - sin ir, f'^x) = - cos a?, &c. 
Hence 

sin (x ■\- y) =^^inx[i + &c. + , — 

^ ^^ \ 1.2 1.2.3.4 \2n 

^^,Jl.^-^ 1 ...±J^....\(7) 

Vi 1.2.3 1.2.3.4.5 in -I ' ^ ' 



. • 



As tlie preceding series is supposed to hold for all values, 
it must hold when a? = o, in which case it becomes 



.3 aiS 



smy=^-_i^— + ^ &o. (8) 

I 1.2.3 1.2.3.4.5 

Similarly, if a; = -, we get 

mi 

COS y = I — - — + &c. (9) 

1.2 1.2.3.4 

We thus arrive at the well-known expansions* for the sine 
and cosine of an angle, in terms of its circular measure. 

59. Madaiirlii's Theorem. — If we make ^ = o, in 
Taylor's Expansion, it becomes 

/(y) =/(o) + f/(o) + -^/'(o) + . . . f /W(o) + . • . , (io> 

1 X » di lit 

where /(o) . . ./^"H^) represent the values which f{x) and 
its successive derived functions assume when x = o. 

Substitute a? for y in the preceding series and it becomes 

/{x) =/(o) + ^ /'(o) + ^^ /"(o) + . . . + J /W (o) + &c. 



* These expansions are due to Newton, and were obtained by him by the 
method of reversion of series from the expansion of the arc in terms of its sine. 
This latter series he deduced from its deriyed function by a process analogous 
to integration (called by Newton the method of quadratures). See OpuscuUt, 
tom i.y pp. 19, 31. Ed. Cast. Compare Art. 64, p. 6$, 
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This result may be established otherwise thus ; adopting 
the same limitation as in the case of Taylor's Theorem : — 

Assume f{x) =-4 + 5aj+ Car* + 2te* + -Er* + &c. 
then /' (x) = jB + iCx + sDx" + 4^a?» + &o. 

/" (a?) = 2(7+ 3 . 2Dx + 4.3^0? 4. &c. 
/"'(a?) = 3 . 2i5 + 4 . 3 . 2-Ep + &o. 

Hence, making a; = o in each of these equations, we get 
/(o)=^, /'(o)=5, •^1^ = C, Q^ = 2),&c. 

^' '•'N/ j2 1.2.3 

whence we obtain the same series as before. 

The preceding expansion is usually called Maclaurin's* 
Theorem ; it was, however, previously given by Stirling, and 
is, as is shown already, but a particular case of Taylor's series. 
We proceed to iUustiute it by a few examples. 

6o. Exponential Series. — ^Let y = a'. 

Here f{x) = a', hence /(o) = i, 

f{x) =fl*loga, „ /(o) =loga, 

r{x)^c^{loga)\ „ r(o)=loga)% 

f^^){x)^(^(JLoga)% „ /-)(o)=(loga)«; 

and the expansion is 

^ (x log a) (x log aY (x log a)" « , v 

I 1.2 i.2...n ^' 

If (?, the base of the Napierian system of Logarithms, be 
sabstituted for a, the prece^g expansion becomes 

^ X d^ Q^ , V 

^= I +-+ r+ . . . + + . . . (12) 

I 1.2 I.2...W 



* Madaurin laid no daim to the theorem which is known by his name, for, 
titer proving it, he adds— <' This theorem was given by Dr. Taylor, Method, 
Incnm,** Me Madauiin's Fltixioru, vol. ii., Art. 751. 

P 
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If iT = I this gives for e the same value as that adopted in 
Art. 29, viz. : 

III I 

^= I + - + + + + . . . 

I 1.2 1.2.3 1.2.3.4 

61. Expansion of sin x and 00s x by Maclamin's 

Tbeorem. Let/(ip) = sin x^ then 

/(o)=o, /(o) = i, r(o) = o, /»=-i,&c., 

and we get 

X a^ ' a^ 



sin a? = + &e. 

I 1.2.3 1.2.3 •4-5 

In like manner 

of aj* 

cos aj = I + 



1.2 1.2.3.4 

the same expansions as already arrived at in Art. 58. 

Since sin (- a:) = - sin a?, we might have inferred at once 
that the expansion for sin a? in terms of x can only consist of 
odd powers of x. Similarly, as cos (- x) = cos a?, the expan- 
sion of cos X can only contain even powers. 

In general, if F{x) = jF(- x)y the development of F{x) 
can only consist of even powers of x. li F{- x)=^ - F{x)y iiie 
expansion can contain odd powers of x only. 

Thus, the expansions of tana:, sin"^aj, tan"V> &o«> can con- 
tain no even powers of x ; those of cos a;, sec a;, &c., no odd 
powers. 

62. Hnygens' Approximation to length of Circular 
Arc* — If A be the chord of any circular arc, and B that of 

half the arc ; then the length of the arc is equal to , q.p. 

For, let R be the radius of the circle, and L the length of 
the arc : and we have 

A .LB . L 

•n = 2 sm —=,, -t: = 2 sm — =,, 
R 2R' R 4i2' 

* This important approximation is due to Huygens. The demonstration 

SVen above is that of Newton, and is introduced by him as an application of 
s expansion for the sine of an angle. Vid. ** Epis. Prior ad Oldembnrgium." 
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hence, by (8), 

A T ^' . L' o 

A^L =r + 7 — -- - &0. 

2.3. 4. ic' 2.3.4.5. 16. jB* 

8jB = 4i + — - &c. 

2.3.4.7? 2. 3. 4. 5. 64. 2J* 

consequently, neglecting powers of ■= beyond the fourth, we 
get 

Hence, for an arc equal in length to the radius the error in 

adopting Huygens' approximation in less than-^^** part of 

the whole arc ; for an arc of half the length of the radius 
the proportionate error is one-sixteenth less ; and so on. 
In practice the approximation* is used in the form 

X = 25 + - (2jB - A). 

This simple mode of finding approximately the length of 
an arc of a circle is much employed in practice. It may also 
be applied to find the approximate length of a portion of 
any continuous curve, by dividing it into an even number of 
suitable intervals, and regarding the intervals as approxi- 
mately circular. See Eac^ine's Eules and Tables, Fart I., 
Section 4. 

* To show the accuracy^ of this approximation, let us apply it to find the 
length of an aro of 30° in a circle whose radius is 100,000 feet. 

Here ^ = 25 sin 7** 30', ^ = 25 sin 15**; 

bat, from the Tables, 

sin 7** 30' = .1305268, sin 15** = .2588190. 

Hence 2^+ = 52359.71. 

The trne value, assuming ir s 3.1415926, is 52359.88 ; whence the error is but 
*i7 of a foot, or about 2 inches. 

F 2 
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63. Expansion of tan'^^r. — ^Assumey according to Art. 
61, the expansion of tan^^arto be 

-4a? + 5a?» + Cb* + Dx' + &c., 

where Ay B^ C^ &c., are undetermined coefi^cients : 

then ' ^ ^ = -4 + iBa? + sCa?* + ^BQ^ + &c. ; 

ax 

but — :; = 1 = I -ar + ic*-a^ + &o., 

when X lies between the limits + i. 
Comparing coefficients, we have 

^ = 1, -B = --, C = -, D"-i,&c. 

3 5 7 

Hence 

tan"^aj = + ... + {- i)~ + . . . ; (14) 

when X is less than unity. 

This expansion can be also deduced directly from Mac- 
laurin's Theorem, by aid of the results given in Art. 46. 
This is left as an exercise for the student. 

64. Expansion of sin~^^. — ^Assume, as before, 

sin'^a? = Ax + B(x^ + Ca^ + &c. ; 
then -7 3rj = -4 + 3-Ba;' + 5CV ^ &o. ; 

but 7—^1 = (i - a^)"* = I + -aJ* + ^-^ aj* + . . . 
(i - a:)* ^ ^ 2 2.4 



-H »-3---^>--V f... 



2.4... 2r 
Hence, comparing coefficients, we get 



Finally, 



23' 2.45* 



. , a? I ar* 1.3 a?" i.3...2r-i aj*^" , ^ 

8m"'aJF-+-. — + — ^. - + ... + — i^ . +... (15) 

I 2 3 2.4 5 2.4... 2r 2r+i ^ ^'^ 
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Since we have assumed that sm*~^^ yanishes along with x we 
must in this expansion regard sin"^^ as being the circular 
measure of the acute angle whose sine is x. 

There is no difficulty in determining the general formula 
for other values of sin"^a?, if requisite. 

A direct proof of the preceding result can be deduced 
from Maclaurin's expansion by aid of Art. 51. We leave 
this as an exercise for the student. 

From the preceding expansion the value of v can be 
exhibited in the following series: 

v I II 1.31^ 
6 2 2.38 2. 4. 5 32 

For, since sin 30° = -, we have - = sin*"^ - ; .'. &c. 

2 62 

An approximate* value of ir can be arrived at by the aid 
of this formula ; at the same time it may be observed that 
mauy other expansions are better adapted for this purpose. 

65. Enler's Expressions for Sine and €osine. — ^In 

the exponential series (12), iix^ - i be substituted for a*, 
we get 

«*^-* = 1 + + &c. . . . 

1.2 1.2.3.4 



f— fx Q^ 

\\ 1.2. 

= coaa? + a/- I sin x ; by Art. 59. 



— + &c. . . . 
3 



(16) 



Similarly, e^'^ = cos a: - y/ - i sin a;. 
Hence ^'^ + e*"^"^ = 2 cos x^ 

^-f-i _ g-«v-i ^ 2v/- I sin x. 

A more complete development of these f ormulse will be 
found in treatises on Algebra and Trigonometry. 

* The ezpannon for sin'^^r, and also this method of approximating to ir, were 
giyen by Newton. 
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66. JTolut Bernoulli's Series. — ^If, in Taylor's Ex- 
pansion (i) we make y = - a?, and transfer /(a?) to the other 
side of the equation, we get 

fix) =/(o) + xfix) - ^J'\x) + -^J"\^) - &0. in) 

This is equivalent to the series known as Bernoulli's,* 
and published by him in Act. Lipa.j 1694. 

As an example of this expansion, let/(^) == ^ ; then 

/(o) = i, /(^)=^, /'»=^,&c., 

and we get 

a? 

c* = I + a?e* c* + &c., 

1.2 

Or, dividing by 6^, and transposing, 

e"* = I - a? + &o., 

1.2 

which agrees with Art. 60. 

67.. Symbolie Form of Taylor's Theorem* — The 

expansion 

fix + y) =/ix)+y±./ix)+^^(£j\/ix) + &c. 
may be written in the form 



in which the student will perceive that the terms within the 
brackets proceed according to the law of the exponential 
series (12) ; the equation may accordingly be written in the 
shape 



jfi- 



fix + y) - /^/(ip), (19) 



* In his Itedue. Quad, ad long, eurv., John Bernoulli introduces this theorem 
again, adding — ** Quam eandum seriem postea Taylorus, interjecto Tiginti 
annorum interyallo, in librum quern edidit, a.d. 17 15, demethodo inerementorum^ 
transferre dignatus est sub alio tantum characterum habitu." The great in- 
justice of this statement need not be insisted on ; for while Taylor's Theorem is 
one of the most important in the entire range of analysis, that of Bernoulli ia 
oomparatiyely of little use ; and is, as shown aboYe, but a simple case of Taylor's 
Expansion. 
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where e ^ is supposed to be expanded as in the exponential 

theorem, and r 4-^-^ written for f- ( -7- ) f{x)^ (Sec. 

n daf^ \n \dxj 

This form of Taylor's Theorem is of extensive application 
in the Calculus of Finite Differences. 

68. Other Forms derived from Taylor's Series. — 

In the expansion (3), Art. 55, substitute h for y, 

., hdu h^ d'u h"" d'^u ^ 

then Wi = W + - -7- + r-r + . . . 3-- + &c. 

I dx I . 2 dx^ I . 2 ... /I daf^ 

If now h be diminished indefinitely, it may be represented 
by dxj and the series becomes 

du dx d^u do^ d^u daf* 



Ui = U + +-7-5 — + . . . + TZ 



dx 1 da^ I . 2 ' ' ' daf^ i . 2 , . .u ' ' '^ 

or u^ - tt = -ffl dx +-^^ dlc2 + /!M dx" + &o., (20) 

I 1.2 1.2.3 

in which Wi - « is the complete increment of u, corresponding 
to the increment dx in x. 

Again, since each term in this expansion is infinitely small 
in comparison with the preceding one, if all the t^rms after 
the first be neglected (by Art. 38) as being infinitely small in 
comparison with it, we get 

du =f'{x) dxy 

the same result as given in Art. 7. 

Another form of the preceding expansion is 

du d^u d^u c^u o , . 

tf 1 - tt = — + + + . . . + + &c. (21) 

I 1.2 1.2.3 1 . 2 . ., n ' 

69. Theoremi. — If a function of x become wfinife for any 
finite value of x then all its successive derived functions become 
infinite at the same time. 

If the function be algebraic, the only way that it can be- 
come infinite for a finite value of x is by its containing a 

P 
term of the form -^^ in which Q vanishes for one or more 
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values of x for which P remains finite. Accordingly, let 

dPPdQ 
P , . du dx Qdx\ this also becomes infinite when 

" = Q = ^'^^ Q 

Q = o. 

d u d^u 

Similarly, ^, — , &c., each become infinite when Q = o. 



Again, certain transcendental functions, such as e '" , 
cosec (a: - a), &c., become infinite when a; = a ; but it can be 
easily shown, by differentiation, that their derived functions 
also become infinite at the same time. Similar remarks apply 
in all other cases. 

The student who desires a more general investigation is 
referred to De Morgan's Calculus, page 179. 

70. Remarks on Taylor's ^Expansion. — In the pre- 
ceding applications of Taylor's Theorem, the series arrived 
at (Art. 56 excepted) each consisted of an infinite number of 
terms ; and it has been assumed in our investigation that the 
sum of these infinite series has, in each case, definite limiting 
value J represented by the original function, /(a? + y)^ or fix). 
In other words, we have assumed that the remainder of the 
series after n terms, in each case, becomes infinitely small 
when n is taken sufficiently large — or, that the series is con- 
vergent. The meaning of this term will be explained in the 
next Article. 

71. Convergent and Divergent Series. — ^A series, 
Uiy U2, Usi . . . Un, . . . consisting of an indefinite number of 
terms, which succeed each other according to some fixed law, 
is said to be convergent, when the sum of its first n terms 
approaches nearer and nearer to a finite limiting value, accord- 
ing as n is taken greater and greater ; and this limiting value 
is called the sum of the series, from which it can be made to 
differ by an amount less than any assigned quantity, on 
taking a sufficient number of terms. It is evident that in the 
case of a convergent series the terms become indefinitely 
small when n is taken indefinitely great. 

If the sum of the first n terms approximates to no finite 
limit the series is said to be divergent. 
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In general, a series consisting of real and positive terms 
is oonvergent whenever tlie smn of its first n terms does not 
increase indefinitely with n. For, if tliis sum do not become 
indefinitely great as n increases, it cannot be greater than a 
certain Jinite value^ to which it constantly approaches as n 
is increased indefinitely. 

72. Application to C^eometiical Prosression. — 
The preceding statements will be best understood by apply- 
ing them to i£e case of the ordinary progression 

The smn of the first n terms of this series is in all cases. 

(i). Leta;< I ; then the terms become smaller and smaller 
as n increases ; and if is be taken sufficiently great the value 
of a^ can be made as small as we please. 

Hence, the sum of the first n terms tends to the limiting 

value ; also the remainder after n terms is represented 

by , which becomes smaller and smaller as n increases, 

and may be regarded as vanishing ultimately. 

(2). Let x> \, The series is in this case an increasing 
one, and a^ becomes infinitely great along with n. Hence 

the Bum of n terms, or , as well as the remainder 

I -X X - I 

after n terms, becomes infinite along with n. Accordingly 
the statement that the limit of the sum of the series 

i+a; + jj* + ...+aj" + ...ae;? infinitum 
is holds only when x is less than unity, i. e. when the 

1 " X 

series is a oonvergent one. 

In like manner the sum of n terms of the series 

i-a? + ir^-a^ + &c. 

28 ^^ — ' — . 

I +a? 
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As before, when a; < i, the limit of the sum is ; but 

I + X 

when x> I, af^ becomes infinitely great along with w, and the 
limit of the sum of an even number of terms is - oo ; while 
that of an odd number is + oo . Hence the series in this case 
has no limit. 

73. Tlteorem. — 1/, in a series of positive terms repre- 
sented by 

the ratio -^ be kss than a certain limit smaller than unity ^ for 

Un 

all values ofn beyond a certain number ^ the series is convergent j 
and has a finite limit. 

Suppose A; to be a fraction less than unity, and greater 

than the greatest of the ratios -^ . . . (beyond the number 

Un 

n)y then we have 



Un 



K fCy •*. 1^f)+i ^ nUn* 



< kf .-. Un+2 < l^Un. 



< Ky • • UniT ^ «f Un* 



Hence, the limit of the remainder of the series after Un is 
less than the sum of the series 

kun + k^Un + . . . + tfUn ... od infinitum ; 

therefore, by Art. 72, less than 

kUn . J 

=,smceA;<i. 

I -k 

Hence, since Un decreases as n increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also infinitely small when n is taken sufficiently great ; and 
consequently, the series is convergent, and has a finite limit. 

Again, if the ratio -^ be > i, for all values of n beyond 

Un 
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a certain number, the series is divergent, and has no finite 
limit. This can be established by a similar process; for, 
assuming A; > i, and less than the least of the fraotiona 

— ', . . . then by Art. 72 the series 

Un + kun + l^Un + &c. ad infinitum 
has an infinite value ; but each term of the series 

is greater than the corresponding term in the above geome- 
trical progression ; hence, its sum must be also infinite, &c. 
These results hold also if the terms of the series be alter- 
nately positive and negative ; for in this case k becomes 
negative, and the series will be convergent or divergent 
according as - A; is < or > i ; as can be readily seen. 

In order to apply the preceding principles to Taylor's 
Theorem it will be necessary to determine a general expres- 
sion for the remainder after n terms in that expansion ; in 
order to do so, we commence with the following : — 

74. Iiemina. — If a continuous function f^{x) vanish when 
X = a, and also when x = b, then its derived function <jf(x)y if 
oka continuous^ must vanish for some value of x between a 
and b. 

Suppose b greater than a; then if (j/{x) do not vanish 
between a and J, it must be either always positive or always 
negative for all values of x between these limits; and 
consequently, by Art. 6, 0(a:) must constantly increase, or 
constaatly diminish, as x increases from a to b, which is 
impossible, since 0(a:) vanishes for both limits. Accordingly, 
^'(a:) cannot be either always positive or always negative ; 
and hence it must change its sign between the limits, and, 
being a continuous function, it must vanish for some inter- 
mediate value. 

This result admits of being illustrated from geometry^ 
For, let y = i>{x) represent a continuous curve ; then, since 
^(a) = o, and 0(&j = o, we have y = o, when a? = a, and alsa 
when x=b; therefore the curve cuts the axis of x at distances 
a and b from the origin ; and accordingly at some inter- 
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mediate point it must have its tangent parallel to the axis of 
X. Hence, by Art. lo, we must have ^'(a?) = o for some 
value of X between a and b, 

75. Iiasrange's Tlteorem on the Iiimits of Tay- 
lor's Series. — Suppose Rn to represent the remainder after 
n terms in Taylor's expansion, then writing X for a? + y in (i), 
we shall have 



+ 



(^ "')""' /("-') (^)+^» (22) 



n - I 



in which /(a?), f'{x) /^"^ (x) are supposed finite and 

continuous for all values of the variable between X and x. 

From the form of the terms included in En it evidently 
may be written in the shape 



\n 



where P is some function of X and x. 
Consequently we have 

. (^"7[. o. (.3, 



Now, let z be substituted for x in every term in the pre- 
•oeding, mth the exception of P, and let F{z) represent the 
resulting expression : we shall have 



in which P has the same value as before. 

Again, the right-hand side in this equation vanishes 
when s = Z ; .*. F{X) = o. 

Also, from (23), the right-hand side vanishes when z =a? ; 
,-. F{x) = o. 
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Aocordingljy sinoe the function F{z) vanishes when 2 = X, 
and also when z = x, it follows from Art. 74 that its derived 
function jP'(s) also vanishes for some value of z between the 
limits X and x. 

Proceeding to obtain F'{z) by differentiation from equa- 
tion (24), it can be easily seen that the terms destroy each 
other in pairs, with the exception of the two last. Thus we 
shall have 



n - 1 ' n - I 



Consequently, for some value of z between x and X we 
must have 

/(") (z) = P. 

• Again, if be a positive quantity less than unity it is 
easily seen that the expression 

x + e{X-x)y 

by assigning a suitable value to 0, can be made equal to any 
number intermediate between x and X. 
Hence, finally, 

P=/(») [x + e{x-x)], 

where is some quantity > o and < i. 

Consequently, the remainder after n terms of Taylor's 
series can be represented by 

^n-^^y^f^'^{<^ + H^-^)}- (25) 

Making this substitution, the equation {22) becomes 

/(x) =/ix) + ^^r {x) + ^^=^V' (^) + . . . 

+ ^^«"-TV <'-'> («') + ^^i^V"' [x + eiX-x)}. (26) 



The preceding demonstration is taken, with some slight 
modifications, from Bertrand's <' Traits de Calcul Diff^rentiel'^ 
(273). 
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Again, if h be substituted for X- Xj the series becomes 
J{x + h) =f{x) + hf (x) + &o. 

A"-^ , . A" 



+ 



/("-I) (^) + '!_/(») (a- + flA). (27) 



w- 1"^ ^ ' \n 



In this expression n may be any positive integer. 
If n = I the result becomes 

/{x + A) =/(a?) + hf {x + flA). (28) 

When » = 2, 

/(^ + ^) =/(^) + ¥' (^) + -^/" (^ + OA). (29) 

The student should observe that has in general different 
values in each of these functions, but that they are all subject 
to the same condition, viz., > o and < i. 

It will be a useful exercise on the preceding method for 
the student to investigate the formulae (28) and (29) inde- 
pendently, by aid of the Lemma of Art. 74. 

The preceding investigation may be regarded as furnish- 
ing a complete and rigorous proof of Tat/lor's Theorem^ and 
formula (27) as representing its most general expression. 

76. Cfeometiical lUustratioii. — ^The equation 

/(Z) =/(t) + {x-x)/' {x + eix-x)] 

admits of a simple geometrical verification; for, let y =f{x) 
represent a curve referred to rectangular axes, and suppose 
(X, F), {xy y) to be two points Pi, P2 on it : then 

nX)-f{x) Y-y^ 
X-X X-x' 

But = — - is the tangent of the angle which the chord Pi P2 

JL — X 

makes with the axis of x\ also, since the curve cuts the 
chord in the points Pi, P2, it is obvious that, when the point on 
the curve and the direction of the tangent alter continuously, 
the tangent to the curve at some point between Pi and Pj must be 
parallel to the chord Pi P2 ; but by Art. lo,/' {xi) is the tri- 
gonometrical tangent of the angle which llie tangent at the 



Second Ibrm of Remainder. 79 

point (^1, yi) makes with the axis of x. Hence, for some value, 
«i9 between X and x^ we must have 

Y-y f{T)-f{x) 

or, writing Xi in the form a? + fl (X - a;), 

/(Z) =/(^) + {X-x)f [x^B {X-x)]. 

77. Second Form of Remainder. — The remainder 
after n terms in Taylor's Series may also be written in the form 



\nr-\ 



ij„ = (i_^ A-/W (x + eh). 

n-i ' 



For it is evident that jR» may be written in the f onn 
<X-ar)P,; 

,-./(X) =/(a;) + {X- x)f\x) + . . . + (^-'^)"" y(n-.) (^) 



n- I 

+ <X - a?) Pi. 

Substitute z for a;, as before, in eveiy term except Pi ; and the 
same reasoning is applicable, word for word, as that employed 
in Art. 75. The value of F' (s) becomes, however, in this 
case 



n-i 



and, as ^^(2) must vanish for some value of z between x and 
X, we must have, representing that value hjx + 0{X- x), 



kft-i 



-P' = (^z^rL(i:i^/(«) {^ + (z - ^)|. (30) 



whetre 0, as before, is > o and < i. 

If A be introduced instead of X- x^ the preceding result 
becomes 

iJ^ = (^ " ^^'^^ AV(») (ic + OA), (31) 



n- I 



whioh is of the required form. 
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Henoe, Taylor's Theorem admits of being written in the 
form 

f{x+h) =f{cc) + -fix) + -^ r{x) + . . . + ^/('-^) {x) 



+ 



I . 2 



n- I 



n- I 



{i-e)'^'f^){x+eh). {32) 



The same remarks are applicable to this form* as were made 
with respect to (27). 

From these f ormulse we see that the essential conditions 
for the application of Taylor's Theorem to the expansion of 
any function in a series consisting of an infinite nimiber of 
terms are, that none of its derived functions shall become 
infinite, and that the quantity 

rf^'^Hx-^Oh) 



shall become infinitely small, when n is taken sufficiently 
large ; as otherwise the series does not admit of a finite limiL 

*»» 
78. Idmit of when n is indefinitely great- 

Let Un = , then -^ = ; .•. -^ becomes smaller 

1 . 2 . . n Tin n + I Un 

and smaller as n increases ; hence, when n is taken sufficiently 
great, the series Un+\, Un+29 • • • &c., diminishes rapidly, and 
the terms become ultimately infinitely small. Consequently^ 
whenever the n*^ derived Junction f*^) (x) continues to be finite for 
all values of n, however greats the remainder after n terms in 
Taylor's Expansion becomes infinitely smally and the series has 
a finite limit. 



* This second form is in some cases more adyanta^ous than that in (27). 
An example of this will be found in Art. 83. 
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79. fi^eiieral Form of HEaclaviin's Series. — ^The 
expancdon (27) becomes, on making a? = o, and substituting 
X afterwards instead of A, 

/{x) =/(o) +^/(o) +-^,r(o) + . . . + ?^ /(-' (o) 



I ' 1.2 



n- I 



+ ?/<-> w- (33) 



Hence the remainder after n terms is represented by 

|/("^ W ; 

where is > o and < i. 

This remainder becomes infinitely small for any fanction 

of* 
f{x) whenever ,— /^"^ (6x) becomes evanescent for infihitely 

great values of n. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
commencement of this chapter. 

80. Remainder in the Expansioii of c^. — Our for* 
mnla givee for Bn in this case 

— (log aYcf. 



Now, (^ is finite, being less than d^ ; and it has been proved 
in Arfc^ 78 that ^ — ° ^ becomes infinitely small for large 

values of n. Hence the remainder in this case becomes 
evanescent when n is taken sufficiently large. Accordingly 
the series is a convergent one, and the expansion by Taylor's 
Theorem is always applicable. 

8 1. Remainder in the Expansion of sin a;.— In this 



jB« = r— sin ( — + fl;i? ). 

\n \2 J 



G 
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This value of Bn ultimately yanishes by Art. 78, and the 
series is accordingly convergent. 

The same remarks apply to the expansion of cos x. 
Accordingly, both of these series hold for all values of x. 

82. Remainder in the Expansion of log (i + x). — 
The series 

X ix^ m^ x^ o 
+ + &c., 

1234 

when :r is > i, is no longer convergent ; for the ratio of any 
term to the preceding one tends to the limit - x ; conse- 
quently the terms form an inoreaamg series, and become 
ultimately infimtely great. Hence the expansion is inappli- 
cable in this case. 

Again, since /**(«) = (- i)**"^ ■ * ■ / " . - — -. the remainder 
Bn is denoted by ^^ — — I ^ } [; hence, Hx be positive and 



X 



less than unity y — ^ is a proper fraction, and the value of 

Bn evidently tends to become infinitely small for large values 
of n ; accordingly the series is cocivergent, and the expansion 
holds in this case. 

83. Binomial Tbeorem for Fractional and Itfesa* 
tive Indices. — In the expansion 

(i +a?)*» = I + — a? + — ^i ^aj' + ... . 

^ I 1.2 

m(m- i) . . . (m-n+ i)af^ ^ 

+ —^ ^- ^^ ^ — + &c. 

1 . 2 . . . n 

if Un denote the n*^ term, we have 



Un n 



a?, 



the value of whichj when n increases indefinitely, tends to 
become - x ; the series, accordingly, is convergent if 4? < i, 
but is not convergent if ^ > i. 
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Aooordingljy the Binomial Expansion does not hold when 
xe is greater than unity. 
Again, as 

/(») (je) =m{m- i) . . . (w - n + i) (i + a?)**^, 

the remaind^y by formula (25), is 

m(w- i) . . . (w-n+ i) ^, n \m-« 

— ^^ ^^ -af^ (i + fla?)*"^, 

1.2. .. n ' 

or 

m (w- i) . . . {m-n + 1) a^ 



I . 2 . . . n (i + to)**^' 

Now, suppose r^ofitVtV^ ane^ leas than unity; then, when 
n is very great, the expressioii 

I . 2 . . . n 

beoomeBmdefinitelyBmaU; also ^^^^^i^ is less than miHy; 

henoe, the expansion by the Binomial Theorem holds in this 
case. 

Again, suppose x negative and less than unity. We employ 
the form for the remainder given in Art. 77, which becomes 
in this case 

or 



^ ' 1 . 2 . . . (n - i) 






1 — 

Also, since a?< iy9x<d; .•. i -fla? > i - 6; hence ^ ^ 

is a proper fraction ; .*. any integral power of it is less than 
tmity ; nence, by llie preceding, the remainder, when n is 
Boffioiently greal^ tends ultimately to vanish. 

G 2 
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In general (a? + y)^ may be written in either of tlie forms 



, »» / /»• \ w> 



now, if the index m be fractional or negative, and x> y^ or 



- a proper fraction, the Binomial Expansion holds for the 
series 

Xj I 1.2 

but does not hold for the series 

I +-j =^»» + _ y«>-ia- + _J £^-v + &C., 

since the former series is convergent and the latter divergent. 

We conclude that in all cases one or other of the expan- 
sions of the Binomial series holds ; but never both, except 
when m is a positive integer, in which case the number of 
terms is finite. 

84. Remainder in the Expansion of tan^^o?. — The 
series 

X x^ a^ ^ 

tan^a? = + &c., 

135 

is evidently convergent or divergent, according as a; < or > i. 
To find an expression for the remainder when ii?< i, we have, 

i>y (8)> P- 50— 

/ j.n \ n-i . sin ( /^ n tan'"'ii? 

/(n)(^) = ( ^ ] . tan-i^j = (- lY-' :z::, iJ 

Hence we have, in this case. 



a^ sin m — n tan""^ (Ox) > 

which, when x Ues between + i and - i, evidently becomes 
infinitely small asn increases, and accordingly the se^es holds 
for such values of x. 
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85. Expansion of sia"^a;. — Since the function sin*"^a; is 
impossible unless ir be < i, it is easily seen that the series 
given in Art. 64 is always convergent ; for its terms are each 
less than the corresponding terms in the geometrical pro- 
gression 

X •{■ a^ ■{- a^ + &c. 

Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is appKcable to the 
expansion of tan""^ir when x < i, as well as to other analogous 
series. 

In every case, the value of Rny the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion on taking its first n terms for 
its value. 

86. Expansion by aid of Differential Equations. — 
In many cases we are enabled to find the relation between 
the coefficients in the expansion of a function of x by aid of 
differential* equations; and thus to find the form of the 
series. 

For example, let y = e*, then 

Now suppose that we have 

y = ^0 + «i^ + a^ + . . . fln^" + . • . , 

d'u 
then -r = ai + la^sc + . . . nana^"^ + &o. 

ax 

Accordingly we have 

tti + 2a2^ + ^a^ + . . . = ao + ttiX + a^ + &c., 



* This method is indicated by Newton, and there can be little doubt that it 
▼as by aid of it he arrived at the expansion of sin (m sin"^ a?), as well as other 
series. — Vide J&p, posterior ad Oldemburgium, It is worthy of observation that 
Newton's letters to Oldemburg were written for the purpose of transmission to 
Leibnitz. 
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henoe, equating coefficients, we have 

di^ Chi ^= — =-~t (h = — = 9 CfcC. 

2 2 3 2.y 

Moreover, if we make x = o, we get a© = i, 

.'. e* = I + - + + + &c,, 

I 1.2 1.2.3 

the same series as before. 
Again, let 

y = sin (wsin^^a?). 

Here, by Art. 47, we have 

Now, if we suppose y developed in the form 
y = flo + «ia? + o^ + . . . + a^ + &o., 

then —- = «! + 2(w + ZChP^ + . . . + na^^ + &c., 



dx 
d^ 



= 202 + ^. 20^ + . . . + W (n - l) On^Xf*'^ + &C. 



Substituting and equating the coefficients of o^ we get 



w* - m^ 



"""^ = (n+i)(n+2) '''•• ^^^^ 

Again, when a? = o we have y = o ; .•. Oo = o. 

Hence we see that the series consists oiJy of odd powers 
of iz; ; a result which might have been anticipated from Art. 
61. 

To find Oi, "When a? = o, cos(msin~^ic) = i, hencef-^J=m; 

accordingly Oi ^m; 

w? - I m{m^ - i) 

2.3 1.2.3 

m^ - Q mlm? - i) (w* - 0) 

^6 = ^ fls = — ^^ ^— ^ : 

4-5 1.2.3.4.5 
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henoe we get 

Bin* Imsm'^x) = — x ^ a^ 

I 1.2.3 

^i^K-^i)K-9)^,^^^ (35) 

1.2.3.4.5 ^^""^ 

In tlie preceding, we have assumed that sin'^o; is an acute 
angle, as otherwise both it, and also sin [m 8in""*ir), would admit 
of an indefinite number of values. — See Art. 26. 

87. Expansion of Wimz and cosmz. — ^If, in (35), she 
sdbstitated for sin"^^, the formula becomes 

(i m^ - I . „ 
(i I .2.3 

1.2.3.4.5 J 

In a similar manner it can be proved that 

COS ms = I + — ^^ -^ sm*s - &c. (37) 

1.2 1.2.3.4 ^ " 

If m be an odd integer the expansion for sin mz consists 
of a finite number of terms, while that for cosms contains an 
infinite number. If m be an even integer the number of 
terms in the series for cosmz is finite, whue that in sin mz is 
infinite. 

The preceding series hold equally when m is a fraction. 

A more complete exposition of these important expansions 
will be found in Bertrand's " Calcul Diff^rentiel." 

In general, in the expansion (36), the ratio of any term 

to that which precedes it is 7 r-7 r sin^s, which, when 

^ (w + i) (w + 2) 

n is very great, approaches to sin^z. Hence, since sin « is 

less than unity, the series is convergent in all cases. Siinilar 

observations apply to expansion (37). . 

* This expansion is erroneonsly attributed to Euler by M. Bertrand ; it was 
originaUy giyen by Newton. See preceding note. 
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The expansion 

I 1.2 1.2.3 1.2.3.4 

can be easily arrived at by a similar process. 
d^, Arbogast's Method of DerlYatloiis. 

If u^ a + b- •\- c + d + &c., 

I 1.2 1.2.3 

to find the coe£B[cients in the expansion of ^ {u) in ascending 
powers of x — 

Let f{^) = i> {u)y 

B C 
and suppose f{x) = A + —x + a? + &o. 

=/(o)+7/'(o)+-^/"(o)+&o., 

then we have evidently 

^ =/(o) = (a). 
Also, writing u% u^\ u^'\ &o. instead of 

du d^u d^u ^ 
^' d^' '^'^^'' 

by successive differentiation of the equation /(a?) - 6 (u). we 
obtain 

/' {<») = *' («) • < 

/"'(«) = «' («) . «"' + 3*" («).«'. «" + *'" («) («0'. 

/i^(a;) = ^' (m) . M*^ + f (m) [4m'm"'+3(m'7] + 6<'(m) . (mO'.w" 

+ ^'' (m) . («')*. 

Now, when x = o, u, «', t«", «"', . . . obviously become 
a, b, c,d, . . . respectively. 
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Accordingly, 
JB= r (o) = 0' (a) . 6, 

+ f-^ {a) . bK 

From the mode of formation of these terms, they are seen 
to be each deduced from the preceding one by an analogous 
law by that to which the derived functions are deduced one 
from the other ; and, di&f'{x\f\x) . . . are deduced from/(ii?) 
by successive differentiation, so in like manner, B, C, JDy . . . 
are deduced from ^ {u) by successive derivation ; where, after 
differentiation, a, 6, c, &c., are substituted for 

du d^u 
*"' ^' ^' • • • '^''• 

If this process of derivation be denoted by the letter 8, then 

£ = d.A, (7=g.J?, J[) = g.(7,&c. (38) 

From the preceding, we see that in forming the term 
S . 0(a), we take the derived function 0'(a), and multiply it 
by the next letter 6, and similarly in other cases. 

Thus 8 . 6 = c, 8 . c = fl?, . . . 

8.6"*= mb*^% 8 . c'^=m<f^^d . . . 

Also 8 . 0' (a) 6 = 0' {a)c + 0" (a) b\ 

This gives the same value for C as that found before ; 2) 
is derived from C m accordance with the same law ; and so 
on. 

The preceding method is due to Arbogast : for its com- 
plete discussion the student is referred to his " Calcul des 
b^rivations." The Rules there arrived at for forming tho 
successive coefficients in the simplest manner are given in 
** Galbraith's Algebra," page 342. 
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As an illustration of this method, we shall apply it to find 
a few tenns in the expansion of 

sin I a + J - + c + d + &o, j. 

\ I 1.2 1.2.3 / 

Here A^^mna, J? = S • sin a = i cos a, 

C = S . b Qosa - c COS a - b^ sin. ay 

D =8. C = rfoosfl- 36c sin a - i' 00s a, 

^ = 8.1> = ecosa- (4&rf + 3^*) sin fl - 6JV 00s a 

+ 6* sin fl. 

If the series a + 6a? + c + &e. consist of a finite num- 

1,2 

her of terms the derivative of the last letter is zero — thus, if 
d be the last letter, S . d = o, and d is regarded as a constant 
with respect to the symbol of derivation 8. 

If the expansion of ^ {u) be required when t« is of the 
form 

a + j3a? + 70^ + gar* + &o., 

the result can be attained from the preceding method by 
substituting a, by c, dy &c. instead of a, )3, i . 2 7, i . 2 . 3 . 8, 
&c., and proceeding as before. 

The student will observe that in the expression for the 
terms D, Ey &c., the coefficients of the derived functions 
^\a)y ^ {a)y &c., are completely independent of the form of the 
function 0, and are expressed in terms of the letters, i, c, dy 
&c. solely ; so that, if calculated once for ally they can be applied 
to the determination of the coeflBcients in every particular 
case, by finding the different derived functions ^'(a), ^'\a)y 
&o., for that case, and multiplying by the respective coef- 
ficients, determined as stated above. 
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EZAXPLES. 

1. If « = f(ax + by)f then -t- = tt-» This fiimislies the condition that 

adx b dx 

a given function of x and y should be a function ofax-k- by. 

2. Find, by Madaurin's theoiBm, the first three terms in the expansion of 
tan jT. 

Ans, * + — + — . 
3 *5 

3. Find the first four terms in the expansion of sec x. 

«* Kx^ 6iafi 
Ana. I + — + ^— + . 

2 24 720 

4. Find, by Madaurin's theorem, as far as ir*, the expansion of log (i + sin x} 
in. ascending powers of x. 

Let f{x) = log (I + sin a?), 

XV ^f/ V CO8* ' -sina: 

then/ («) = : — = = sec « - tan jp, 

•^ * I +sma; cos a; 

f"{x) = sec * tan x - sec** = -/'(«) 8ec x ; 
.'. /'"(«) = -/"(*) "^ * -/'(*) sec iT tan a:, 

fir (a,) = -/"'(a;) sec a? - 2/"(«) sec a; tan a? -/'(a?) (2 sec^ - sec ») ; 
.•./(o) = o, /'(o) = i, /"(o) = -i, /'"(o)=i, /*^(o) = -2; 

aj2 «* «* . 

.•. log (i + on a;) & « + -7 + «c. 

o^ ' 2 6 12 

5. Find six terms of the deyelopment of in ascending powers of a; 

cos X 

-4««. i+a; + a^ + — +- +^^... 

3 2 10 

6. Apply the method of Art. 86, to find the expansions of sin a; and cos x. 

7. Froyethat 

Umt^ (*+ A) = tan-i« + A sin s (A sin*)^ + {h sin«)* — &c., 

123 

where z » oot-^«. 

Riinfix) «■ tan-* a? = — « ; and by Art. 46, ^ = (- 1)" {n-j sin^z sin fiz ; . • . &c. 
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8. Hence prove the expansion 



IT am 2 sin 2« „ am 32 « « 
- = 2 + cos z + cos'a + — ^ cos'« + &c. 

2 1 2 3 

Let A = - cot 2 =s — a:, &c. 
<). Prove that 

IT z sin 2 sin 22 sin Xz 

- = - + + + + &o. 

221 2 3 

COS 2^1 2 

Let A sin 2 = — I in Example 7 ; then A + ar = — : = - tan - ; .'. &c. 

sinz 2 



10. Prove the expansion 

IT sin z I sin 22 i sin 32 

- = + + — + &0. 

2 cos 2 2 C08*2 3 008^2 

Assume A = — : , then 

sin2 cos 2 

ar + A = - tan2 = tan (ir - 2) ; .•. ir - « = tan~^ (a; + A), &c. 

Substituting in Example 7, we get the result required. 
The preceding expansions were first given by Euler. 

1 1. Prove the equations 

sin 9a; = 9 sin a; — 120 sin^a? + 432 sin'^a; - 576 sin'^a? +256 sin^a:, 
cos 6a? = 32 cos'ar — 48 cos*a? +18 cos'a; — I. 

These follow from the formulae of Article 78, 

12. If m = 2, Newton*s formula, Art. 87, gives 



sin 2a; 



isin^a; sin'^a? „ ) 
sin X &c. > : 
2 2.4 ) ' 



verify this result by aid of the elementary equation sin 2a; = 2 sin a; cos a*. 

13. If ^ (a; + A) + ^ (a? - A) F ^ (a?) ^ (A), for all yalues of x and A, 

<b"(x) 4>Hx) « 
Drove that ■ = ^ ^ - = &c. = constant : 

imd also ^"(o) = o, <p"\o) = o, &c. 

14. If, in the last, ^-^ = «2 ; prove that <p{x)-e«»-\- e^'. 

If --7^ = - fl- ; prove that ^ (a?) = 2 cos {ax). 

<}>[x) 
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15. Apply Arbogaat's method to find the first four terms in the expansion 
of 

(a + ia; + car* + rfijs + &c.)". 



«a;» 



Afu, 0" + fia"-! *a; + I — b- + nac \ ««• 

+ n Y~ \^~ ^' a^b^ + (»-!) «""**<? + ««"*^| a;^ + &c. 

16. Prove that the expansion of . x can contain no odd powers of x^ 

c^ — 1 

For if the sign of x be changed, the function remains unaltered. 

X 

17. Hence, show that the expansion of contains no odd powers of x 

beyond the first. 

-T X X X el" •\- 1 

Here + - = - . ; .*. &c 

«•-! 2 2 «»- 1 

X 

18. If « =s , prove that 

^ — I 

and hence calculate the coefficients of the first five terms in the expansion of «» 
Here «*i* = « + w, and by Art. 48, we have 

(du n(n-i)dru d»u\ d»u 

M+«3- + -^ ^3-0 + • •• +3—) =3-1 .•• &C. 

19. If = I - - + — - xi s^ + ;: a;<5 - . . . 

e* — I 2 1.2 1.2.3.4 1.2...D 



prove that 



-. 6 30' 42' 30' 



These are called Bernoulli's numbers, and are of importance in connexion 
with the expansion of a large number of functions. 

20. Prove that 

^ ' I. 2.-?. 4 I. 2. ..6' 



+ 1 2 1.2* 1.2.3.4 
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31. Hence, prove that 

«*+ 1 3-4 3 • 4«5' " 



ss + &o« 

2 24 240 



22. Proyethat 



2«^iaj« 2*J&aa:* Ja^B^ffi ^ 
1.2 1.2.3.4 1.2...0 

23. Also, tan - = Ji« (28 - i) -f - — (2* - i) + &c. 

2 3 • 4 

24. Proyethat 

2 2 li |4 1^ 

This follows immediately by substitating - for x in Ex. 22. 

25. Oiven utu^ x) = i; find the four first terms in the expansion of u in 
terms of jp, by Madaurin's Theorem. 

26.It ^^ + ^+y = 0. 

expand y in powers of x by the method of indeterminate coefficients. 

27. Show that the series 

-- + —- + — + — + . . . 

jm 2''* 3** 4** 

is convergent when x<i, and divergent when x>i, for all wdues of m. 

28. Prove the expansion 

(» - «)« ^ (a?) ^ (jp - a)»» ^(0) (x - a)«-i <f^ (^(a) ) 

29. Find, by Maclanrin's Theorem, the first four terms in the ezpansion of 
(i + a?)* in ascending powers of x. 

Let /W = (i + a?)*» 



Examples. 95 

— /(*){J-^* + ;'^-&e•j- 
/•"(«) = -/"(*) (1 - 1 * + f «*• - *«•) + »/'<«) (f - f « + &«•) • 

Bnt, by Alt 29, /(o) = »; 

.../•(o) = -l, r(o)-^, /'"(o) = 'y». 

Hence (!+«)* = (?-- + -^ «» + &c. 

2 24 lo 

Tfaifl result can be yerified by direct development, as follows: 

let « = (i + a:)*, 

then log « ^ - log f 1 + a?) = I - - + + . . . ; 

***** 234 

2 3 _3 8 

2 IT 7^» • • ^¥ « A • • • 



e 






30. In Art. 76, if /(«) and/'(;r) be not botb continuous between the points 
Pi, Ps, show that there is not necessarily a tangent between those points, parallel 
tothechc»rd« 

X sin %x 

31. Fmd the development of -: r^^ — in ascending powers of d^ the coef- 

srn « sin 2« ** " 

fideaats being expressed in Bemoullian numbers. '* Camb. Math. Trip., 1878." 

Since -: r^ — s d; cot « + « cot 2«, the expansion in question, by (22), 

Bind; sin 2x 

IS 

^ (2+ !)■> > . (2^ + j^(25 + l)-&C. 



\l ' ' \i 
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CHAPTER IV. 

INDETERMINATE FORMS. 

89. Indeterminate Forms. — ^Algebraic expressions some- 
times become indeterminate for particular values of the 
variable on which they depend ; thus, if the same value a 
when substituted for x makes both the numerator and the 

denominator of the fraction •^-—x vanish, then'^^-T-r becomes of 

^(x) 0(a) 

the form -, and its value is said to be indeterminate, 
o 

Similarly, the fraction becomes indeterminate iif{x) and 
(x) both become infinite for a particular value of x. We 
proceed to i^how how its true value is to be found in such 
cases. By its true value we mean the limiting value which the 
fraction assumes when x differs by an infinitely small amount 
from the particular value which renders the expression indeter- 
minate. 

It will be observed that the determination of the diffe- 
rential coefficient of any expression /(a?) may be regarded as a 
case of finding an indeterminate form, for it reduces to the 

determination of *— ^ i — ^^-^ when h =0. 

h 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 

Examples. 

03/ ^ 2CtCX "4* Cli/ O 

I. The fraction r-:; ; r-z becomes of the form - when x = e] but since 

ox^ - 20CX + oc* o 

fl5 (x ■" c)^ O 

it can be written in the shape tt t^> its true value in all cases is 7. 

b(x - c)^ 
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__ Sr O 

2. The firaction ■ ' becomes - when x^t, 

V a + a? - -v/ a — a? ® 

To find its tme value, multiply its numerator and denominator by the com' 
plemeniary surd, 'v/a + » + V^a - ar» and the fraction becomes 

e(v^a + as + v a — a;) v « + a? + v a — x 

or ' ' : 

2x 2 

the true yalue of which is ^/a when »^o, 

, \r a* + oa? + «* — *y t^ — ax-^-Q^ , 

3. , when ar = o. 

V a + a; — V <*— * 
Multiply by the two complementary surd forms, and the fraction becomes 

2ax {ya + a? + f^/a - a?} 
2ar {y'^a'+aaf + a?' + ^a^—ax-{^x^] 

a \ya + a? + y g - a;) 



or 



V^a* + oa? + »^ + v a* — «»+«* 



the triie yalue of which eyidently is \/a when a; = o. From the preceding 
examples we infer that when an expression of a surd form becomes indeter- 
minate, its true value can usually be determined by multiplying by the com- 
plenptentary surd form or forms. 

2a?-\/sa;*-fl2 x 

4. when a? ss a. Ana, -. 

a? — V aaf* — afi * 



a - v^a* - «« , .1 

5. ^—5 when a? = o. Am. --• 

«* 2a 

, a sinO - sin aO , o , 

6. rr— :: ; becomes - when tf = o, 

9(cos0-cosa0) o 

To find its true value, substitute their expansions for the sines and cosinesi 
and the fraction becomes 

/ e8 \ / . ^^^^ \ 

a [9 + • . . I - \a9 + . . . I 

\ 1.2.3 / \ 1.2.3 / 

«{-- +...+ ; ...} 

^1.2 1,2 ' 

g- (a* - a) + . . . 



or 



2 ^ 

H 
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Divide by 0^ (a^ - i), and since all the terms after the first in the new numerator 

and denominator vanish when 9 = 0, the true yalue of the fraction is - in this 

3 
case. 

7. The fraction 

-4oa^ + Aia^^ + A2X^'^ + . . . -4m , ^ , 

; becomes —when a? = 00 : 

0(0* + aia;»-i + , . . + On ^ 

its true value can, however, be easily determined, for it is evidently equal to 
that of 

Ai , Az 



-^0 + — + — 5- + . . . 



X z^ 



Hi a% 

Moreover, when a; = 00, the fractions — ^, -r . . • -^ . . ..all vanish ; hence, 
the true value of the given fraction is that of 

ipm-« — when « = 00. 

The value of this expression depends on the sign of m — n. 

(I.) If M > M, a^~** = ee when d; = 00 ; or the fraction is infinite in this 
case. 

Ao 
(2.) If m s fi, the true value is — . 

Oq 

(3.) If m < M, then jb"^ = o when « « ee ; and the true value of the frac- 
tion is zero. 

Accordingly, the proposed expression, when » = 00, is infinite, finite, or zero, 
according as m is greater than, equal to, or less than fi. Compare Art 39. 

8. w = -v/^ar + a - ^x + ^, when a? = oe. 

Here u = = o when a; = 00. 

V a? + a + V a? + b 

9. \/a;* + fl* - a?, when a? = 00. Am. -. 



10. f* = a* sin ( — J , when a; =:oe. 



(i.) If a < I, 0* = o when a; « oe, and therefore the true value of ft is sero 
in this case. 

(2.) If a > I, then a* becomes infinite along with x ; but as — is infinitely 

small at the same time, we have sin— = — . Hence, the true value 
of ff is in this case. 



II 
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. w = \/a* -«* cot - a/ is of iho form o x 00 when a? = a. 

2 ^ a + a? 

y/gg-gg 



Here u = , 

but, when a-xis infinitely small, 



^ » /«-» IT /«-» 

tan- a/ = - a/ ; 

2Na+a? 2\a + «' 

V^a* — aj» a + a? 4a , 
« = •— ^== = _ = — when « = a. 

*" /in 

2\JT 






»sm (sin a;) — srn^a; , 

12, ti = i — jr J when a? = o. 

ar 

Substitnte the ordinary expansion for sin a;, neglecting powers beyond the sixths 
and t« becomes 

fgin'aj sin^ar) / ^ a?^\« 
am a? ; — + --j — >- («-,— + r-i 
|3 |5 ) V |3 |5/ 

of' 
a^ a;* 1/ a^\^ a^ I 7^ a;*\« 



Hence we get, on dividing by x^, the true value of the fraction to be —r when 

lo 
« = O. 

(o8in2A + i3co8*A)*-/5» , « ^ . • 

13. ^ a^-a^ ' ^ " ~ ^* • ^' 

Similar processes may be applied to other cases ; there 
ore, however, many indeterminate forms in which such pro- 
cesses would either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calcuhig 
fainifihes us with a general method for evaluating indetermi- 
nate forms. 

90. — ^Method of tlie DiflTerentlal Calculus. — Sup- 
pose "^-T-T te be a fraction which becomes of the form - when 



X ^ a; 



i. e./(a) = o, and ^ (a) = o ; 
H 2 
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Bubstitate a + htor x and the fraction becomes 

/{a -f h) -f(a) 
fja^ ^ h 

ip{a+hy ^(a + A) - 0(a) ' 

h 

but when h is infinitely small the numerator and denominator 
in this expression become /'(a) and 0'(«), respectively; hence, 
in this case, 

/(fl + A) /» 
0(a + h) 0'(a)' 

Accordingly, '^-rrl represents the limiting or true value of 

the fraction "^-T-T- 

(i.) If/ (a) = o, and ^'(a) be not zero, the true value of 

-7-^ IS zero. 
(2.) If / (a) be not zero, and <t/{a) = o, the true value of 

0(a) 

f (n\ 

(3.) If /'(a) = o, and ^'(a) = o, our new fraction "^t- is 

0(a) 

still of the indeterminate form -. Applying the 

preceding process of reasoning to it, it follows that 



its true value is that of 



#"(«)• 



If this fraction be also of the form -, we proceed to the 

nezt derived functions. 

In general, if the first d^ved functions which do not 

vanish be/C^JCa) and ^("K^)^ t^®i^ the true value of ^--j^ 

0(a) 

is that of ^^S4- 
0('*)(a) 
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Examples. 



x«m.x — 
!• fi = , when «= -, 



Here /(«) = « sin « , 

z 



.•./*(«) a « COB « + sin a:, /'f-J*=i, 

<»'(«) = -sin*, ^' f^j =- I. 



Hence « = - i, when a? = -. 

2 



2. 



f* = -, r-> when « = a. 



Here /(a?) = e«« - tf««^ 

^(a?) = (a: - a)«' ; 

^'(a?) = r(aj - a)«"^, ^'(<») is o or oo, as r > or < i. 

Hence the true value of t« is oo or o, according as r > or < i. 

This result can also be arrived at by writing the fraction in the form 

2 — ; -^ — = — ; — tf"w» sphere a = a? — a ; 

lience,^zpanding «"*^, and making A s o,»we evidently get the same result as 
before. 

a? - sin a; , 



3- 




— = — w 
a?3 


•nen a; = o. 


Here 


/'(a:) = I - cos a?, 


/'(o) = o. 




^\X) =» 7fl\ 




^•(0) = 0. 




/"(a?) = sin a?, 




/"(o) = 0. 




^"(x) = 6a?, 




4»"(o) = o. 




/'"(«) = cos ar, 




/'"(o) = i. 




4»'"(») = 6, 




f "(0) = 6. 
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Hence, the fxue value is -, as can also be immediately arriyed at by substituting 
X--2 -h &c. instead of sin «. 

o 
4. when a? = o. Ans, log 0. 

X 
«-/W -«»/(«) _v._„ , /(») +/'{") 

It may be observed that each of these examples can be CKhibited in the form 
00 - 00 , that is, as the difference of two functions each of which becomes in- 
finite for the particular value of a; in question. 

91. Form o X 00. — The expression f{x) x ^(0?) becomes 
indeterminate for any value of x which makes one of its fac- 
tors zero and the other infinite. The function in this case is 

easily reducible to the form - ; for suppose /(a) = o, and ^ {a) 
= 00, then the expression can be written *^-^, which is of the 

required form. 

Examples. 

ttx 
I. Find the value of (i — a?) tan — when a? = i. 

^ ' 2 

I — X 2 

This expression becomes , the true value of which is - when x= i. 

tcx It 

cot — 

2 



(«^*-;)' 



2. Sec X ( a; sin a; - - ) , when a; » -. 



apsina; — 
2 

This becomes , a form already discussed. 

cos a? ' 

3. Tan {x^a), log {x — 0], when a; ^ a. Ans, o. 



4. Cosec'i3a;.log(co8a0), ,, «so. i, — -^. 



if. 
2/8' 
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92. Form ^. As stated before, the fraction '^-Vt also 
beoomes indeterminate for the value x = a,ii 



f{a) = 00, and ^ (a) = 00. 



o 



It can, however, be reduced to the form - by writing it 

in the shape 

I 

I 

The tnie value of the latter fraction, by Art. 90, is that of 

{»(«'))' orffifMr 

A") 

Now, suppose A represents the limiting value of ~-^ 
when a = a, then we have 

that is, the true value of the indeteiminate f oim ^ is found 

in the same nuumer as that of the form -. 

In fl^pe^diBg fconc^io., in diW bott ^ of 
our equation by A^ we have assumed that A is neither zero 
nor iiidGnity ; so that the proof would fail in either of these 
oases. 

It can, however, be completed as follows : — 

Suppose the real limit of '^-^ to be zero, then that of 
/\ ) '^K / jg j^ ^iiere k may be any constant ; but as the 
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latter fraction has a finite limit, its value by the preceding 
method is 

therefore '^-ttt = o ; i. e. when A is zero, -A-i is also zero, and 

Similarly, if the true value of *^-7-^ be infinity when a? = a, 

then ^Vt is really zero ; we have, therefore, %7tt= o, by what 
f{a) ^ ' ' f(a) ^ 

has been just established ; -'. -tA: = <». 

Accordingly, in all cases the value of ^^^tt-* determines 

that of ~-^ for either of the indeterminate forms - or ^. 
0(a) o ^ 

* On referring to Art. 69, the student will observe that —^ is of the form 

^ whenever -j4 =" ^1 ''^ *^* ^® process given above would not seem to assist 

us towards determining the true value of the fraction in this case ; however, we 

generally find a common factor, or else some simple transformation, by which 

o 
we are enabled to exhibit our expression, after differentiation, in the form -. 

For example , is of the form -22_ when a? = - :" here f'(x) 



log(*-^) 



-^ ««;i 4."U/v fi^^4.i^^J v^/ :*. -X211 -* i.i.~ ^ 00 



= .c...,'(.) = — .andthefo>c«on^ji..tinc.ihefonu^.butitca. 



a; 

3 O 

be transformed into ^ , which is of the form - : the true value of the latter 

C08^« o 

It 
fraction can be easily shown to be — 00 when « » -. 

In some instances an expression becomes indeterminate from an infinite value 

of X, The student can easily see, on substituting - for a;, that our rules apply 

y 

equally to this case. 
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93. Indeterminate Sxpresstons of the Form 

(/(a:)}*('). Let u = {/(a?)}*(*), then log w = ^(ic) logf{x). 
VRns latter product is indeterminate whenever one of its fac- 
tors becomes zero and the other infinite for the same value 
oix. 

(i.) Let 0(a?) = o, and log {/(«?)} = ir 00 ; the latter re- 
quires either/(a:) = 00, otf{x) = o. 

Hence, {/(a?))*^*^ becomes indeterminate when it is of the 
form o®, or co®. 

(2.) Let ^(a?) = ± 00, and log [f{x)) = o, or /(a?) = i ; this 
gives the indeterminate forms 

I * and I—. 

Hence, the indeterminate forms of this class are 

o^ 00% and I*". 



Examples. 
I. (dn dp) ^^ « 18 of the fonn oo, when ^ = o. 

Here log « = tan a: log (sin «) = -^-^ — -, 

The true vahie of this fraction is tliat of 

cot « . , 

as - cos a; sin jT, or o when a? = o. 

- cosec'a; ' 

Hence the Talue of (sin a;)*"^ • s €^ = i at the same time. 

IT ' 

a. (sin «)*» *, when a? = -. 

2 

This is ol the fonn i "*, bnt its trae value is easily found to be unity. 

I 

3. [ j **, when a? = o. 

Here log m « — — ^ ^ 



«a 



9 



tana; a^ 

hot =1 + — + &c. 

X 3 
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, tans , / a:* « \ a^ « 

.'. log = log 1 1 + — + &c. I = — + &c, 

« *=* V 3 / 3 

Hence, the true value of log ti is - when « = o ; and, accordingly, the value of ti 
18 ^ at the same time. 

4. ii=fi+-J, when a? = ©• 

T i. ' ^v 1 log (I + az) 
Let «=-, then log f* = -2-i i; 

z z 

a 

.*. hy Art. 92, the true value of log u when = 00 is that of • or is zero. 

Hence, the value of ti is i at the same time. 



"■(-:)•• 



when jr = 00, 



T i. ' XV 1 log(i + <'2) 

Let a; = -, then log w = 



z' - z * 



the true value of which is a when z is zero. 

Hence, the true value of m is ^^ ; as also follows immediately from Art. 29. 






6. I - i , when a? = o. -4im. i. 

wx 



1. 
when a; =: a. ,9 e^. 



94. Compound Indeterminate Forms. — ^If an in- 
determinate form be the product of two or more expressions, 
eaoh of which becomes indeterminate for the same value of x, 
its true value can be determined by considering the limiting 
value of each of the expressions separately ; also when the 
value of any indeterminate form is known, that of any power 
of it can be determined. These are evident principles : at 
the same time the student will find them of importance in the 
evaluation of indeterminate functions of complex form. We 
will illustrate their use by a few elementary applications. 

Examples. 
I. Find the value of 

(IT — 2X \ *• IT 

— : 1 ,whena: = -. 
2 sin 2x/ 2 

The value of a?» is f -} , and that of (sina:)*"* is unity: see p. 105. 
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Afain, — : becomes — ; — on substituting — e for «: hence its true- 

^ 3 sin 2« 2 sin 22 2 

Talue is - when 2 = 0. 

2 

IT *•* 

Accordingly, the true value of the proposed expression when a; = - is -^^. 
2. — when « 5= 00. 

This fraction can be written in the form / *7 ! • The true value of •^, by th& 



(jf- 



e* 



method of Art 93, is that of --7 ; but the value of the latter fraction is zero 



n 

when xssQo; hence the true value of the proposed fraction is also zero at th& 
same time. 

3. ti = jp>* (log x)^f when x=iO, and m and n are positive. 

ft 
Here tisC^logar)*", 



— ^ is of the form ^ when a: = o; 



I 2 

its tme value is that of ^ > or *" • 

z » 

Hence, the true value of the given expression is zero. 

This form is immediately reducible to the preceding, by assuming d;» s ry» 

m 

4. f* = — when a? = 00. 

Here . «= f-f-V*"; 

but if ^ > I, and fi > m, J***^"* =. 00 when a; = 00. Consequently the value of ti is 
of the fonn o*, or is zero in this case. 

Again, if m > n, J«^*^ = o when » = 00, and the true value of 11 is 00. 



Ib. ^ . --^ 
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5. « = — - when x = o, 

b «"• 

Let jT = -, and this fraction is immediately reducible to the form discussed in 
z 

the preyious Example. 

g^ (»-COB^)'{lCg(l+^)}" ^^^„ ^ ^ „ ^^_ 1 

7, M = i i , when a: = o. 

From Art. 29, this is of the form - ; to find its true value, proceed by the 
method of Art. 90, and it becomes 

. X (aj - (I + x) log (i + x)) 

Again, substituting for (i + ^)* its limiting value e, we get 

( a?-(i4-a;)log(i-f a?) ) 
t xHi+x) j' 

the true value of which is readily found to be — when x = o. Compare Ex. 29, 

p. 94. 

I fn«-i I (flsinflj-sinfla;)* , 

8. -: \ ]—. — r J, when a; = 0, 

I sin a; I (a;(cosa;-cos«a;)) 

m^ — I 

The true value of — : , when a: = o, is log m ; 

sin a; 

a sin X — sin ax 

and that of -7 ;, when a? = o, 

a;(cosa;— cosoa;} 

a 
has been found in Example 6, Art 89, to be - ; hence the true value of the given 



expression when x = o, is f - j log m. 









-» 






»+ 1 * 
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Examples. 






10. 


alia* -a 




II* 


log sin X* 




12. 


i—©. 




13. 


«* + 2C0BX- 


-2 


«* 


"~> 


T ^ 


[a? + 8in2ic- 


.e*f)' 


14. 


[4 + 0080;- 


5C0S-J 



Jf =s O, fl*. 



COS ^0 - COS nd 

3« — 715 ZS^T-f » = *^ **• 



a? o a. ^2. 



«=■- I. 



JlPaO. 



w e). 



«« — r* - 2« I 

0. ; — — , XssO, -. 

(^•-i)^ 3 

i-sinaf+cosaf » 

/• « ^ = — • I. 

8in« + 0080-1 2 ' 

o tan« — sinx i 

o. . o 9 a? = o. -. 

8m'« 2 



«sO. I. 



X- -, a log a. 

2 



« s o. o. 



I 

12 



«nO. 8 



(?)■ 



no Examples. 

A/i + cosaa? — Binaj , » . Vio 

ic. ~ : , when « = -. Ans. • 

d?8m2^ + flpcosx 2 3tr 

16. — , x = n, 

tanna-tan^a 



«"-^(n cos «« - sin na) oosHa. 



sfi tan nx —n tan « 



17. . : : , ' « = 0. —5, 

I— cosmd; nsmx^smnx mr 

^ (2 sin — sin 2«)* 8 

\%.h rr-> a; = o. — -. 

(see* — co8 2aj)' 125 



1 



19. «^-*, a? = I. 



I 






ajlog(l + «) 

21. — ^i i «s=sO, 2. 

I ~cos« 

22. « . ^, « = o. 



00 



^^- log (I + iP)' 



a; = o. 2. 






2 



log (tan 2a;) 
^^' log(tan«)' 

- e» + log( i-^)-i 

20. J 

tana;- x 

im 

27. r , , tan 

(i-«»)Vi-i»« 



a; = o. I. 



.i\/i -in« 



m 



g log(H-a; + a?»)4-log(i -g + a^') 
seca; — cosa; 



/ ai« -f <t2* + . « ' g»* \ 



9 





a? = o. 






I 
2 


S^ 


I + m 
I — «i 


cos 


*, 


w = I. 

cos 3^ 
3 


1 

f 


a; so. 






I. 



Examples. 1 1 1 

30. I— — J , when a; = 00. Am, i. 

^ ex 

'2 ue 

31. o » a? = o. 



33.^^(i + i)'-«^log(i+y, 



95t 


««+ fiULd;- I 


30. 


log(i+a;) » 


39. 


e» - r» - 20? 


tanjp-ji; ' 


jn 


<f faa^ + bx + e 



g* — 30? + 2 
^3- aj*-6«» + 8«-3» 



ar = oo. 



a;soo« 
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sina; — log (^ cos x) i 

32. f^ i, a? = o. -. 

X' 2 



e 

§• 



I - flf + log a? 

34. y » a = I. - !• 

I — V 2a? — a?* 

a:' — a? 

35* . , 9 a? = I. 00. 

I - a? + log X 

«* — a? 

I — a? + log X 

cos a? - log (i + a?) 4- sin a? - z 

37. — — 7 — ; — 7 9 a? = o. o, 

«• - (i + a?) 



a; so 3. 



a? s o. I. 



a 



a,a?^alog(g) 

41* — — ^T^— ^™^s^% a? = «. —I. 

a — -V/ 2aa? — a?* 

tan (g + a?) ^ tan (g - a?) 1 + g^ 

* tan-^(g + af) — tan"^(g— ar)* " ' cos'g 



a? = I. «». 



1 1 2 Examples. 

44. (sina?)*^*, when « = o. Ans. i. 

45. (seca?)»»««5», af = o. i. 

tan« ^ 

46. (sina;) , a;=s -• i. 

47. Find the value of 



(a? - y) g» + (y - g)a:* + (g - a;)y*» ^ w.n- i ^j„-a^ 

(«-y)(y -«)(«-») ' "" 1.2 

when a; = y = 0. 

Substitute a + A for a;, and a + Ar for y, and after some easy transformations we 
get the answer, on making A = o, and ^ <= o. 

^ar + tana?-tan2a; -7 

4?. :^ 7 > « = o. Ans, -2. 

^ 2a; + tan a? - tan 3a; 26 

a; + Bina; — sinia; — 7 

40, ■ , jp = o. — • 

^^ 3a: + tanaf— tansa?' 52 

V a: - v + V a: - « ' 



2a 



af — ^sma; — tana? 

3 1 -' 



5i» ^ > «*o- 



20 
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CHAPTEE V. 

PABTIAL DIFFERENTIAL COEFFICIENTS AND DIFFERENTIATION 
OF FUNCTIONS OF TWO OR MORE VARIABLES. 

95. Partial DtflRerentlatlon. — In the preoeding chap- 
ters we have regarded the functions under consideration as 
depending on one variable solely ; thus, such expressions as 

^, sin hXf af^y &c., 

have been treated as functions of x only ; the quantities 
ajhjfnj . . . being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments ; then, if we regard x as constant, 
we can, by the methods already established, find the differen- 
tial coefficients of these expressions with regard to the quan- 
tities, ay by my &o.f considered as variable. 

In this point of view, &^ is regarded as a function of e;^ as 
well as of Xf and its differential coefficient with regard to a 

is represented by ^ , or a? ^ by Art. 30 ; in the derivation 

of which X is regarded as a constant. 

In like manner, sin {ax + bt/) may be considered as a 
function of the four quantities, Xy ^, a, 5, and we can find its 
differential coefficient with respect to any one of them, the 
others being regarded as constants. Let these derived functions 
be denoted by 

du du du du 

^' d^* da' db' 

Tespeotively, where u stands for the expression under con- 
sideration, and we have 

^ = « cos (aa? + bi/)y — = b cob {ax + Jy), 
— ^xooa {ax + by), ^ = y cos (aa? + bp). 
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These expressions are called the partial differential ooef- 
ficients of u with respect to a?, y, a, 6, respectively. 
More generally, if 

denotes a function of three variables, x, y, Zy its differential 
coefficient, when x alone is supposed to change, is called the 
partial differential coefficient of the function with reject to x; 
and similarly for the other variables y and z. If the function 
be represented by t^, its partial differential coefficients are 
denoted by 

du du du 

d£ dy^ dz* 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 

Examples. 

1. w = (a«2 + by* + cz^)% 

du 
Here -j- = 2ftaa? (awp* + Jy* + <j«*)*^^, 

ax 

du 

—- = 2nby (as^ + by* + cz*)^^, 

du 

— = 2nez (a»2 + Jy2 + cz^y*-K 

az 

. , X 

2. W = Sltt-^ -. 

y 

du I ' du — X 



dX y/ya_a;2' dy y^yZ^x^ 

du . du . 

4. « = a;«^ (a?y). 

— = 2x<f> (xy) + x'^ytj/ (xy). 
du 



Differentiation of a Function of Two Variables. ii$ 

96. mflTerentlatloii of a Fimctloii of Two ITarl- 
ables. — ^Let u = ^ {x^ y)y and suppose x and t/ to receive the 
increments hy k, respectively, and let ^u denote the corre- 
sponding increment of u^ then 

Aw = f^ {x ^-hyy -k-Jc) - tp {x^y) 

= (a? + A, y + A;) - ^ {xy y -v k) ■{- ip {x, y -v k) - 1^ {x,y) 

<i,(x + h,y + k)-^(x,y^rk) (a?,y + A;)-0(a?,y )^ 
= J, ^ + 1 ^. 

If now h and k be supposed to become infinitely small, 
by Art. 6 we have 

i^{x + h^y ^k) - fp{xyy + k) ^d . ijt {x^y-^k) 

'h " ^ ' 

^^ 0(a?, y + A;)-^(a?, y) ^ d . <[> (Xy y) 

k dy 

In the limit, when k is infinitely small, fp {x, y + k) 
becomes ^ {xy y)y and 

^•»(^>y^^) becomes 1l±^; 
dx dx 

hence we get, neglecting infinitely small quantities of the second 

order, 

du , du ^ 
du = -rr n i--^ ky 
dx dy 

where h and k are infinitely small. 

If dxy dyy be substituted for h and ky the preceding 
becomes 

, du , du , , . 

In this equation du is called the total differential of Uy 
where both x and y are supposed to vary. 

The student should carefully observe the diSerent mean- 
ings given to the infinitely small quantity du in this equation. 

.^_- du 

Thus, in the expression — dxyn du stands for the infinitely 

ax 

I 2 
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small change in u arising from the increment dxiax^y being 

regarded as constant. Similarly, in -r- dy^ du stands for the 

infinitely small change arising from the increment dymy^x 
being regarded as constant. If these partial increments be 
represented by dxUy dyUy the preceding result may be written 
in the form 

du = dxU + dyU. 

That is, the total increment in a function of two variables is 
found by adding its partial increments, arising from the 
difierentiab of each of the variables taken separately. 

Examples. 

I. Let X = rcosQy m which r and are considered yariables, to find the 
total differential of x. 



Here 


dx ^ dx 

rfr-'^^^' de- '''^^• 


Hence 


dx = cos a rfr - r sin e de. 


2. 


X^ yi 


Here 


du 2X du 2y 
dx "" a2' dy" b'^* 



, 2a? , 2y J 
.'. du = --dx + '^dy. 



u = ^^^j. Let ^ = 2, then u = 4»(s), 

■■e) 



du _^du dz ^ 
dx dzdx y 



-"■(;) 



du _^du dz 

dy " dz dy y^ 

ydx — x 



■■■"■ <i) ^ 

Again, mnltiplving the former of the two preceding equaUons by x, and the 
latter by y, and adding, we get 



du du 
dx ' dy 
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97. mflferentlatloii of a Fnnctloii of Tbree or 
more ITarlables. — Suppose 

«* == (^j y» s), 

and let hy k, I represent infinitely smaU increments in x, f/, z^ 
respectively; then 

Au = ^ {x + hjp + kf z + I) - if^ {x, y, z) 

_^ {x + hy p -\- ky z + I) - ^ ( xy y + ky z + I) - 

, i>{Xyt/+kyZ + l)--iP{Xyj/yZ'hl) J fl>{XyyyZ+l)-i>{XyyyZ) J 
+ J. k^ ^ ly 

which becomes in the limit, by the same argument as before, 
when dxy dyy dz, are substituted for hy ky ly 

du , du . du ^ , . 

aw = -T- OiC + -7- ay + -7- ois. (2) 

dx dy dz 

Or, the infinitely small increment in t« is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A similar process of reasoning can be easily extended to 
a function of any number of variables ; hence, in general, if 
11 be a function of n variables, a?i, o^, a?3, . . . x^ 

du , du , du , , . 

du = '^-dxi + -T^dx2 + ... + -r- dx^, (3) 

axi 0X2 axn 

98. If 

u =/(f?, W)y 

where «?, tr, are both functions of x ; then, from Art. 96, it is 
easily seen that 

du _ df{vy w) dv df{vy w) dw 
dx dv dx dw dx* 

This result is usually written in the form 

du dudv dudw . . 

In general, if 
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where y^ ^2, . . . pny are each functions of x, we have 

du _ du dt/i du dy% du dy^ , v 

dx dyidx dy^dx * ' ' dy^ dx* 

Also, if yiy yty &0.9 yny be at the same time funotions of 
another yariable z^ we have 



and so on. 



du _ du^ dyi du dyz ^ du dy^ 
dz dyi dz dyz dz ' dyn dz ' 



Examples. 



1. Let f* = ^(Z, r), 

where X = ax + by, Y = a'x-\- Vy ; 

., du du dX du dY 
then — = + — — — , 

dx dXdx dY dx * 

du du dX du dY ^ 
dy ~ dXdy^dYly'* 

but — - ^^h— -'— =^b' 

dx " * dy " ' dx "^ ^ dy 

TT du du ,du 

du ^ ,du du 
dy^ dX"^ dY' 

2. More generally, let 

where X = ax+by + ez, 

Y = a'x-^ b'y + e% 

Z = a'*x + b"y + c"«. 

When these substitations are made, u becomes a function of x^ y, «, and we 
hare 

it dX^ dT^ dzr 
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98*. miforeiitlatloii of a Fnnctloii of Diffe- 
rences. — ^If f« be a fiinotion of the differences of the vari- 
ables, a, jS, 7 : to prove that 

du du du _ 
da dfi dy 

Let a-j3 = ir, /3-7 = y, 7-a = s; then, t« is a fdnotion 
of Xyi/fZ; and, aooordingly, we may write 



Hence 



du du dx du dy du dz _ du du 
da dxda dy da dzda dx dz' 



^. .. . du du du du du du 
Sumlarly, ^ = ^ - ^, ^ = ^-^; 

du du du _ 
da dfi dy 

This result admits of obvious extension to a function of 
the differences of any number of variables. 



I. If 



2. If 



dA dA dA dA 





Examples. 






I. I, 


I. 


I. 


A = 




7. 
7», 


8, 




«», 0', 


7», 


«>, 


dA dA dA dA 
da"^ dfi"^ dy^ dZ 


= 0, 






I, I, 


I. 


I. 


A = 




7. 

7*. 


8', 




«**, /s*, 


7*. 


8*. 




». ', 


I, 


I, 


dA 


0. iS, 


7. 


8, 
8», 




a', /»', 


7», 


8», 



, proYO that 



, proye that 
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99. Definltloii of an Implicit Fnnctloii. — Suppose 
that y^ instead of being given explicitly as a function of x^ is 
detennined by an equation of the form 

f{x, y) = o, 

then y is said to be an implicit function of x ; for its value, or 
values, are given implicitly when that of 2; is known. 

100. mflnsrentlatloii of an Implicit Function. — 

Let h denote the increment of y corresponding to the incre- 
ment hinx^ and denote /(^, y) by u. 

Then, since the equation /(a?, y) = o is supposed to hold 
for all values of x and the corresponding values of y, we 
must have 

f{x + A, y + A) = o. 

Hence du^o\ and accordingly, by Art. 96, we have, 
when h and k are infinitely small, 

du , du . 

dx dy 

du 

hence in the limit A ^ ^ ~ "SJJ* ^^^ 

dy 

This result enables us to determine the differential 
coefficient of y with respect to x whenever the form of the 
equation /(or, y) = ois given. 

In the case of implicit functions we may regard x as 
being a function of y, or y a function of Xy whichever we 
please — ^in the former case y is treated as the independent 
variable, and, in the latter, x : when y is taken as the inde- 
pendent variable, we have 

du 
dx ^ dy _ I 
dy du dy* 

dx dx 

This is the extension of the result given in Art. 20, and 
might have been established in a similar maimer. 
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Examples. 
I. If ** + y' - 3«i?y = <J, to find -y- . 

Here ^ = 3(«*-«y)» ^ = 3 to'* - «a?) ; 



49^ Art. 38. 



dy _ x^-ay 



2. If — + ^ = i,tofind^. 

3. *logy-ylog* = o. _=-(_j^J. 



loi. If t* = 0(ir, y), where a? and p are connected by the 
equation /(a?, y) = o, to find the total differential of u with 
respect \x>x\ y being regarded as a function of x. 

Here, by Art. 98, we get 

du ^d<tt difk dp 
Also 

dx dpdx'^ ' 

Hence, eliminating ^^ we get 

tf0 df df d^ 
du dx dp dxdy /^n 
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This result can also be iimtten in the foUowiag deter- 
minant form : 

df^ d<l> 

cte' dp 



du 
dx 



dx^ dy 



d£ 
dy 



More generally, let t^ = ^ (a?, y, 2), where a?, y, 2, are con- 
nected by two equations, 

/i(^, y> 2) = o, /^(iP, y, s) = o ; 
then, as in the preceding case^ we have 



and also 



du ^d^ d<l> dy d^^ dz 
dx dx dy dx dz dx^ 



^ ^dy ^icfe 
dx dy dx dz dx 



Hence, we get 



du 
dx 



dx dy dx dz dx 



d<^ d^ d(^ 

dx^ dy* dz 

4A ^ ^ 

dx* dy* dz 

df2 df% dfi 

dx* dy* dz 



dfy ^ 
dy* dz 



3 



dy* dz 
This result easily admits of generalization. 



(8) 
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102. fiiiler'8 Theorem of Homogeneous Fmic- 
tljuiis. — ^If 

u = Au^i/^ + BmP'y^ + CaP^' y^' + &o., 
where 

p + q=p' -v ^ =p'^ -{-q^ = &o. = n, 

to prove that 

du du , V 

Here ^ 7" = -^P^ V^ + ^P' i»^ ^ + &o. ; 
y — = -ig'ajP y« + Bc[ ajP' y^ + &c. ; 

= w-4ipP ^ + nBixP^ y^ + &o. = nu. 

Henoe, if u be any homogeneous expression of the n*^ 
degree in x and y, not involving fractions, we have 

du du 

X-Z- + y^r- WW. 
dx dy 

Again, suppose f« to be a homogeneous function of a 

fractional form, represented by — ; where ^1, 02? are homo- 

geneous expressions of the /*** and mP*' degrees, respectively, 
in X and y ; then, from the equation 

01 
w = — 

02 
^01 _ tf02 

, du ^^ dx ^^ dv 
we have -j- = ..^ , 

fi^l a02 

aad du ^'^d^- *'d^, 

dy (0,)' 
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accordingly we get • 

du du ^ \ dx ^ dy ) ^ \ dx ^ dy 

but, by the preceding, 

ddii ddti dihi d4^2 

, du du ^ W01 02 - m^i 02 

henoe ^^"^^'^ (^55 

= (n -»?)— = (n - w) w ; 

02 

which proves the theorem for homogeneous expressions of a 
fractional form. 

This result admits of being established in a more general 
manner, as follows : 

It is easily seen that a homogeneous expression of the n^^ 
degree in x and ^, since the sum of the indices of x and of y 
in each term is n, is capable of being represented in the 
general form of 

Accordingly, let w = ^^0 (-) = a^t?, 

Then ^ = «*«->. + *» J, 

dx dx 

_ du ^dv 

and T- = ^T"- 

dy dy 

multiply the former equation by x, and the latter by y, and 

add; then 

du du ^ ^( dv 

dx dy \ dx 
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but (by Ex. 3, Art. 96), 

dv dv 
X — v V — = 0: 
dx ^ dy ' 

du du 
dx dy 

wbiob proves the theorem in general. 

In the case of three variables, x^ y^ s, 
suppose u = AntP y^ s*", 

then we have 

^^ d ^ » ^ du j^«- du ^«^- 
x-T- =ApxPy^z^, y-^ ^AqvPtflif^ z— ^AraPy^z^ \ 
ax ay az 

du du du .. \ « ^ r / \ 

.'. «^ + y^ + 2^ =^A{p + q + r)aPy^z''=(p + q + r)u; 

and the same method of proof can be extended to any homo- 
geneous function of three or more variables. 

Hence, if z« be a homogeneous function of the n*^ degree 
in Xy yy Zy we have 

du du du , . 

x-r + y'T"^z-r = ^^' (10) 

dx dy dz 

It may be observed that the preceding result holds also 
if w be SL fractional or negative number, as can be easily seen. 

This result can also be proved in general, by the same 
method as in the case of two variables, from the considera- 
tion that a homogeneous function of the n*^ degree iaxyy^s 
admits of being written in the general form 



«=^K?I) 



or in the form 

t/ z 

u=:(xf^^ {Vy w)y where «? = -, and «(? = -. 

X X 

Proceeding, as in the former case, the student can show. 
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without difficulty, that we shall have 

du du du 
ax dy dz 

Another proof will be found in a subsequent chapter, along 
with the extension of the theorem to differentiations of a 
higher order. 

Eya-m-pt.tm . 

Verify Euler's Theorem in the following cases by direct differentiation : — 

ix^ + f^ du du Ku 

(a? + y)» dx dy 2 

a^ + ax^i/ + by^ du du 

ax^ + oy^ dx dy 

. - «* - y* <f tf du 



(aj3 _ y3\ ^j^ ^ji 



103. Theorem. — If U=Uo + Ui + Uz . . . + Uny 

where t^o is a constant, and Ui, «^, . . . %, are homogeneous 
functions of a?, y, 2, &c., of the ist, 2nd, ...»** degrees, 
respectively, then 

dU dU dU , , 

^--T- + y— +s — + ... = t*i + 2W2 + 3t*3+... + nUn* (11) 

For, by Euler's Theorem, we have 

dUr dUr dUr o 

Uiv Uy %Ma 

since Ur is homogeneous of the r^^ degree in the variables. 
CoR. If CT = o, then 
dU dU dU , » , X 

^"^ + 2/7- + 2-^..-=- {Wn-1+ 2W,^.2 + . . . + WWo). (12) 

This follows on subtracting 
from the preceding result. 



eneous 
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104. Remarks on Enler's Theorem, — In the appli- 
cation of Euler's Theorem the student should be careful to 
see that the functions to which it is applied are really 
homogeneous expressions. For instance, at first sight the 

((K •\- ft \ 
-7 — ~ J might appear to be a homog 

function in x and y ; but if the function be expanded, it is 
easily seen that the terms thus obtained are of different 
degrees, and, consequently, Euler's Theorem cannot be 
directly applied to it. However, if the equation be written 

in the form -i — ^ = sin w, we have, by Euler's formula, 

Hfi + yfi 

dsmu dwiu smu 

X —3 — + y — -J — = , 

dx ay 2 



or QOBuxx 



f du du\ _ sin w ^ 
\ dx dyj 2 ' 



, du du tan u 1 x + y 

hence a?^- + y-r- = = — , 

dx dy 2 2y(^ + ^)2_(^^y), 

When, however, the degrees in the numerator and the 
denominator are the same, the function is of the degree zero, 
and in all such cases we have 

du du 
dx dy 

For example, sin"^ ( . ^ ^, J, tan*^ -, c^, &c., may be 

treated as homogeneous expressions, whose degree of homo- 
geneity is zero. The same remark applies to all expressions 

which are reducible to the form ^ (^) ; ^ already shown in 
Ex. 3, Art. 96. 

105. If a? = r cos 0, y = r sin 0, 

to prove that xdy - ydx = r^dQ. (13) 
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Bunilarly 
Henoe 



In Ex. I, Art. 96, we found 

dx = cos Odr - r sin Odd ; 

% = sin Odr + r 00s 6d0. 
xdy = r cos sin Odr + r* QO^OdOy 
ydx = r cos sin Odr - r* m^OdOi 
.\ xdy - ydx = f^ dO. 

106. 11 X and y have the same values as in the last, to 
prove that 

{dxy + {dyy = {dry + r» {dOy. (14) 

Square and add the expressions for dx, dy^ found above, 
and the required result follows immediately. 

The two preceding formulae are of importance in the 
theory of plane curves, and admit of being easily established 
from geometrical considerations. 

107. If u= aix^ + by^ + cz^ + 2fyz + 2gzx + 2hxy, 

to find the condition among the constants that the same values of 
Xf y^ z should satisfy the three equations 



Here 



du 
dx 


0, 


du 
dy 


0, 


du 
dz 


du 
dx 


zax + 2hy 


+ 2gz 


= 0, 


du 
dy 


2hz 


+ 2by 


+ 2fZ: 


= 0, 



du 

— = 2gx + 2fy + 2CS = o. 

az 

Hence, eliminating Xj y, z between these three equations, 
the required condition is 

abc - af^ - bg^ - ch^ + 2fgh « o; 

or, in the determinant form, 

a h g 

h 6 / =0. 

g f c 



Remarks on Eukr^a Theorem. 129 

The preceding determinant is called the discriminant of the 
quadratic expression, and is an invariant of the function ; it 
fiiLso expresses the condition that the conic represented by 
the equation u = o should break up into two right lines. 
{Salmon^ Conic SectionSy Art. 76.) 

The foregoing result can be verified easily from the latter 
point of view ; for, suppose the quadratic expression, w, to be 
the product of two linear factors, X and T\ 

or u = XTj 

where X= Ix + my -^nzj T = Vx + niy + n'z ; 

then — = X-7- + F-3- = VX + lY. 

ax ax dx 

du ^dY ^dX ,^ ^ 
3-=X-r- + Y -z- --mX + mYy 
dy dy dy 

du —dY ^dX ,^ ^ 

-J- =X-r- + F-7- = nX + nY. 
dz dz dz 

Here the expressions at the right-hand side become zero for 
the values of x^ y, 2, which satisfy the equations X = o, Y- o, 

or Ix ■¥ my + nz^Oj Vx + m'y + rlz = o. 

Hence in this case the equations 

du du du 

are also satisfied simultaneously by the same values. 

We shall next proceed to illustrate the principles of 
partial difEerentiation by applying them to a few elementary 
questions in plane and spherical triangles. In such cases we 
may regard any three* of the parts, a, 6, (?, -4, B, C, as being 

^ The case of the three angles of a plane triangle is excepted, as they are 
equiyalent to only two independent data. 
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independent variables, and each of the others as a function of 
the three so chosen. 

io8. Equation connectliig the Tariattons of the 
three Sides and one Angle. — If two sides, a, by and the 
contained angle, C7, in a plane triangle, receive indefinitely 
small increments, to find tiie corresponcUng increment in the 
third side c, we have 

c* = a' + 6' - 2ab cos C; 

.'. cdc = {a - b ooB C) da + {b - a cos C) db + ab sin CdC; 

but a = J cos (7 + c cos -B, i = a cos (7 + c cos -4. 

' Hence, dividing by c, and substituting c sin J5 for b sin C, 
we get 

dc = cos Bda + 00a Adb + a eia BdC. (15) 

Otherwise thus, geometrically. 

By equation (2), Art. 97, we have 

, dc J ^ -TL ^ jry 

dc-'^da + '^db + ^f^ dC. 
da db dC 

dc 
Now, in the determination of --=- we must regard b and C as 

constants ; accordingly, let us sup- 
pose the side CB, or a, to receive a 
small increment, BB^ or A(z, as in 
the figure. Join AB^y and draw B^D 
perpendicular to -4-B, produced if 
necessary; then, by Art. 37, AB^ ^ry^ 
= AD when BB^ is infinitely small, «,' 
neglecting infinitely small quanti- 
ties of the second order. ^. 
Henoe ^* '■ 

Ac = AB' -AB'AD-AB" BD; 

dc .. .. .Ac BD _, 
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dc 
Similarly, -^ = cos -4 ; which results agree with those arrived 
do 

at before by differentiation. 

dc 
Again, to find ■jr;^. Suppose the angle C to receive a 

small increment A (7, represented by 
BCS^ in the accompanying figure; 
take CB^ = CB, join Affy and draw 
jBD perpendicular to Aff. 
Then 

Ac = ^B' - ^J? = BD (in the limit) 

= BB^ cos AffB = BB^ sin -4J?C7(q.p.) . Fig. 5. 

Also, in the limit, BB' = S'Csin BCBT = « AC. 

Hence -^ = limiting value of —^ = a sin j5 ; 

the same result as that arrived at by differentiation. 

In the investijgation in Fig. 5 it has been assumed that 
AB - AD is infinitely small in comparison with BD; or that 

AB - AD 

the fraction ^^r — vanishes in the limit. For the proof 

of this the student is referred to Art. 37. 

When the base of a ploae triangle is calculated from the 

observed lengths of its sides and the magnitude of its vertical 

angle, the result in (15) shows how the error in the computed 

value of the base can be approximately found in terms of the 

small errors in observation of the sides and of the contained 

angle. 

dC 
109. To find —I wben a and h are considered 

Constant. — ^In the preceding figure, BAB^ represents the 
change in the angle A arising from the change A(7 in C7; 
moreover, as the angle A is diminished in this case, we must 
denote BAB^ by - A-4, and we have 

y AB^A ABi^A Cj^A 

sin AB^B " cos JB " 00s JS' 
K 2 
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Alao, BB' = aAC; 

.'. Ti = -1-7 (in the limit) = =:. (i6) 

This result admits of another easy proof by difierentiatioii. 
For a sin J? = i sin ^ ; 

hence, when a and b are constants, we have 

a ooB B dB = b cos A dA ; 

also, since -4 + J? + = tt, we have 

dA-\- dB + dC = o. 

Substitute for dB in the former its value deduced from the 
latter equation, and we get 

{a cos 5 + J cos -4) ^-4 = - a cos jB dC; 

or c dA^- a COB B dCj as before. 

no. Slqiiatlon connectliig the Tarlattoiis of two 
Sides and the opposite Angles. — ^In general, if we take 
the logarithmic differential of the equation * 

a sin £ = ( sin ^, 

regarding a, i, A^ J?, as variables, we get 

da dB _ db dA , 

T "^ taSTB "" T ■*■ ten2' . ^'^^ 

III. l^anden's Translbrmatlon. — ^The result in equa- 
tion (16) admits of being transformed into 

dA dC 

acos£ c ' 
but 



c = ^/a^ + A' - zab cos (7, and a cos J? = -v/a' - b* sin*-4; 

hence we get 

dA dO 



■v/fl* - 6' sin '-1 -v/a* + 6' - zab cos C 
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If C be denoted by 180° - 2^1, the angle at A by 0, and 
- by hy the preceding equation becomes 

df^ 2d<f)i 2d<pi 



V^i -Fsin^0 ^/I + 2kooa2<l>i + k^ ^{1 4 A)*- 4)!; sin* ^1 

2 ^01 



(i + A) \/i - ki sin* 01 ' 



(18) 



where Ai = , . 

1 ■¥ k 

Also, the equation a sin J? = J sin -4 becomes 

sin (2^1 - 0) = A; sin 0. 

The result just established furnishes a proof of Landen's* 
transformation in Elliptic Functions. 

We shall next investigate some analogous formulsB in 
Spherical Trigonometry. 

112. Relation connectliig the Tariattons of Three 
Sides and One Angle. — ^Differentiating the well-known 
relation 

cos c = cos fl cos J + sin fl sin J cos C7, 
regarding a and b as constantsj we get 

dc sin« sin J sin C7 



dC sin c 



= sin a sin£. 



Again, the value of — , when b and C are constants, can 
be easily determined geometrically as follows : — 



*^ This transformation is often attributed to Lagrange ; it had, however, been 
previously arrived atbyLanden. (See Fhilosophieal Tranaactionay 17 71 and 
1775O 
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In the spherical triangle ABOy making a oonstraotion 

similar to that of Fig. 4, Art. 108, we have 

c 

BjB^==Aa; /. -;-= limit of —- = rzrzirz 

da Aa BB» 

(in the limit) = cos B. 

Similarly, when a and C are can^ 

do , »' 

%taYd%. -71 = cos A. 
do 

Hence, finally, ^^- ^• 

do = cos-Bcto + oos-4c?J + sina ^BdC. (19) 

This result can also be obtained by a process of diffe- 
rentiation. This method is left as an exercise for the 
student. 

As, in the corresponding place of plane triangles, we 
have assumed that AB" = AD in the limit; i.e., that 
AB^ _ j[j) ... 
^^^r — is infinitely small in comparison with AD in the 

limit ; this assumption majr be stated otherwise, thus : — 
If tibe angle ^ of a right-angled spherical triangle be 

very small, then the ratio —-j- becomes very small at the 

same time, where c and b have their usual significations. 

This result is easily established, for by Napier's rules we 
have 

. tan b Bmb cos c 

cos A = 7 = T—' — » 

tan c ooab smc 

I - cos^ _ sine cos 6 - cose sin J _^ sin {c- b) ^ 

' ' I + cos-4 sine cos6 + cos e sin 6 sin (c + ^) ' 

or 

• / i\ X «-4 • / IN sin(e-J) . , ,v, A 
sm(e - i) = tan'— sm (c + b); .-. .^ = sm(c + o)tan— , 

tan — 
2 

But the right-hand side of this equation becomes very small 
along with -4, and consequently c - b becomes at the same 
time very small in comparison with that angle. 
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The formula (19) oan also be written in the fomi 

^rt ^ ^ ^^ / \ 

sin a sin j5 sin a tan B sin 6 tan A' ^ ^ 

The corresponding f ormnlse for the differentials of A and B 
are obtained by an interchange of letters. 

Again, from any equation in Spherical Trigonometry 
another oan be derived by aid of the polar triangle. 

Thus, by this transformation, formula (19) becomes 

dG = -ooBbdA -cosadB + sin-4 sin Jefc. (21) 

These, and the analogous f ormulsB, are of importance in 
Astronomy in determining the errors in a computed angulajr 
distance arising from smaU errors in observation. They also 
enable us to determine the most favourable positions for 
making certain observations; viz., those in which small errors 
in observation produce the least error in the required result. 

113. Remarks on Partial Differentials. — The be- 
ginner must be careful to attach their proper significations to 

the expressions — , -jp^y &c., in each case. Thus when a and 

aa uLf 

dc 
are constants^ we have -y^^smaemB; but when A and a 

aU 

are constants, we have -77: = 7 — 7>; these are quite diflEerent 

du tan (7 ^ 

dc 
quantities represented by the same expression ^. 

The reason is, that in the former case we investigate the 
ultimate ratio of the simultaneous increments of a side and 
its opposite angle, when the other two sides are considered as 
constant ; while in the latter we investigate the similar ratio 
when one side and its opposite angle are constant. 

Similar remarks apply in aU cases of partial differentia- 
tion. 

When our formulae are applied to the case of small errors 
in the sides and angles of a tnangle, it is usual to designate 
these errors by Aa, Ai, Ac, A^, AB, A (7; and when these 
expressions are substituted for da, db, &c., in our formulae, 
they give approximate results. 
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For instanoe (19) becomes in this case 

Ac = Aa cosJB + Ai cosuil + AC7sina sinJ?; (22) 

and similarly in other cases. 

It is easily seen that the error arising in the application of 
these formulae to such cases is a small quantity of the second 
order ; that is, it involves the squares and products of the 
small quantities Aa, Aby Ac, &c. This will cdso appear more 
fully from the results arrived at in a subsequent chapter. 

114. Tbeorem. — If the base c, and the vertical angle (7, 
of a spherical triangle be constant, formula (19) becomes 

da db 



cos^ oobB 



Now, writing instead of a^ xp instead of (, and k for 

Bin C ., . i • 1 

-, this equation becomes 



sm 



smce k = -; — = —. — - 
\ sma BmbJ 



d^ d\p 

y I - A^ sin*^ "^ a/i -A;*si^"^* ^^^^ 

where ^ and ^ are connected by the following* relation: — 

cos c = cos cos^Jt + sin sin ^ cos (7, 
or cos c = cos cos \p -hAn^ sinxf; v^i - k^ sin* c. 

115. In a Spherical Triangle^ to proTe that 

da db dc , . 

+ TZTn = O, (24) 



COS A cos B 00a C 



sm C 
^vhen -; — Is constant. 

sm^; 



* This mode of establisliiiig the connexion between Elliptic Functions by 
aid of Spherical Trigonometry is due to Lagrange. 
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Let miC =^kmiCj and we get 

,^ koo^c , siii-4cosc - 

dC = TT dc = j:,ac : 

cos C/ sin a cos 67 

substitute this value for dCiD.{ig)f and it becomes 

.„ ^, cose sin-4 sin J? , 

dc = cos Ado + oo&Bda ■{■ 7= dc ; 

cos (7 

J „ T> 7 /^ cose sin-4 sin5\ _ 

or cos -4 a& + cos -Baa = I jz dc 

\ oobC J 

COB A cos 5 , 

-= 7^ — dc; 

cose; 

since sin -4 sin 5 cos c = cos C + cos w4 cos jB. 

TT da db dc 

Hence 7 + =^ + 7- = o. 

cos A cos B cos C 

Again, since cos -4 = \/i - sin'^i = \/i - k^ sin* a, &c., 
the preceding result may be written in the form 

da db dc 

v/i-Fsin*a \/i - k^ sia^b \/i -k^mi^a ' ' 

where a, 6, c, are connected by the equation 

cos c = cos a cos 6 + sin a sin J vi - k'^ srn^c. 

116. Tlieoreiii of I^egendre. — We get from (24) 

cos B cos Cda + cos A cos Cdb + cos 5 cos-^cfc = o, 

or (cosu4 -sin jBsin Ccosa) da-h {oobB- sin -4 sin (7 cos J) db 

+ (cos C - sin-4 sin B cose) <fc = o ; 

/. cos Ada + cos jBc?J + cos Cdc 

= sin-B sin CW(sin a) + sin-4 sin Cd (sin 6) + sin -4 sin J?t? (sin c) 

= A'{6inJ since? (sina) + sin a since? (sin J) + sina sin 6c? (sin c) } 

= k^d (sina sin 6 sin c) ; 
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or v^i - A* sm*a<^+ v^i - Ar* Bhi^bdb +v^i -A^sin'ccfc 

= A^rf (sin a sin J sin c). (26) 

TMs furnishes a proof of Legendre's formula for the compa- 
rison of EUiptic Functions of the second species. 

The most important application of these results has place 
when one of the angles^ C suppose, is obtuse ; in this case 
cos O is negative, and formula (25) becomes 

da db" dc 



V^i - A* sin^a \/i-Ar*sin*6 \/i - A*sin*c' 
where the relation connecting «, 6, c is 



cos c = cos a cos J - sin « sin J y^i - A* sin^^j. 
In like manner, equation (26) becomes, in this case, 

V^i - F sm^ada + ^yi - k^ mi^bdb 

= v/i - A* sin* cdc + k^d (sin asmb smc), 

117. Ifu = 0(ic + atf f/ + (it), wbere a?, y, a, /3, arc in- 
dependent of tf and of eaeb other, to proTe that 

du du ^du , . 

Let Qif = x-\-atj p' = t/ + (it; 

then u = <^{oify /), 

J e&' c?/ efo/ d^ ,. 

Also, since / is independent of Xy we have 

e;?w _^du dixf _du , e?w e;?w 
(]^ efe' rfa? dx^ dy " c?/* 

_- du ^du dixf du dtf du ^ du 

dt ~ dx' dt dy' dt dx ^ dy 
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In like maimer, if /, ^, /, be substituted for x + at,i/-\- (ity 
z -h ytfia the equation 

w = ^ (a? + a^, y + jS^, s + 7^), 

it becomes t« = ^ {(xf, t/, z") ; 

c?i^ du dx du di/ du dz' ^ 
dx dsi dx di/ dx dz' dx^ 

da! _ ^1/ _ dz' _^ 
dx^ ^ dx ^ dx ' 

du ^du - du _ du du ^ du 
dx dx'* dy di/* dz dz^' 

. . du ^du dx' du di/ du dz\ 

^^^ l^'l^li^d^li^ dUi' 

, . daf dt/ dz' 

^^* rf^ = "' Tt^^^^Tt^-^' 

TT du du ^du du , ^. 

This result can be easily extended to any number of variables. 
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Examples. 



(x\ fy\ dx dy 

- 1 + sin"^ I 7 I , prove tliat du = . + — r 

(y\ du du 

3. Find the conditions that m, a function of x, y, z, should be a function of 
« + y + «. 

. du du du 
dx dy dz 

dy d 

4. If f(ax + *y) = <?, find ^. „ - -. 

5. lif(u) — ^{v), where u and v are each functions of x and y, prove that 

dudv dv du 
dx dy dx dy 

du du 

6. Find the values of a: -r- + y 3-, when 

dx ay 

, ^ aaci ■{■ byk 

(a) u = — r- -, 

mx^ + ny^ 

7. If w = sin flic + sin 5y + tan"^ f - j , prove that 

zdy — ydz 



du^ a cos axdx + b cos by dy + 



y^-hz^ ' 



« x/. 1 « -I ^«* -I ^w . du I <fM - log a; 

8. If M = logy», find — and — . Ana, — = — , — = —7^ rr. 

°*^' dx dy . dx xlogy dy y(logy)^ 

X 

9. If d = tan-^ — , prove that 

(x^ + y*) <?d = ydx - a?rfy. 

10. If « = y**, prove that 

e^M = y"-i (a?«iy + y« log ydx + a?y log yefc). 
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11. If a + ya^ ^ y* = ye » , prove that 

dy -y 
dx y/a* - ya- 

12. In a spherical triangle, when a, d are constant, prove that 

dA tmA . dG sin (7 

-r;r = 7 — s, and -— = — r 



(^^ tan^' (^^ sin^ ao&A 

23. In a plane triangle, if the angles and sides receive small variations^ 
prove that 

e^B + h cos AaO = o ; a^h being constant, 

cos C^h + cos ^A(; = o ; a, A being constant, 

tanu^A^ =:bAC; a, B being constant. 

14. The base of a spherical triangle is measured, and the two adjacent 
base angles A, B are found by observation. Suppose that small errors dJ.^ dB 
are committed in the observations of A and B ; show that the corresponding 
error in the computed value of C is 

— cos odB — cos bdA. 

15. If the base e and the area of a spherical triangle be given, prove that 

a b 

sin* -dB + sin* -dA = o, 
2 2 

16. Given the base and the vertical angle of a spherical triangle, prove that 
the variation of the perpendicular p is connected with the variations of the side& 
by the relation 

sin Cdp = sin 8* da + sin sdb, 

8 and ^ being the segments into which the perpendicular divides the vertical 
angle. 

17. In a plane triangle, if the sides a, b be constant, prove that the variations 
of its base angles are connected by the equation 

dA dB 



*/a^-b^ sin*^ V^d2 - a2 sin^i' 

18. Prove the following relation between the small increments in two sides 
and the opposite angles of a spherical triangle, 

da dB dA db 

+ 



tana tan^ tan ^ tan d' 

19. In a right-angled spherical triangle, prove that, if ^ be invariable 
sin 2cdb = sin ibde ; and if c be invariable, tan ada + tan bdb = o. 
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20. If a be one of the equal sides of an isosceles spherical triangle, whose 
vertical angle is very small, and represented by da, proye that the quantity by 

which either base angle falls short of a right angle is - cos a dw, 

21. In a spherical triangle, if one angle C be given, as well as the sum of 
the other angles, prove that 

da db 

+ -^--=0. 



sin a sin h 
22. If all the parts of a spherical triangle vary, then will 

cos Ada + cos^^ + cos Cdo = A:<f (^ sin a sin d sin «) ; 

sin ^ sin P sin (7 



where h = 



sin a sin d Brno' 



da db dC 

1- + 

cos^ cos^ cos (7 



Also 7 + -^+ -^^ = tan-4tanPtan(7rf fij 



These theorems can be transformed by aid of the polar triangle? — M^OuHoffh, 
Fellowship Examination, 1837. 

These are more general than the theorems contained in Arts. 115 and 116, 
and can be deduced by the same method without difficulty. 

23. If 2 = ^ (a;* - y2), prove that 

dz dz 
dx dy 



24. If « = -/ f - J , prove that 



dz dz 
dx dy 

25. Find ~ and ~ when a?, y, z are connected by two equations of the 
ax dx 

form 

/(«,y,«)=0, 4> (aJ, y, •) = o. 

df d(l> dfd<l> 
dy __ dx dz dz dx 

^^' dk'WW^Wd^' 

dz dy dy dz 

dfdi^ df dip 
dz dy dx dx dy 
»* ^ ^ dfd^^d£df 
dz dy dy dz 
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26. Froye that any root of the following equation in y, 

y»» + ay = I, 
satisfies the differential equation 

cPu difi difi 

27. How can we ascertain whether an expression such as 

admits of being reduced to the form 

dd> dttf d4> d^ 
dx dy dy dx 

28. If^X+mF+wZ, ^'Z + fnT+n'Z, rZ+f»"r+ n"Z, be substituted 
for X, y, 2, in the quadratic expression of Art. 107 ; and if 0', y, <f^ <f, «',/', be 
the respective coemcients in the new expression, prove that 



f V d' 
^ d! e 



a f e 
= o, whenever \ f b d \=o. 

e d 



29. If the transformation be orthogonal^ i e. if a^ + y* + «* = i* + J^ + Z^, 
prove that the preceding determinants are equal to one another. 

I I I 

29. If wbe a function of |, ij, f, and | = y + -, ij = « + -, f=a?+-, 

« a; y 

show that 

<?tf du du du du .du l du du du\ 



^«M 



( 144 ) 



CHAPTER VI. 

SUCCESSIVE DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE 

VARIABLES. 

118. SnccessiTe Partial DiflRerentlatloii. — ^We have in 
the preceding chapter considered the manner of determining 
the partial dmerential coefficients of the first order in a func- 
tion of any number of variables. 

liuhea, function of ^9 y, z^ &c., the expression 

du du du J, 
^' d^' d^'^^'' 

being also functions or, y^ 2, &c., admit of being differen- 
tiated in the same manner as the original function ; and the 

partial differential coefficient of -r-, when x alone varies, is 

denoted by 

d fdu\ d^u 
d^ \di/ ^^1^' 

as in the case of a single variable. 

dx 



dtb 

Similarly, the partial differential coefficient of — , wheny 



alone varies, is represented by 

d fdu\ d^u 
dy \dx/ dydx^ 

and, in general, denotes that the function u is first 

ay ax 

differentiated n times in succession, supposing x alone ta 

vary, and the resulting function afterwards differentiated m 

times in succession, where y alone is supposed to vary ; and 

similarly in all other cases. 
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We now proceed to show that the values of these partial 
derived functions are independent of the order in which the 
variables are supposed to change. 

119. Ttuhe a, Fmictloii of a; and y, to prove fhat 

d fdu\ _ d fdu\ d^u __ d^u . . 

dy\dx) dx\dy/ dydx dxdy* ^ ' 

where x and y are independent of each other. 

du 

Let w =^ (a?, y), then — represents the limiting value of 

h 

when h is infinitely small. 

This expression being regarded as a function of y^ let y 

become y + % x remaining constant ; then 3- ( ;3- ) is the 

limiting value of 

(a? + A,y + A;) - 0(a?,y + A;) - ^ (a? + A, y) +^(a?, y) 

hk 

when both h and k become infinitely small, or evanescent. 

dtL 

In like manner -^ is the limiting value of 

dy ° 

0(a?,y + A) - j>(a?, y) 
k 

when k is infinitely small ; hence ^ ( — j is the limiting value 
of 

when both h and A; are infinitely small. 

Since this function is the same as the pre<^diii% lest \i^ 

L 




146 



Successive Partial Differentiation. 



Jpiite values of h and ky it will oontinue to be so in the limit; 



Lce we have 



d fdu\ __ d fdu\ 
dx \dy) dy \dxj 



In like manner 



for by the preceding 

d fd^u\_ d 
dx \dxdy) dx 



d^u 
dx^dy 
d^u 



d'u 
dydx"' 
d^u 



dxdy dydx ' 
d^u ^d d 
dydx dx ' dy 



du 
dx 



dy' dx 



du 
dx 



similarly in all other oases. Henoe, in general, 

d^u _ d^^u 
dxPdy^" dy^daP' 

Again, in the case of functions of three or more variables, 
by similar reasoning it can be proved that 

dH __ dH o 

l^My " ^^' ^^• 

Hence we infer that the order of differentiation is in all cases 
indifferent^ provided the variables are independent of each 
other. 

Examples pob Yebhicatioisc. 



..if«=,g), 

2. If«=tan-»g), 

3. If f# = sin (flMP» + Jy»»)> 



yexifyihat 



(2>t< tPu 



dydx dxdy 



>» 



>> 



dy^dx dxdy^' 
d^ dUi 



dx^dy^ dy^da^* 



120. Condltloii that Pdx + Qdy shall be a total 

DiflRereiitlal. — This implies that Pdx+ Qdy should be the 
exact differential of some function of x and y. Denoting this 
function by «*, then 

du-Pdx-^- Qdyf 
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and, by (i), Art. 95, we must have 





du 
^~ dx' 


Q- 


du 

Jy' 






dP dH 

• 


dQ 


\dH 






dy dydal 


dx 


dxdy 




Henoe tihe required condition is 










dP dQ 
dy dx 


» 




(2) 


121. 


If f^ be any Fmictlon of x 


! and y^ to proTe 


that 



where x and y are independent variables. 
Here each side, on differentiation, becomes 

122. More generally, to proTe fhat 

d ( dv\ d ( dv\ , . 

where u and f) are both functions of 2, and 2 is a function of 
X and y. 
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d ( dv\ dudv d^v 
dy\ dx) dydx dydm 

du ^dudz do dv dz ^ 
dy dz dy* dx dzdx^ 

d ( dv\ du do dz dz d^f> 
u-r 1 = -7- -T- T- -r +u 



^ dv\ dudv 



dy \ dx) dz dz dxdy dydx ' 



and '^[^T] ^^ evidently the same value. 
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123. Ealer's Theorem of Homogeneous Vimo 
tloiifii. — In Art. 102 it has been shown that 

du du 

where w is a homogeneous function of the w'* degree in 

Moreover, as -7- and-r- are homogeneous functions of the 

(IX ay 

degree » - i, we have, by the same theorem, 



X 



d (dii\ d fdu\ ^ . du 



u, idu\ d (du\ , .du 



d (du\ 
dx\i 



multiplying the former of these equations by ^, and the 
latter by y, we get, after addition, 

^^u d^u » ^«* , .( du du\ 

= (» - i)nu. (5) 

This result can be readily extended to homogeneous 
functions of any nxmiber of independent variables. 

A more complete investigation of Euler's Theorems will 
be f oimd in Chapter VIII. 

124. To find the SneeesslTe Differential Coeffi- 
cients with respect to t^ of the Function 

^(a? + a^, y + pt)y 

where x^ y, a, j3, are independent of tj and of each other. 

By Art. 1 17 we have in this case, where ^ stands for the 
expression i>{x + at,y + (it)^ 

^ = a ^ + ^. 
dt dx ^ dy 



Hence 
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de '''Jt\dij''^ dt\dy) 

- -* + 2ap j~- + i3*-T^. (6) 



da^ ^ dxdy dx^ 
This result can also be written in the f onn 



dt^ 



\ d r,d\dih \ d ^dV , , 

in which K^'T'^^'J] ^ supposeji to be developed in the 
usual manner, and ^, &o., substituted for f — j ^, &o. 

Again, to find -j^. 



- £ ft£\ - K — ft ^V 



('•l^^|JS=(«i-^^|J(''S-^'5|) 



d 

<iX 






By induotion from the preceding it can be readily sho^m 
that 



d^^ ( d ad\* 



This expression, when expanded by the Binomial Theorem, 
ffives the nf^ differential coefficient of the function in terms of 
its partial differential coefficients of the n^^ oxdex m x «sA ^« 

A 



15^ 



Examples. 



Examples. 



tPu dhi 



1. If tt = Bin {«*y), verify the equation ^—= — 3-^-. 

assay dyax 

2. If i# =3 sin (y + ««) + (y - «»)', prove that 

3. In general, if u ^fijf + od?) + ^ (y ~ oo;}, prove that 






4. If M = y*y prove that 



dxdy 



= y*-Mi + »logy) = 






5. Iff# = ^ 



xyz 



ax +by + eg 



, find the values of 



^' 5^' ""^ ^* 



6. If i# = (aj« + y')*, prove that 



dx^ dxdy dy^" * 



7. If f# = («8 + y2)J, prove that 



ito* <fo;<;y dy^ 4 



8. If r = -4y» + 35y»a? + iCyo^ + 2>aj», prove that 
<&» dy^ " ^ dxdy dx dy '^ dy^ dx^ " ^^ 



A, B, G 

By G, D 



and show that the left-hand siA of this equation vanishes when Fis a perfect 
cube. 



9. Iff* = 



(aj» + ya + ^)i' 



prove that 

dh* d'u dhi 

— 4. — 4. — = o; 
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CHAPTER Vn. 

lagbange's theorem. 

125. Iiagrange's Theorem. — Suppose that we are given 
the equation 

2 = a? + 2^*(2), (i) 

in wMoli X and y are independent variables, and it is required 
to expand any function of 2 in ascending powers of y. 

ijet the function be denoted by F(z),y or by w, and, by 
Maolaurin's theorem, we have 

y (du\ f fd^u\ tf" fd'^uX . . . 

I \dyJo I . 2 \dy^Jo 1.2... n\di/^Jo ^ ' 

T^here ^0, ( ;t- ) , &o., represent the values of w, -r-, &o., when 

zero is substituted for y after drSerentiation. 

It is evident that Uq = F{a). 

To find the other terms, we get by differentiating (i) with 
respect to a?, and also with respect to y, 

dz /, X dz dz , ^ f, y.dz 

dz dz 

<w ^ (I -^*'(2)> = J, ^ {I - y«'(a)) =*(»); 

1 dz , X dz 

h^oe — =0(2)3-. 

dy ^^ ^dx 

Also, since t^ is a function of 2, we have 

du ^ du dz du du dz 
dx dzdx^ dy^ dz dy* 
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hence isre obtaiB 

Ty = *(*W <3> 

Agaiiii denoting ^(s) by Z, we have by Art. 1219 since 
Z\a a function of u^ 

dx\ dyj dt/\ dxj %*' ^*''' 



^ 

(^2/* 



Hence also 



(^S) 



dt/^ dxdy 
since ^ and y are independent variables ; 

^ |(^S)-l(^S)-l(^£).'^(3). 

diw^ \ cte/ " \dai>) \ dxj ' 

9-(i)'(^£) . *'> 

To prove that the law here indicated is general, suppose 
*- dy\ dx)'' dx\ dyj'"^\ ^/ 
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This shows that if the proposed law hold for any integer 
w, it holds for the integer n + i ; but it has been found to hold 
for n = 2 and n = 3 ; accordingly it holds for all integral values 
of n. 

It remains to find the values of -^j ^-r, &c. when we 

ay ay* 

make y = o. Since on this hypothesis Z or ^ [z) becomes 
^[x\ and -J- becomes J" ^ or F\x)^ it is evident from (3), 
(4)> (5)> ip)> tiiat ^^ values of 

du cPu cPu €P**^U 
dy' df' d^'" d^' 

become at the same time 



.•••£[{*(«')r^(*)]. 



Consequently formula (2) becomes 






. . . + 



This expansion is called Lagrange's Theorem. 

If it be merely required to expand z^ we get, on maJdng 
F{z) = «, 

» = a? +^ 6(x) + — T- {0W)'+ &c. 

• ^ :j{0(*)}" + &o. (8) 



1 . 2 . . . » cte^^ 
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126. Iiaplaee's Tbeorem. — ^Moie generally, suppose 
that we are given 

s=/{a? + y^(s)), (9) 

and that it is required to expand anyfunotion F{%) in ascend- 
ing powers of y. 

Let t^x-\- y<p{z)y then z =f{f)y and we have 

t^x + i/<i>{/{t)). (10) 

Also F{z) = F[f{f)) ; and the question reduces to the 
expansion of the fimotion F{f{t)] in ascending powers of y 
by aid of (10) ; accordingly, formula (7) becomes in this case 

Fiz)=F{f(t)) =F{/[x)) -ff «{/(^)}2?-{/(a?)) +&C. 



+ - 
I 



^S^)i l^^^^^'^^^^'^' ^'^^^4 -^ *°- <"> 



This formula is called Laplace's Theorem, and is, as we 
have seen, an immediate deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 
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Examples. 
J. Expand 2, being given the equation 

Here a? = a, y = ^, ^(z) = «?, 

and we get, from formula (8), 

Lagrange has shown that this^ expansion represents the least root of the pro> 
posed cubic, and that a similar principle holds in like oases. 

2. Given s^a + bt^, find the expansion of z» 

b^ «2 

Ans. 2 = a + a»d + 2na^-^ + ^n(m - i) a?»-* + &c. 

1.2 ^ 1. 2. 3 

3. Given z = x + ye', find the expansion of z. 

Ans. z = z + ye^ + y^^ + -=^ 3tf8» + -^2^ — 4*^ + &c. 

1.2 1.2.3 

4. 2 = a -f sin z, expand (i) 2, (2) sin z. 

(i). -4««. « = a + tfsina+ (sin^a) + / — | (sin'dp) + &c. 

* I . 2rfa ^ ' I .z.iXda) ^ ' 

(2). „ 8in2 = sina + dsinacosa+ ~ (sin«a cos a) + &c. 

\ • % CM 
X 

5. If s = a + - («» - i), prove that 

I . 2 . . . n Veto/ \ 2 / 

6. Hence prove that 



1.2...»\<fo/ \ 2 / 
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CHAPTER Ym. 

EXTENSION OF TAYLOr's THEOREM TO FUNCTIONS OF TWO 

OB MORE VARIABLES. 

127. Expansion ot^{x-\'hyt/ + k). Suppose utohes, f ono- 
tion of twd vaxiables x and y, represented by the equation 
u = 0(ir, y) ; then substituting a? + A for a?, we get, by Taylor's 
Theorem, 

i^{x + h,y) = 0(a?,y) + h— {^(a?,^)) + — ^ Hi^y P)] + &o. 

Again, let y become y + k^ and we get 

4p{x + A, y + A) = ^(a?, y + k) + A^ {0(^, y + *)) 



A' cP 



But 



^(a?,y + A) = 0(a?,y) +A^{0(a?, y)} + 77^^{0(^> y)) + *o- 

, du 1^ cPu o 

« w + A-r- + -^-5 + &0. 

ay 1 .2ay* 

Also 



and 
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Substituting these values in (i), we get 

^ (a? + A, y + A)* = w + A ^ + A; — 

A* cPu ^, (Pu I^ (Pu ^ 
1 .2 da? dxa/y i.zdy* ^ ' 

128. This expansion can also be airived at otherwise as- 
follows : — Substitute x-^-at and y + /3^ for x andy, respectively, 
in the expression ^ {x^ y)y then the new function 

(a? + a^, y + /SO, 

in which ar, y^ a, /B, are constants with respect to t^ may be 
regarded as a function of tj and represented by F{t) ; thus 

^ (oj + a^, y + j30 = F{t). 

The latter function F{t)y when expanded by Madaurin's 
Theorem, becomes, by Art. 79, 

^-(0 = J'(0) + ^i!"(0) + -^r'ip) + . . . 

+ |^^«W. (3) 



where -F'(o) is the value of JP(^) when ^=0, i.e. -F(o) = (a?, y) 
= u\ also jP'(o), JP"(o), &c. are the values of 

when ^ = o ; where ^ stands for ^(a? + a^, y + /3^). 
Moreover, by Art. 1 17, we have 

dt dx dy^ 



* Since it is indifferent whether we first change x into a? -f A, and afterwards 
change y into y + ^, or vice versd ; the expansion given ahoye fumiflhes an in* 
dependent proof of the results arrived at in Art. 1 19. 
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but, when ^ = o, ^(a? + at^y + fit) beoomes Uy or J'(o), and •— 

becomes a^ + ^^ at the same time. 
ax ay 

Henoe F(o) = a -;- + — • 

' ax ay 

Also, by the same Article, 
which, when t = o, reduces to 

J'(o) = «'^+2a0^+/3'^, (4) 

&C. &0. &c. 

These equations may also be written in the symbolic 
form 

Again, (« 3-) «* = "*^;73^> ^^'^ ^^ **' i^' ^® independent 

of X and y : and hence the general term in the expansion of 
F{i£) can be at once written down by aid of the Binomial 
Theorem. 



Einalljy we have, on substituting h for at^ and k for /3^, 
, , ,v ,du .du h^ d^u -- d^u 



129. Expansion of (iz; + A, y + A;, 2 + t). — A function 
o£ three variables, Xy y^ Zy admits of being treated in a similar 
manner, and accordingly the expression 

(a? + a^, y + pty z + yf)y 

when u is substituted for i^{Xf y^ z)y becomes 



+ 



f f d ^d dy 
—2[''^^^dy^ydzr''^''^ 



+ A— + A— + /-T h* + &o. 

I . 2 \ oo; ay og/ 

.efe .du ,du A* ePw A' d^u P d^u 

ss U'\- h — + k — I- 1 — + + + Tz 

dx dy dz i .ids? 1 .zdif 1.2 as' 

+ hk-T-^ + /A -^- + kl^-^ + &o. (6) 

dxdy dzdx dydz 

The general term in this expansion, and also the re- 
mainder after n terms, can be easily written down. 
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These results admit of obvious generalization for any 
number of variables. 

Also, by making Xy y^ z eaeli oypber in (6), we have 

+ -r-r + «KC. . . . 

I . 2 \aaj70 



wbere f-r- ) , ( -r- ] , . . . denote the values whidh the funotions 



Wo' Wo' • • ' 



du du m , « 

3-, 3-, . . . assume on making a? = o, y = o, and 2 = 0. 

dx dy 

This result may be regarded as the extension of 

Maelaurin's Theorem. 

130. Symbolic Expression for preceding Resnlts. — 

Since 



\ dx dy) 1 . 2 \ dx dy) 

n\ oa? dy) 
equation (5) may be written in the shape 






6 ^" *'i'^(a?, y) = ^(^ + A, y + A). (7) 

This is analogous to the form ^ven for Taylor's Theorem 
in Art. 67, and may be deduced from it as follows : — 

We have seen that the operation represented by c**'^ 
when applied to any function is equivalent to changing x 
into ic + A throughout in the function. 

Accordingly, e*^0 (a?, y) = ^ (a? + A, y), since y is indepen- 
dent of ^» 
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In like manner, the operation e***, when applied to any 
function, changes t/ into y + k; 

.-. ^^y . /*^0 (a?, y) = e^''y<p{x + A, y) = ^(o? + A, y + A), 

or A"^**^^ (a?, 2^) = ^ (a? + A, y + A), 

// // 

assuming that the symbols A— and A— are combined ac- 

(ty (tx 

cording to the same laws* as ordinary algebraic expressions. 

In an analogous manner we obtain l£e symboUo formula 

/cte+*^/'*0(^^ y^ s) = 0(a? + A, y + A, s + /). (8) 

131. If in the development (2), e& be substituted for A, 
and dy for A, it becomes 

i^{x '^ dx,y ^r dy) ^ ^ ^ -^dx ^ -^dy 

If the sum of all the terms of the degree nvoidx and dy 
be denoted by c^^, the preceding result may be written iu 
the form 

, , ^ , d6 d^<ti d'di 

^(a? + (fo, y + efy) = ^ + -j^ + Y7^ + j-^ + . . . 

Since dx, dy^ are infinitely small quantities of the first 



* That this is the case appears immediately from the equations ^3- = j-^- 1 
f so* 



M 
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order, each term in the preceding expansion is infinitely small 
in comparison with the preceding one. 

Hence, since d^<p is infinite^ small in comparison with 
^0, if infinitely small quantities of the second and higher 
orders be neglected in comparison with those of the firsts in 
accordance with Art. 38, we get 

c/0 ^ip{x + dx,y + dy) - 0(a?, y) = ^^+ ^ dy, 

which agrees with the result in Art. 97. 

132. Baler's Tbeorems of Homogeneoiis Pwae- 
ttons. — ^We now proceed to give another proof of Enter's 
Theorems in addition to those contained in Arts. 102 and 123. 

If we substitute gx for A and gy for k in the expansion (5), 
it becomes 



/ . f du du\ 

i»{x + gx,y + gy)^u + glx^ + y — j 



g^ f ^d^u d'u ^d^u\ ^ 

'-iT2['^d^-''^^y^^^r^'^ 

where u stands for ^(a;, y). 

But ip{x -^ gxy y + gy) =^ i>[{i + g)x, (i + g)y) ; 

and, if ^(o?, ^) be a homogeneous function of the n'* degree 
in x ana ^, it is evident that the result of substituting (i + g)x 
for Xy and (i + ^)y for y in it, is equivalent to multiplying it 
by (i + gY, Hence, we have for homogeneous functions, 

*(^ ^9Xyy + gy) = (i + g)''f^{x, 2^) = (i + g)''u, 



or 



, . f du du\ 



+ 



g^ ( d% d^u d*u\ 



where u is a homogeneous function of the n*^ degree in x 
andy. 
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Since the preceding equation holds for all mlties of ^, if 
we expand and equate like powers of g^ we obtain 

du du 
^d^u d^u d^u , . 

.^u , . d^u 2 d^u ^d^u . . f . 

&0. &C. &0. 

The foregoing method of demonstration admits of being 
easily extended to the case of a homogeneous function of three 
or more variables. 

Thus, substituting gx for A, gy for ft, gz for /, in formula 
(6) Art. 129, and proceeding as before, we get 



du du du 
dx dp d% 



^:7: + y:r + 2x- = ^«*» 



^^u ^dhi ^d^u d^u d^u 

&C. &0. &c. 

These formulae are due to Euler, and are of importance 
in the general theory of curves and surfaces, as well as in 
other applications of analysis. 

The preceding method of proof is taken from Lagrange's 
Micanique Analytique. 

M 2 
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CHAPTER IX. 

MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. 

133. Definitioii of a Maximiiin or a BUnlmnin. — If any 

function increajse continuously as the variable on whioh it de- 
pends increases up to a certain value, and HiTm'Tiisli for higher 
values of the variable, then, in passing from its increasing to its 
decreasing stagCy the function attains what is called a maximum 
value. 

In like maimer, if the function decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passes through a Tm'TiiTn nTn stage. 

Many cases of maxima and minima can be best determined 
without the aid of the Differential Calculus ; we shall com- 
mence with a few geometrical and algebraic examples of this 
class. 

134, Creometiical Example. — To find the area of the 
greatest triangle which can he inscribed in a given ellipse. Sup- 
pose the ellipse projected orthogonally into a circle; then any 
triangle inscribed in the ellipse is projected into a triangle 
inscribed in the circle, and the areas of the triangles are to 
one another in the ratio of the area of the ellipse to that of 
the circle (Salmon's Conies, Art. 368). Hence the triangle in 
the ellipse is a maximum when that in the circle is a maxi- 
mum ; but in the latter case the maximum triangle is evidently 
equilateral, and it is easily seen that its area is to that of the 

circle as \/27 to 47r. Hence the area of the greatest triangle 
inscribed in the ellipse is 

3^6 \/3 



where «, b are the semiaxes. 

Moreover, the centre of the ellipse is evidently the point 
of intersection of the bisectors of the sides of the triangle. 
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Examples. 
I. Prove that the area of the greatest ellipse inscribed in a given triangle is 



y — (area of the triangle). 

3. Find the area of the least ellipse circumscribed to a given triangle. 

3. Place a chord of a given length in an ellipse, so that its distance from the 
centre shall be a maximum. 

The lines joining its extremities to the centre must be conjugate diameters. 

4. Show that the preceding construction is impossible when the length of 

the given chord is >a\/2 or < i v^ > where a and b are the semiaxes of the 
ellipse. Prove in this case that if the distance of the chord from the centre be 
a maximum or a minimum the chord is parallel to an axis of the curve. 

5. A chord of an ellipse passes through a given point, find when the triangle 
formed by joining its extremities to the centre is a maximum. 

6. Prove that the area of the maximum polygon of n sides, inscribed in a 

given ellipse, is represented by - a J sin — . 

2 n 

135. Algebraic ^Examples ofnaxima and HEIniina. 

— Many cases of maxima and minima can be solved by ordi- 
nary algebra. We shall confine our attention to one simple 
class of examples. 

Let/(ir) represent the function whose maximum or mini- 
mum values are required, and suppose u =/(ir), and solve 
for X ; then the values of u for which x changes from real to 
imaginary^ are the solutions of the problem. This method is, 
in general, inapplicable when the equation in a? is beyond the 
second degree. We shall illustrate the process by a few ex- 
amples : — 

Examples. 

I. To divide a number into two parts such that their product shall be a 
maximum. 

Let a denote the number, x one of the parts, then :r (a — «) is to be a maxi- 
mum, by hypothesis. 

Here u = x(a — a:), or a?* - «a? + « = o ; 

solving for x we get 



u fafl 



a« 



accordingly, the maximum value of « is — , since greater values would make x 

4 
imaginary. 



i66 Maximm tmd JKmmui of Fkmdkm» tf a Simgk Variable. 



2. Ta Itfi^ tli» f -r^Miiw an^ ■wtmwmii wmhi^a ntf tll^ fr«#tfnM 



*«+I 



Here «=-:; , ors^+ i=-: .-. x = — + ^^-^ -^ '- 

In dds eve we inlier that Ae —-ra^w and miniiinm Tabes of « axe - and 

a 

— ; and die pi op o e ed fractkm acwwdhigiy fies b e t w e e n die Cmits - and 

lor an real TafaKS of X. 

Thcee reeolts can be alao easily eataliliiiiedY as foUowB. We baTe in all caaes 

Aceordina^, if sfjr begiren, ^isgreatest wbens — jr=o, or wben«sy. 
CofiTeBwfj, if :ry be giren, the Inst Talne of x -I- jr is when x = y. 

Hence, denoting stfhj ^, the minimum tbIoo of x + — is 2«, for poeitiye 

Tslnesofx. 

Again, it is eyident that when a fbnction attains a mazimnm Talne, its in- 
Terse becomes a minimnm ; and vie$ vend. 

Accordingly, the max. yaloe of -= is — , nnder the same condition. 

' *• + a* 2a 

3. Find the greatest Talne of 



(• + *)(* + «) 

(« + «) (5 + «). ^ , . . oh /-7- 

Here is to be a mmimmn, or — + s is a mm. ; .: x = ^ ab^ 

and the max. Talne in question is . ._ 7—— . 

(x-k-a)(x-\-l) 

4. • 

T ^ s .* ^ .. 'L (« + a - «) (» + 5 - c> 
Let « + * e « and the fraction becomes — . 

z 

In order that this should haye a real min. yalue, (a -e)(b — e) must be poei- 
tiye ; i. e. the yalue of c must not lie between those of a and b, &c. 

5. Find the least yalue a a tan 9 ^-hcotO. Ans. 2 *y ab* 

X ^ (k 

6. Froye that the expression -- — ; will always lie between two fixed 

^ »» + 6dp + ^ 

finite limits if a* + ^ > a6 and 6' < 4^; that there will be two limits between 
which it cannot lie if o^ + 0^ > o^ and ^ > 4 ^ : and that it will be capable of aU 
Talucsifa« + <j»<a*. 

136. To find llie naxlmnni and Minimum Talues 
of 

aa^ + 2hxy + cy^ 

dix? + iVxy + cV 
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X 

Let u denote the proposed fraction, and substitute s f or - : 

y 

tlien we get 

_ az^ + 2bz + c 

^' ^^TlFz + 7' ^'' 

or {a - c^u)z^ + 2 (^ - b'u)z + c-c'u = o. 

Solving for a, this gives 

(a -a'u)z+b- b'u = ± ^{b - b'uy - (a - a'u) {c - c'u). (2) 

There are three cases, according as the roots of the equation 

(J"»-fl'cOw'+K+c«'-2WOw+J*-flc = o (3) 

are real and unequal, real and equal, or imaginary. 

(i). Let the roots be real and unequal, and denoted by 
a and /3 (of which /3 is the greater) ; then, if J'* - dd > o^ we 
shall have 

Here, so long as u is not greater than a, s is real ; but 
when u> a and < /3, s becomes imaginary ; consequently, the 
lesser* root (a) is a maximum value of u. In like manner, it 
can be easily seen that the greater root (/3) is a minimum. 

Accordingly, when the roots of the denominator, dij^ + 2V x 
+ cf' = o, are real and unequal, the fraction admits of all pos- 
sible, positive, or negative values, with the exception of those 
which lie between a and j3. 

If either d = o, or c' = o, the radical becomes 



V y{u -a) {u- j3), 

and, as before, the greater root is a Tninimum, and the lesser 
a maximum, value of u, 

* In general, in seeking the maximum or minimum Talues of y from the 
equation, y a <f>(x)f if for all values of f/ between the limits a and fi, the corre- 
sponding values of a: are imaginary, while x is real when ^ = a, or y = iS ; then 
it IB eviaent that the lesser of the quantities, a, )3, is a maximum, and the greater 
a minimum, value of y. This result also admits of a simple geometrical proof, 
by considering the curve whose equation is y - ^ (x). 
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(2.) When a = jSy the expression under the radical sign is 
positive for all values of Uy and consequently u does not admit 
of either a maximum or a TniTiinrmTn value. 

(3.) When the roots a and /3 are imaginary, the expres- 
eion tmder the radical sign is necessarily positive, and u in 
this case also does not admit of either a maximum or a mini- 
mimi value. 

Hence, in the two latter cases, the fraction admits of all 
possible values between + 00 and - 00 . 

In the preceding, the roots of the denominator are sup- 
posed real ; if they be imaginary, i.e. if ^'^ - c^c' < o, we have 

It is easily seen that z is imaginary for all values of u 
except those lying between a and j3. Accordingly, the greater 
root is a maximum, and the lesser a minimum, value of u. 

Hence, in this case, the fraction represented by u lies be- 
tween the limits a and /3 for all real values of x and y. 

137. liuadratic for determiiiiiig z. — ^Again, the value 
of 2, corresponding to a maximum or a miuiTnum value of u^ 
must satisfy the equation 

{a - a'u)z + J - J'w = o. 

Substituting for t* in (i) its value derived from this latter 
equation, we obtain the following quadratic in 2 : 

{ab' - ba')z'^ + z{ac' - c(f) + bd - cV = o. (4) 

This equation determines the values of z which correspond 
to the maximum and minimum values of u. It can be easily 
seen that if the roots of equation (3) are real so also are those 
of (4) ; and vice versd. 

The student will observe in the preceding investigation 
that when u attains a maximum or a minimum value, the 
corresponding equation in a, obtained from (2), has equal 
roots. This is, as will be seen more fully in the next Article, 
the essential criterion of a maximum or a miniTnuTn value, in 
general. 
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Find the maximum or TniTiimnTn values oium the follow- 
ing cases : — 

Examples. 

aj2 + 2a; + 1 1 . 5 . 

I. tt = -r . Ana. M = 2, a max., « = ^ a nun. 

«»+ 4^;+ 10 '6 

a;2 — a? + I 2 — 2a? 
«• « - -r- = I + -o- . 

X^-\-X-' 1 X* + X— I 

T " d/ X ^ X ^ Z 

is a max. or a min. according as is a min. or a max., i. e. 



«*-f-a?— I 1 — X 

as a; is a maximum or si minimum. 

1 — X 

,\ x=o,0Tx = 2 ; the former gives a maximum, the latter a minimum solution. 

We now proceed to a general investigation of the condi- 
tions for a maximum and TniTiimum, by aid of the principles 
of the Differential Calculus. 

138. Condition tor a naximnm or Minimnm. — If 

the increment of a variable, x, be positive, then the corre- 
sponding increment of any function, f{x), has the same sign 
as thatof /'(ic), by Art, 6 ; hence, as x increases, /(a?) increases 
or diminishes according as /'(a;) is positive or negative. 

Consequently, when f[x) changes from an increasing to a 
decreasing state, or vice versd, its derived function f\x) must 
change its sign. Let a be a value of x corresponding to a 
maximum or a minimum value oif{x) ; then, in the case of 
a maximum we must have for smaU values of A, 

f{a) >f{a+h)j and/(a) >f{a-'h) ; 
and^ for a minimum, 

f{a) <f{a-\-h), and/(fl) <f{a-h). 
Accordingly, in either case the expressions 
f{a + h) 'f{a)y and/(a - h) -f{a), 
have both the same sign. 
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Again, by formulsB* (29), Art. 75, we have 
/{a + h) -/(a) = >ir(«) + 7^r(« + Oh), 

/{a - h) -/(«) = - hf{a) + -^/'(a - e,h). 

Now, when h is very small, and f\a) finite, the second 
term in the right-hand side in each of these equations is very 
small in comparison with the first, and hence /(a + h) -/{a) 
and /{a - h) - f{a) cannot have the same sign xinless 
/(«)= o. 

Hence, the values ofx which render f{x) a maximum or a 
minimum are in general roots of the derived equation f{x) = o. 

This result can also be arrived at from geometrical 
considerations ; for, let y = f{x) be the equation of a curve, 
then, at a point from which the ordinate ^attains a maximum 
or a minimum value, the tangent to the curve is evidently 
parallel to the axis of x ; and, consequently f{x) = o, by 
Art. 10. 

Moreover, if a; be eliminated between the equations 
f{x) = u and /'(a?) = o, the roots of the resulting equation in 
u are, in general, the maximum and minimum values oif[xy 

This is the extension of the principle arrived at in 
Art. 134. 

Again, since /'(a) = o, we have 

/(a + A)-/(a) = -^/'(a + eA), 

, ^ (5) 

f{a-h)-f{a) = ^r{a-eji) 

* In the investigation of maxima and minima given above, Lagrange's form 
of Taylor's Theorem has been employed. For students who are unacquainted 
with this form of the Theorem, it may be observed that the conditions for a 
maximum or minimum can be readily established from the form of Taylor's 
Series given in Art. 54, viz., 

/(« + h) -f(a) = hf{fl) + ^f\a) + — ^ /"'(«) + &o. ; 

1.2 1.2.3 

for when h is very small and the coefficients/(a),/''(a), &c. finite, it is evident 
that the sign of die series at the right-hand side depends on that of its first 
term, and hence all the results arrived at in the above and the subsequent 
Articles can be readily established. 
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But the expressions at the left-hand side in these equations 
are both positive for small values of h when /"(a) is positive ; 
and negative, when /\a) is negative ; therefore f(a) is a 
maximum or a minimum according as f^\a) is negative or 
positive. 

If, however, /''(a) vanish along with /'(a), we have, by 
Art. 75, 

f{a - h) -/(«) = -^r W + ^ /' f'^ifi - e,h). 

Hence it follows that in this case, f{a) is neither a 
maximum nor a minimum unless f"(ci) also vanish; but if 
f'\a) = o, then /(a) is a maximum when f^'^(a) is negative,, 
and a Tm'm'mum when /^^ (a) is positive. 

In general, let /(**)(«) be the first derived function that 
does not vanish ; then, if nbe odd, /(a) is neither a maximum 
nor a minimum ; if w be even, /(a) is a maximum or a mini* 
mum according as/C'*+^)(a) is negative or positive. 

The student who is acquainted with the elements of the 
theory of plane curves will find no difficulty in giving the 
geometrical interpretation of the results arrived at in thia 
and the subsequent Articles. 

Examples. 

1. « = a sino; + ^ coso?. 

Here the maximum and minimum values are giyen by the equation 

du a 

•T- = acoB« — ^8in« = o, or tan « = 7. 
dx a 

Hence, the max. value of u is \/a* + 6', and the min. is — \/aM-^. This ia 
also evident independently, since u may be written in the form 

-v/a* + H^ sin {x + o), 

b 
where tan o = — . 
a 

2. u^x^axix. 

du d^u d^u 

In this case -r- = i — cos «, ^-r = sin «, ^-^ = cos x. 
dx dx^ dar 
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du €pu dht 

Accordingly, if -— = o, we have ^ = ^i *^d TS = '• 

Consequently, the function :r — sin^e does not admit of either a TnaTiTmim or a 
minimum value. 

This result can also be easily seen from geometrical considerations. 

3. u=: acoBx -^ b cos 2a;, a and b being both positive. 

TT du , . , 

Here •-- ■» . a sm:r - 20 smix, 

dx 

—- = — a cos X - 4^ cos 2x, 
dx* 

The maximum and minimum values are given by the equation atrnx ^r 2b 
sin ad; = o : 

,". we have, (i), sin a: = o ; or (2), cos x = — r-. 
The simplest solution of (i) is a; = o, in which case 

" = • + *. ^ = -"-4*5 

•consequently this gives a maximum solution. 

d^u 
Again, let a; = ir, and we have w = J - a, — = a - 4^ ; consequently this 

gives a maximum or a minimum solution, according as a is < or > 46. 

d^u 
Ha — 4J, we get when a? = ir, — — = o. 

ax^ 

On proceeding to the next differentiation we have 

dht 

-—z^ a (sin a? + 2 sin 2a:), = o when a? = ir. 

dx^ 

Again, ^ ^ = a (cos x + 4 cos 2x) = 30. Consequently the solution is a 

minimum in this case. 

Again, the solution (2) is impossible imless a le less than 46. In this case, 

d^u 
i. e. when a < 4^, we easily find 3-- positive, and accordingly this gives a min. 

dx* 

a* 
value of u, viz. — 77 — d. 

4. Find the value of x for which sec a; — a; is a maximum or a minimum. 

^ns, smaf=s . 
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139. Applicatftoii to Rational Algebraic Expres- 
sions. — Suppose f{x) a rational function containing no- 
fractional power of a?, and let the real roots of /{x) = o^ 
arranged in order of magnitude, be a, j3, 7, &c. ; no two of 
which are supposed equal. 

Then f{x) = (a? - a) (a; - /3) (a? - 7) . . . 

and /'(«)= (a -i3) (a -7) . . . 

But by hypothesis, a - j3, a - 7, &o. are all positive ; hence 
/\a) is also positive, and consequently a corresponds to a^ 
minimuTTi value oif{x). 

Again, /'(/3) = O - a) (i3 - 7) 

here j3 - a is negative, and the remaining factors are positive ;. 
hence /;(J3) is negative, and/(/3) a maximum. 
Similarly, /(7) is a minimum, &c. 

140. naxima and ninima ITalnes occnr alter* 
nately. — We have seen that this principle holds in the case 
just considered. 

A general proof can easily be given as follows : — Suppose 
/{x) a maximum when a = a, and also when x = b, where b is. 
the greater ; then when x = a + h, the function is decreasing, 
and when a; = 6 - A, it is increasing (where A is a small incre- 
ment) ; but in passing from a decreasing to an increasing 
state it must pa^ through a min i mum value ; hence between 
two maxima one minimum at least must exist. 

In like manner it can be shown that between two minima 
one maximum must exist. 

141. Case of £qnal Roots. — ^Again, if the equation 
/'(a?) = o has two roots each equal to a, it must be of the form 

/{x) = {x-ayxl.{x). 

In this case /''(a) = o,/'^'(a) = 2\p (a), and accordingly, 
from Art. 138, a corresponds to neither a maximum nor a 
minimum value of the function /(a:). 

In general, ii/\x) have n roots equal to a, then 

nx) = {x-arxl.{x). 

Here, when n is even, /(a) is neither a maximum nor a 
minimum solution : and when n is odd, /(a) is a maximum or 
a minimimi according as ^(a) is negative or TjosLti^^, 



u 
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142. Case where f'{x) = 00. The investigatioa in 
Art. 138 shows that a fimction in general changes its sign in 
passing through zero. 

In like manner it can be shown that a function changes 
its sign, in general, in. passing through an infinite value; i.e. if 
^(a) = 00, 0(a - A) and ^(a + h) have in general opposite signs, 
for small values of h. 

For, if u and - represent any function and its reciprocal, 
they have necessarily the same sign ; because if u be positive, 
is positive, and if negative, negative. 

Suppose Uiy f/2, t«3, three successive values of t^, and 
— , — , — , the corresponding reciprocals. 

^i Ui Ui X o x^ 

Then, if «/2 = o, by Art. 138, Ux and tij have in general 
opposite signs. 

Hence, if — = 00 , — and — have also opposite signs ; and 

U% Ui th JTJT o 7 

we infer that the values of x which satisfy the equation /'(a?) 
- 00 may furnish maxima and minima values oif{x). 

143. We now return to the equation 

f{x) = (x-a)-xp{x), 

in which n is supposed to have any real value, positive, nega- 
tive, integral, or fractional. 

In this case, when x = a,f(x) is zero or infinity according 
as iJ is positive or negative. 

To determine whether the corresponding value oif{x) is 
a real maximum or minimum, we shall investigate whether 
f{x) changes its sign or not as x passes through a. 

When x = a + h^ f{a + A) = A" ;// (a + A), 

„ x^a-hy f{a-h) = {'-hY\f,{a-h): 

now, when h is infinitely small, 1// (a + A) and \p{a-h) become 
each ultimately equal to \l){a) : and therefore /'(a + h) and 
f\a - h) have the same or opposite signs according as ( - i)** 
is positive or negative. 
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(i). If n be an even integer^ positive or negative, /'(a?) does 
not change sign in passing through a, and accordingly a cor- 
responds to neither a maximum nor a minimum solution. 

(2). If n be an odd integer y positive or negative, f\a + h) 
and/'(flf - h) have opposite signs, and a corresponds to a real 
maximum or minimuTn. 

(3). If w be a fraction of the form ± — , then ( - i) 



r 
±- 



= 1 ^=1, and a corresponds to neither a maximum nor a 
minimimi. 



7r^\ 1 

±-r- ±r 



(4). If n be of the form ± (!!l±l), then ( - i) ^ = (- 1) ^ 

this is imaginary Up be even, but has a real value ( - i) when 
p is odd. In the former case, /'(a - h) becomes imaginary ; in 
the latter, /'(a + A) and/'(a-A) have opposite signs, and /(a) 
is a real maximum or minimum. 

Thus in all cases of real maximum and minimum values 
the index n must be the quotient of two odd numbers. 



Examples. 

f • f(x) = ax'^ + 2bx + e, 

h 
Here f(x) = 2(00? + 3) = o ; hence « = — , 

a 

f'(x) = 2a. 

And ■— — — is a maximum or a TniniTmim yalue of wi? + ito + c^ according 
a 

as a is negative or positive. 

3. f(x) = 23? - i5a:2 + 36* + 10. 

Here f(x) = 6(^2 _ 5a; + 6) = 6(x - 2) (» - 3). 

(i.) Let a; = 2 ; then /"(a?) is negative ; hence /(i) or 38 is a maximum. 

(2.) Let a? = 3 ; then/ "(a?) is positive; hence / (3) or 37 is a minimum. 
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It is eyident that neither of these yalues is an absolute maxinniTn or minio 
mum ; for when a? = 00 , f(x) = 00 , and when a; = - 00 , f(x) = — 00 ; accord- 
ingly, the proposed function admits of all possible yalues, positiye or negatiye. 

Again, neither + 00 nor — 00 is a proper maximum or minimum yalue, becansd 
for large yalues of ar, f(x) eonttantly increases in one case, and constantly dimi- 
nishes in the other. 

It is easily seen that as x increases from — oe to + 2, f{x) increases from — qo 
to 38 ; as a; increases from 2 to 3,/(^) diminishes from 38 to 37 ; and as « in- 
creases from 3 to 00, f{x) increases from 37 to oe. When considered geome- 
trically, the preceding inyestigation shows that in the curye represented oy tiie 
equation 

y S3 ix' — i^x^ 4- 36a? + 10, 

the tangent is parallel to the axis of x at the points a; = 2, y = 38 ; and a? = 3, 
^ = 37 ; and that the ordinate is a maximum in the former, and a TniTiimnm in 
the latter case, &c. 

3. f(x) = a + b{x — e)^. Ans, x = e. Neither a max. nor a min. 

4. f{x) = b + e{x- a)t + d{x - afi. 
Substitute + A for a;, and the equation becomes 

also /{a-h) = b + ehi + dh^l 

but when h is yery small h^ is very small in comparison with Al, and accordingly b 
is a minimum or a maximum yalue of /(a:) according as is positiye or negatiye* 

5. f{x) = sxfi+ i2x^- iSa;* - 403:8 + 15^^^ + 60a; + 17. 

Ans, a? = + I gives neither a max. nor a .min. ; a? = — 2 giyes a min. 

(x-i)(x-6) ^ 

6. ^ ' . Let a? — 10 = 0, and the fraction becomes 

a? - 10 

(g + 9)(g+4) ^^^^^,^36 

, or « + 13 + — . 

z z 

The maximum and minimum yalues are given by the equation i ~ ^ = o; 

.•. z = ± 6, and hence a? = 16 or 4 ; the former giyes a minimum, the latter 
a maximum yalue of the fraction. 

Hence /'(^) = gzill? (^ + 5). 

If a; ts I, /(a;) is neither a maximum nor a minimum ; if a; = — 5, f{x) is a 
maximum. 



Max. and M%n. of -j- ~ j-l. 

^ aa^ + ibxy + cy 

Again, the reciprocal function ^ ^ is eyidently a max. when d; = - i ; 

for if we substitute for a;, — i + A, and — i — A, successively, the resulting 
-values are both negative ; and consequenUj the proposed function is a Tninimum 
in this case. 

This furnishes an example of a solution corresponding to /'(a;) = oe. See 
Art. 142. 

144. We shall now return to the fraction 

ao^ + ihxy + cy* 
aV + iVxy + cV* 

the maximum and Tnim'TnuTn values of which have been already 
considered in Art. 136. 

Write as before the equation in the form 

^(a - (/w) + 22(6 - Vu) + (c - c'w) = o, 
where « = - 

y 

du 

Differentiate with respect to 2, and, as -^ = o f or a maxi- 
mum or a miTiiTnuTn, we have 

z{a - oCu) + (6 - 6'w) = o. 

Multiply this latter equation by Zy and subtract from the 
former, when we get 

55(6 - h'u) + (c - du) = o. 

Hence, eliminating z between these equations, we obtain 

or u\dc' - V) - u{ad ^r coC - ihV) + {ac - V) = o ; (3) 

the same equation (3) as before. 
The quadratic for 2, 

z^(aV - ha") + z{ad - coTj + hd - cU = o, (4) 

is obtained by eliminating u from the two preceding linear 
equations. 

N 
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This equation can also be written in a detenninant form, 
as follows : — 



a 



a 



z 


2» 


b 


C 


b' 


c' 



= o. 



It may be observed that the coefficients in (3) are in- 
rariants of the quadratic expressions in the numerator and 
denominator of the proposed fraction, as is evident from the 
principle that its maximum and Tm'm'TnnTn values camiot be 
altered by linear transformations. 

This result can also be proved as f oUows : — 



Let 



u = 



aX^ -\- 2bXY -h cY^ 
(^X^ + iVXY + cT^' 



where JC, Y denote any functions of x and y ; then in seeking 
the maximum and miniTrmm values of u we may substitute 

s for -=, when it becomes 

_ a^ + 2h% + c 

and we obviously get the mme maximum and minimum values 
for u^ whether we regard it as determined from the original 
fraction or from the equivalent fraction in s. 

Again, let X, Y be linear functions of x and y, i. e. 

i = & + my, Y- Vx + wly^ 
then u becomes of the form 

A^ + iBxy + Cy' 

uiv + iSxy + cy* 

where -4, J?, 0, -4', jB', C\ denote the coefficients in the trans- 
formed expressions ; hence, since the quadratics which deter- 
mine the maximum and minimum values of u must have the 
same roots in both cases, we have 

AO-'B'^ \{ac - b% AC + CA' - 2BBr = \{m'+cd - zbV), 

A'C - £'* = X(aV - V% Q.E.D. 
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It can be seen without difficulty that 

X = {M - mr)\ 

We shall illustrate the use of the equations (3) and (4) by- 
applying them to the following question, which occurs in the 
determination of the principal radii of curvature at any point 
on a curved surface. 

145. To find the maxima and Minima Talues of 

r cos^a + 28 cos a cos j3 + ^ cos'^jS, 

where cos a and cos j3 are connected by the equation 

(i ■{■p'^) cos^a + 2pq cos a cos j3 + (i + q^) cos'jS = i, 

and j9, qy r, s, t are independent of a and /3. 

Denoting the proposed expression by Uj and substituting 

- cos a , 

cosp 

rz^ + 28Z-\-t 
u = 



(i + j9*)s' + 2pqz + (i + q^Y 

The maximum and TniniTmim values of this fraction, by 
the preceding Article, are given by the quadratic 

u^[i -\- p^ •\' q^) - u[{i + q^)r - 2pq8+ (i+jp')^) +rt-8^=o; (6) 
while the corresponding values of z or 521^ pre given by 

«M(i +i^')« "Pi^} + 2{(i +p')^ - (i + fy] 

+ {i??^ -(!+?')«} =0.* (7) 

The student will observe that the roots of the denominator 
in the proposed fraction are imaginary, and, consequently, the 
values of the fraction lie between the roots of the quadratic 
(6), in accordance with Art. 136. 



* Lacroix, Dif. Cal, pp. 575, 576, 
N 2 
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146. To And the maxlmniii and HlBlmwot Mmdiiift 
Tector of tfie Ellipse 

ax* + zbxy + cy' = I. 
(i). Suppose the axes reotangular ; then 

f'a'i^ + ^istobea maximum or a minimum. 

X 

Let - = 2, and we get 

y 

. 2» + I 



az^ + 2bz + c 



Hence the quadratic which determines the maximum and 
minimum distances from the centre is 

r^{ae - ¥) - f* (a + c) •\- i =0. 

The other quadratic, viz. 

6aj* - (a - c) a?y - Sy* = o, 

gives the directions of the axes of the curve. 

(2.) If the axes of co-ordinates be inclined at an angle ca^ 
then 

t^ = ir* + y' + 2x1/ cos 01 
s' + 22 cos a> + I 



az^ + 2bz + c ' 
and the quadratic becomes in this case 

r* (ac - 6') - r* (« + c - 2 J cos w) + sin^cu = o, 

the coefficients in which are the invariants of the quadratio 
expressions forming the numerator and denominator in the 
expression for r*. 

The equation which determines the directions of the axes 
of the conic can also be easily written down in this case. 



Maximum and Minimum Section of a Right Cone, i8i 



147. To inTestlgate the maximum and TifirtmiMm 
Waives or 



a'a^ + 36Vy + ^dxy* + ti?V 



X 



Substituting z for -, and denoting the fraction by Uj we have 

if 



u = 



as' + 362'^ + 3CS + rf 



aV + 36V + 3c's + ef* 

Proceeding, as in Art. 144, we find that the values of u ands 
are given by aid of the two quadratics 

az^ + 2Ss + c = (ciz^ + iVz + c')u, 

hz^ + 2CZ ■¥ d= {f/z^ + 2c'z + d')u. 

Eliminating u between these equations, we get the following 
biquadratic in z : — 

z\aV - h(i) + 2z^{a(f - coTj + s'{flfl?' - dd + 3(60' - cV)] 

+ 2s(6fl?' - fl?6') + {cd' - c'e^ = o. (8) 

Eliminating z between the same equations, we obtain a 
biquadratic in Uy whose roots are the maxima and minima 
values of the proposed fraction. Again, as in Art. 144, it 
oan easily be shown that the coefficients in the equation in u 
are invariants of the cubics in the numerator and denominator 
of the fraction. 

148. To cut the maximum and minimum Ellipse 
firom a Right Cone i^vliich stands on a given circular 
base. — ^Let AD represent the axis of 
the cone, and suppose BP to be the 
axis major of the required section; 
its centre ; a, &, its semi-axes. Through 
O and P draw ijlf and PR parallel to 
BC. Then BP = 2a, V ^ LO . OM 
(Euclid, Book iii., Pr. 35) ; but LO 

^^,OM^ — ^..h'^^.BC.PR. 

4 



2 2 

Hence BP^ . PR is to be a maximum 
or a minimum. 




Fig. 7. 



1 82 Maxima and Minima of limctiona of a Singh Variable. 

Let L BAD = a, PBC =e,£C = e. 
Then BP = BC^^^^ ''~'« 



sin BPC COS (9 - a)' 

■^•" " ""^Bin PjB5 " cos (fl - a) ' 

COS (0 + a) . . • • 

•'• w = — TTTj — ( IS a maximum or a imTmrmTn . 

cos' (0 - a) 

T-r rfe* sin 20 - 2 sin 2a . /» 

Hence -zjz = -77. r — = o ; /. 8m20 = 2 sm2a. 

dd cos* (0 - a) 

The solution becomes impossible when 2 sin 2a > i ; i.e, if 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15°. For, if 01 be the least value of derived from the 

equation sin 20 - 2 sin 2a ; then the value 0i evidently 

gives a second solution. 

Again, by diflferentiation, we get 

d^U 2COS20 , - . ^ . . 

im = — TTE ^ (when sm20 = 2 sm2a). 

dS^ cos* (0 - a) ^ ' 

This is positive or negative according as cos 20 is positive or 
negative. Hence the greater value of corresponds to a 
maximum section, and the lesser to a minimum. 

In the limiting case, when a = 15°, the two solutions 
coincide. However, it is easily shown that the corresponding 
section gives neither a maximum nor a minimum solution of 
the problem. For, we have in this case = 45° ; which value 

gives -j^ = o. On proceeding to the next differentiation, we 

find, when = 45°, 

(sPw -4 64 

50^'"cos*(45°-a) "■'q'' 

Hence the solution is neither a maximum nor a TYiiTiiTnnTn, 
When a > 15°, both solutions are impossible. 
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149. The principle, that when a function is a maximum 
or a minimum its reciprocal is at the same time a minimum 
or a maximum, is of frequent use in finding such solutions. 

There are other considerations by which the determina- 
tion of maxima and minima values is often facilitated. 

Thus, whenever t« is a maximum or a minimum, so also 

is log [u)^ unless u vanishes along with — . 

Again, any constant may be added or subtracted, i.e. if 
f{x) be a maximum, so also is /(a?) ± c. 

Also, if any function, u^ be a maximum, so will be any 
positive power of w, in general. 

150. Again, if 2 = /(w), then dz ^ J^(u)dUy and conse- 
quently s is a maximum or a minimum; either (i)when 
du = o, i.e. when u is a mcmmum or a minimum ; or (2) when 
f{n) = o. 

In many questions the values of u are restricted, by the 
conditions of the problem,* to lie between given limits; 
accordingly, in such cages, any root of f{u) = o does not 
furnish a real maximum or minimum solution unless it lies 
between the given limiting values of u. 

We shall illustrate this by one or two geometrical 
examples. 

(i). In an ellipse^ to find when the rectangle wider a pair of 
conjugate diameters is a maximum or a minimum. Let r be any 
semi-diameter of the ellipse, then the square of the conjugate 
semi-diameter is represented by a^ + b^ - r^, and we have 

u = r^ (a* + J^ - r*) a maximum or a minimum. 

Here ^- = 2 (a'* + 6^ - 2r^) r. 

dr ^ 

Accordingly the maximum and minimum values are, 
( I ) those for which r is a maximum or a minimum ; i.e. r = a, 
or r = 6; and, (2) those given by the equation 

r {a^ + b^ - 27^) = o ; 



* See Cambridge Mathematical Journal, vol. iii. p. 237. 



1 84 Maxima and Minima ofFunctUms of a Singh VariaNe. 



or r = o, and r 



l a* + y 



The solution r = o is inadmissible, since r must lie between 
the limits a and b : the other solution corresponds to the 
equioonju|;ate diameters. It is easily seen that the solution 
in (2) is the maximum, and that in (i) the minimum value 
of the rectangle in question. 

151. As another example, we shall consider the following 
problem* : — 

GKven in a plane triangle two sides (a, b) to find the 
maximum and minimum values of 

I A 

- . cos — , 

C 2 

where A and c have the usual significations. 

Squaring the expression in question, and substituting x 
for c, we easily find for the quantity whose maximum and 
minimum values are required the following expression : 

£ 26 _ fl'-y 
X a^ ar* ' 

neglecting a constant multiplier. 

Accordingly, the solutions of the problem are — (i) the 
maximum and Tm'TiiTnnTn values of x^ i.e. a + b and a - 6. 

du 

(2) the solutions of the equation -r-, i.e. of 

ax 

I ^ 4b 3(«'-6') , p 

X^ 01? x^ ^ 

or ic* + 460? - 3(a'^ - S*) = o ; 

whence we get x = ^/^cFTb* - 2^, 

neglecting the negative root, which is inadmissible. 

Again, if 6 > a, vZ^^ + 6^.- 26 is negative, and accord- 
ingly in this case tiie solution given by (2) is inadmissible. 

* This problem occurs in Astronomy, in finding when a planet appears 
brightest, the orbits being supposed circular. 
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If a > 6, it remains to see whether y^sa* + J* - 26 lies 
l)etweeii the limits a + 6 and a - 6. It is easily seen that 

-y/3a* + V -26is>a-&: the remaining condition requires 

a + 6 > ^/^a^ + J' - 2S, 
or a + 3S > ^/3a' + 6% 

or a^ + 6fl6 + 96* > 3a' + 6', 

i.e. 4S* + 3^6 > a% 



or 



-^ , 9a' 25a' - 3a 5a 

46« + 3a6 + fT->-^; .-.26 + ^ >^; 
10 10 44 



or, finally, 6 > -. 

We see accordingly that this gives no real solution imless 
the lesser of the given sides exceeds one-fourth of the 
greater. 

When this condition is fulfilled, it is easily seen that the 
corresponding solution is a maximum, and that the solutions 
corresponding to a? = a + J, and a? = a - J, are both minima 
solutions. 

152. maidiaa and miniina Talues of an Implicit 
Function. — Suppose it be required to find the maxima or 
minima values of y from the equation 

/(a?, tj) = o. 

Differentiating, we get 

du du dy 

where u represents f{x^y)» But the maxima and minima 

dv 
values of y must satisfy the equation -^ = o : accordingly the 
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TnaxirmTm and TnininnTm values are got by combining* the 
equations ;^ = o, and u = o. 

153. maximuia and lllliiiiniim in ca«e of a Func- 
tion or two dependent Tariables. — To determine the 
maximum or minimum values of a function of two variables, 
X and t/f which are connected by a relation of the form 

/(a?, t/) = o. 

Let the proposed function, (a?, y) be represented by u ; 
then, by Art. loi, we have 

d^df difi df 
du dx dy dy dx 
dx df 

dy 
But the maxima and nunima values of u satisfy the 

du 

equation ;t- = o, hence the values of x and y derived from 

CvX 

the equations /(ir, y) = o, and 

d(^ df d^ df 
dx dy dydx ^ 

furnish the solutions required. To determine whether the 

solution so determined is a maximum or a minimum, it 

d^u 
is necessary to investigate the sign of -7-^. We add an 

example for illustration. 

154. Given the four sides of a quadrilateral^ to find when its 
area is a maximum. 

Let a, 5, Cy d be the lengths of the sides, the angle 
between a and i, ^ that between c and d. Then ab sin ^ 
+ ce/ sin 1// is a maximum ; also 

d^ -vV - lab cos = c* + c?* - icd cos 1/^ 

being each equal to the square of the diagonal. 

* This result is eyident also from geometrical considerations. 
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Hence aJ cos + cd cos \L-t-- = o 

for a maximum or a TniniTmTm ; also, 

• • d\L 

ab sm<j^ = cd sm xfj-f- ; 

.'. tan (j} + tan ;// = o, or <A + ^ = 180''. 

Hence the quadrilateral is inscribable in a circle. 

That the solution arrived at is a maximum is evident 
from geometrical considerations ; it can also be proved to be^ 
so by aid of the preceding principles. 

For, substitute -r— ^ — ? instead of -7^, and we get 

cd suiip d^ ^ 

du __ ab sin (^ + yjj) 
d(jt sin 1// * 

TT d^u ab cos (0 + ^) / d}L\ , , . , 

Hence rr-^ = r^ — — { I + -f-] + A term which 

d<ir &lD.\p \ d<hj 

d^u 
vanishes when ^ + ;// = 180°; and the value of -z-^ beoomea 

in this case 

ab f ab\ 

em iff \ cd/ 
which being negative, the solution is a maximum. 
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EZAMPLBS. 

1. Prore tliat a sec + 3 coseo ib a fninimnm when tan s I/-. 

2. Find when 4«* — I5d^ + 124; - i is a maximum or a minimum. 

Ant, d; « }, a max. ; xes 2, & min. 

3. If a and i be such that f{a) = /(3), show that f{x) has, in generali a 
Tnaximnm or a minimum value for some value of x between a and 6. 

4. Find the value of » which makes 

anx ,cosx 



cos* (60* - x) 
4i maximum. Ans. x s 3o^ 

T| /(*) •<• ^W |,Q 1^ maximum, show immediately that '^^M aminimum. 

, sin'flf 

6. Find the value of cos x when . w a maximum. 

V 5 — 4 cos d; 

Ans, coag = 5 - V ^3 

6 

7. Find when ^ '*'^^ - is a maximum. „ « = —. 

^4 + 5^' ^ 

s* + flur + d 

8. Apply the method of Ex. 5 to the expression ^, _ ^ ^ y 

9. What are the values of x which make the expression 

2«8 - 2iaj2 + 36* - 20 

« maximum or a minimum? and (2) what are the maximum and minimum 
values of the expression? ^««- a: = i, a max. ; a? = 6, a mm. 

ma 

10. « = «-(«-«)«. ^^- « = ^^, a maximum. 

1 1 . Given the angle C of a triangle ; prove that sin*.^ + sin*^ is a maximum, 
and cos*-4 + cos*^ a minimum, when A = B. ^ 

12. Find the least value of «e** + *r**. Ans. 2\/ab. 

(a^x)(fi^x) „* = ±V^^. 

^3- (a - x)(b - x) 
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14. Show that & + (d; - 0)', when a; = a, is a minimTiTn or a maximum 
according as is positiye or negatiye. 

15. u = x cos X. Ana, a; = cot «. 

16. Prove that »« is a maximum when x^^e, 

AS BK_ AM 

17. Tan"*^; . tan**(a ~ «) is a maximum when tan (a— %x) = tana ? 

18. Prove that ; is a minimum when x = e. 

logj; 

19. Given the vertical angle of a triangle and its area, find when its base i» 
a minimum. 

20. Given one angle A oie. right-angled spherical triangle, find when th& 
difference betweeen the sides which contain it is a maximum. 

do 
Here tan e cos A » tan b ; and since — d is a maximum, -77= i, 

ao 

Hence we find tan d = \/cos A. 

This question admits of another easy solution ; for, as in Art. 112, we have 

Sin (0 + 6) 2 

consequently sin (e — h) becomes a maximum along with sin {e + d), since A is 
constant ; and hence e — biadi maximum when e-\-b = 90°. 

This problem occurs in. Astronomy, in finding when the part of the equatioik 
of time which arises from the obliquity of the ecliptic is a maximum. 

21. Prove that the problem, to describe a circle with its centre on the 
circumference of a given circle, so that the length of the arc intercepted within 
the given circle shaU be a maximum, is reducible to the solution of the equation 

9 = cot e. 

22. A perpendicular is let fall from the centre on a tangent to an ellipse, 
find when the intercept between the point of contact and the foot of the perpen- 
dicular is a maximum. Prove that p = y^ad, and intercept = a — d. 

23. A semicircle is described on the axis-major of an ellipse; draw a line from 
one extremity of the axis so that the portion intercepted between the circle and 
the ellipse shall be a mftTinmni- 

24. Draw two conjugate diameters of an ellipse, so that the sum of the 
perpendiculars from their extremities on the axis-major shall be a maximum. 

25. Through a point on the produced diameter AB of a semicircle draw a 
secant ORR\ so that the quadrilateral ABRR' inscribed in the semicircle shall 
be a maximum. 

Prove that, in this case, the projection of RJSf on AB is equal in length to 
the radius of the circle. 

26. If sin ^ = Xr sin 1^, and 1^ + if^ = a, where a and k are constants, prove 
tliat cos iff' cos ^ is a maximum when tan^^ = tan ^ tan ^'. 
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27. Find the area of the ellipse 

in terms of the coefficients in its equation, by the method of Art. 146. 
(i) for rectangular axes. Aru, - . 

re sin » 



(2) for oblique. 



»> 



x/ab-h^ 



38. A triangle inscribed in a given circle has its base parallel to a given line, 
and its vertex at a given point ; find an expression for the cosine of its vertical 
angle when the area is a maximum. 

29. Find when the base of a triangle is a minimum, being given the ver- 
tical angle and the ratio of one side to the difference between the other and a 
fixed line. 

30. Of all spherical triangles of equal area* that of the least perimeter is 
•equilateral ? 

31. Let tt^ + ^ — zaxu = o ; determine whether the value x= o gives u a 
TOft-rininTn or minimum. Ans. Keither. 

32. Show that the maximum and minimum values of the cubic expression 

<MJ* + 33a;* + ^ex + d 
are the roots of the quadratic 

aV - 20z + A = o ; 

where G = a^d - sabe + 2 js, and A = a^d^ + ^atfi + 4d55* - 36V - 6iaed. 

33. Through a fixed point within a given angle draw a line so that the 
triangle formed shall be a minimum. 

The line is bisected in the given point. 

34. Prove in general that the chord drawn through a given point so as to 
cut off the minimum area from a given curve is bisected at that point. 

35. If the portion, AB, of the tangent to a given curve intercepted by two 
fixed lines OA, OB, be a minimum, prove that Pa » NB, where Pis the point 
of contact of the tangent, and iVthe foot of the perpendicular let fall on the 
tangent from 0. 

36. The portion of the tangent to an ellipse intercepted between the axes is 
a minimum : find its leugth. Ans, a + d. 

37. Prove that the maximum and minimum values of the expression. Art. 147, 
are roots of the biquadratic 

{a'-ua'y(d-udy-{-^{a-ua')(c-'U«^)^ + 4(d-udr){b-ubrj^ 

-3(«-«^(«-«0'-6(a-t«a')(3-«J')(<,-w')(<f-«<f)=:o. 
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CHAPTER X. 

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE IN- 
DEPENDENT VARIABLES. 

155. HEaxIma and Miiiiina for Two ITariables. — In 

aooordance with the pnnciples established in the preceding 
chapter, if ^ {x^ y) be a maximum for the particular values 
^0 and ^0, of the independent variables x and y, then for all 
small positive or negative values of h and A;, ^ {xq^ po) must 
be greater than (aJb + A, ^o + ^) ; and for a mininium it must 
be less. 

Again, since x and y are independent, we may suppose 
either of them to vary, the other remaining constant; 
accordingly, as in Art. 138, it is necessary for a mftyinrnTn 
or miTn'mum value that 

du . du , . 

^ = o,and^ = o; (i) 

omitting the case where either of these functions becomes 
infinite. 

156. Ijagrange's Condition. — We now proceed to 
consider whether the values found by this process correspond 
to real maxima or minima, or not. 

Suppose Xof yo to be values of x and y which satisfy the 

equations 

du , du 

_ = o, aad-=o, 

and let -4, B. C be the values which -7-r, -7— r* -r^ assume 

dr dxdy dy^ 

when x^ and yo are substituted for x and y ; then we shall 

have 

^(jTo + A, yo + *) - 0(a?o, yo) = (-4A* + 2Bhk + CV) + &o. (2) 

JL • 2 
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But when h and k are yery small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity Ah^ + 2Bhk + C%»; accordingly the sign of 
^{xo + A, yo + A;) - ^{x^ t/o) depends on that of 

Alf + iBhk + Cft*, i.e. of ^^ ' , ^ • 

A 

Now, in order that this expression should be either always 
positive or always negative for all small values of h and k^ 
it is necessary that AC - B^ should not be negative ; as, if 
it be negative, the numerator in the preceding expression 
would be positive when A =0, and negative when Ah-^Bk = o. 
Hence, the condition for a real maximum or TniTn'mnTn is 
that AC ^ould not be less than jB', or 

d^u d^u ( d^u 

> or 



J— 
\dxdy 



da? dy^ \dxdy^ 

and, when this condition is satisfied, the solution is a maxi* 
mum or a minimum value of the function according as the 
sign of A is negative or positive. 

If ^ be > ^(7 the solution is neither a maximum nor a 
minimnm. 

The necessity of the preceding condition was first estab- 
lished by Lagrange ;* by whom also the corresponding con- 
ditions in the case of a function of any number of variables> 
were first discussed. 

Again, if ^ = o, 5 = o, C = o, then for a real maximum 
or minimum it is necessary that all the terms of the third 
degree in h and k in expansion (2) should vanish at the same 
time, while the quantity of the fourth degree in h and k 
shoidd preserve the same sign for all values of these quan- 
tities. See Art. 138. 

The spirit of the method, as well as the processes em- 
ployed in its. application, will be illustrated by the following 
examples. 

157. To find the position of the point the sum of the 
squares of whose distances from n given points situated in 
the same plane shall be a minimum. 



* Theorie des Fonctions, Deuzi^me Fartie. Oh. onzieme. 
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Let the co-ordinates of the given points referred to 
rectangular axes be 

(«i, Ji), («2, J2), (0^3, J3) . . . («n, Jn)> respectively; 
(ar, y) those of the point required ; then we have 

u^ {x- aiY + (y - biY + {x- atY + {y - 62)^ + . . . 

+ (iP - anY + (y - Jn)' 
a TYn'niTYmTn ; 

du , V 

-T flfl + ^2 + . . . + fln Ji + J2 + • • • + 5n 

Hence ir = , y = ; 

n n 

and the point required is the centre of mean position of the 
n given points. 

From the nature of the problem it is evident that this 
result corresponds to a minimum. 

This can also be established by aid of Lagrange's con- 
ditioUy for we have 



d^u _ d^u _ ^ ^ d^u 

ddi? ' dxdy ' dy^ 



In this case AC - B^ \& positive, and A also positive; 
and accordingly the result is a TYn'TiinrmTn. 

158. To find tiie Ma^lninm or HEInimiim Talue 
of tiie expression 

aa? + ly'^ + ihxy + zgx ■¥ 2fy + c. 

Denoting the expression by u^ we have 

I du 

-^ = <u + hff + g = o, 

idu . , . 
--7- = ^r + by +/= o. 
2dy / *" 



194 Maxima and Minima for Two or more VariableB. 

Multiplying the first equation by x^ the second by y^ and 
subtracting their sum from the given expression, we get 

whence, eliminating x and y between the three equations, 
we obtain 

a h g 

u{ab-h')= h b f . (3) 

9 f <^ 
This result may also be written in the form 

^^ = ^' 
where A denotes the discriminant of the proposed expression. 

Again, ^ = 2a, - = 2b, ^ = 2*. 

Hence, if aJ - A* be positive, the foregoing value of t« is a 
maximum or a minimum according as the sign of a is negative 
or positive. 

If A' > aby the solution is neither a maximum nor a 
Tninimum. 

The geometrical interpretation of the preceding result is 
evident ; viz., if the co-ordinates of the centre be substituted 
for X and y in the equation of a conic, u=^o, the resulting 
value oi u IB either a maximum or a minimum if the curve 
be an ellipse, but is neither a maximum nor a minimum for 
a hyperbola ; as is also evident from other considerations. 

159. To find the Maxima and Hfflntma ITalaes 
of the Fraction 

aaP + by ^ + zhony + 2gx + 2fy + c 
oV+ JV+ zh'xy-h i^x-^zfy-^d* 

Let the numerator and denominator be represented by 
^1 and 02; then, denoting the fraction by u^ we get 

01 = W02. (a) 
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Differentiate with respect to x and y separately, then 
d6i du d62 dd>i du dtbo 

but for a maximum or a TniniTniim we must have 

du du 

hence, the required solutions are given by the equations 

ax + hp + g = u{a'x + A'y + /), 

hx+bt/ +f = u{h'x + Vy +/'). 

Multiplying the former by a?, the latter by y^ and subtracting 
the sum from the equation (a), we get 

gx ^fy + c = u{^x +fy + c'). 

These equations may be written 

{a - a'u)x + (A - h'u)y + ^ - /t* = o, 
{h - Jiu)x + (J - Vu)y +/ -fu = o, 
{9 - ^'^^ + {f''f^)y + c-c'u =0. 



Eliminating x and y, we get the determinant 
a- cCu h" Ku g " ^u 
h-Ku h - Vu f -fu = o. 
g -^u f-fu c -c'u 



(4) 



The roots of this cubic equation in t« are the maxima and 
minima required. 

This cubic is the same as that which gives the three 
syBtems of right lines that pass through the points of 
intersection of the conies ^1 »= o, 02 = o.* 



* Salmon's Conxe Sectiontf Art. 370. 
02 
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The cubic is written by Dr. Salmt)n in the form 

AV + G V + G«* + A = o, (5) 

where A, A' denote the discriminants of the expressions ^land 
02, and 9, G^ are their two other invariants. 

On the proof of the property that the coefficients are in- 
variants compare Art. 144. 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors ; for in 
this case either A = o, or A' = o. 

If both the numerator and denominator be resolvable into 
factors, the cubic reduces to the linear equation 

G'w + G = o, 

and has but one solution, as is evident also geometrically. 

160. To find the Maxima or Tlfflmtma ITalaes of 
x^ + y^ -\- 2', iprliere 

ax^ + bp^ + cz^ + 2hxy + zgxz + zf&y = i. 

X tt 

Let u = ix? + j^ -\-z^ I substitute oif and 1/ for - and -, and 

z % 

we have 

a^^ + y^'^ + I 

aaf^ + bi/^ + c + zhx'i/ + 2gx + ify'' 

Accordingly the cubic of formula (4) becomes in this case 



= o. (6) 



This is the well-known cubic* for determining the axes of 
a surface^ of the second degree in terms of the coefficients in 
its equation : when expanded it becomes 

u-^ - (a + b + c)w'^ + {ab -{- be + ac -/^ - g^ - h^)W'^ 
+ {a/^ + bg^ + c/i^ - abc - zfgh) = o. 



a — «"' 


h g 


h 


b-u-' f 


9 


f c -vr^ 



♦ &ee Salmon's Oeomeiry of Three Dimeneions, 3rd ed., Art. 82. 
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161. Application of Ijagrange's Conditton. — In 

applying this condition to the general case of Art. 159, we 
wnte the equation in the form 

^1 = W02, 

« , . , , .. du - du 

from which we get, on making ;i- = o> ^id TT ^ ^^ 

d^^i _ d^<p2 d^u 

cp0i _ d^il>2 d^u 

dxdy dxdy ^^ dxdif 

Hence 

Accordingly, the sign of -4(7- -B^ is the same as that of 
the quadratic expression 

{ah - If) - {aV + Ja' - 2I1H) u + (o'J' - A'^)w% (7) 

where w is a root of the cubic (4) or (5). 

If A2 represent the determinant in (4), the preceding 

quadratic expression may be written in the form -^'. 

Again, Wi, W2, ^3 representing the roots of the cubic (4) ; 
0, /3, those of the quadratic (7) ; if t^i be a real maximum or 
Tninimum value of w, we must have {ux - a)(ui - /3)(fl^6'- A'*) 
a positive quantity. 

Accordingly, if dV - A'^ be positive, Ui must not lie be- 
tween the values a and /3. Similarly for the other roots. 
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If all the roots of the cobio lie ootdde the limits a and /S, 
they oorrespond to leal Tnaxima or Tninima, bat any root 
iriiiich lies oetween a and /3 gires no maxinram oEr miniminn. 

In the particular case discossed in Ait. i6o the roots of 
the cubic (6) are all real, and those of the qpadiati o 

= o are interposed between the roots of the 
ky ft - n-* 

eubic* (See Salmon^s JERgker Afyebrtty Ait. 44). Aooord- 
inglj> in this case the two extreme roots furnish real maxima 
and minima solutions^ while the intennediate loot gives 
mntker. This agrees with what might haTe been anticipated 
fiv^m the properties of the EUipsoid ; Tiz^ the axes a and e 
are real maximum and minimum distances from theoentre to 
the surface^ iriiile the mean axis b is nether. 

It would be unsuited to the dfinentaiy nature of this 
treatise to enter into foither details on the subject here. 

¥wrteMea« — ^Next« let m « ^jr, jr« s>^ and suppose x«, j^ s^ 

to be Tadues of x» y« 2« whi«ji lender m a maximum or a mud- 
mum ; then* if r; jr, 2 bo vtdepemieHi of each odier, by the 
same reasoning ss before^ it is obTious tiiat '„ jKi > ^ must 
isatisf T the thieo eijuatkoii^ 

(i» A* (i» 

«r <i^ ds 

omitting thi» case oi infinite Tahw^ 
Acvvxdxn^jy wo most haTo 



1.2 1^2 1.2 

wWo Jt^t^J^ tr ^ IT «to thi^ Tabti» tittft 

iS* i^ 4% J>* iS (iS 



(a»^ <i^*^ ^' •^(is( Jtttis jmy 
iot ^jeot 
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Now, in this, as in the caise of two independent yariables, 
it is necessary for a real maximum or minimimi value that 
the preceding quadratic function should be either always 
positive or idways negative for all small real values of A, k, 
and /. 

Substituting al for A, and fil for ky and suppressing the 
positive factor T, the expression becomes 

Aa^ + 5/3* + C + 2Ffi + 2Ga + 2RaP, (8) 



or 



Ala'-h2a iE^±^l + jB[i' + 2F(i + C. 



Completing the square in the first term, and multiplying by 
Ay we get 

{Aa+S(i + Gy-h {AB--H')(i' + 2{AF-' GS)fi +{AC' G"). 

Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign, it is neces- 
sary that the quadratic 

{AB - -ff*)i3* + 2{AF- CE)fi + AG'G' 

should be positive for all values of j3 : hence we must have 

AB''R^> o, (9) 

and [AB - H'){AC - (?) > {AF- GS)\ 

or A{ABC + 2FGE^ AF^ - BG^ - CE') > o, (10) 

i.e. A and A must have the same sim, A denoting the dis- 
criminant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that Xoy Pay Zo should correspond to a real maximum or mini- 
mum value of the function u. 

When these conditions are fulfilled, if the sign of -4 be 
positive, the function in (8) is also positive, and flie solution 
is a TniTiiTTrmTn ; if ^ be negative, the solution is a maximum. 

163. HEaxtina and Minima tor any number <if 
ITariables. — The preceding theory admits of easy extension. 
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to functions of any number of independent yariables. The 
values which give maxima and minima in that case are got 
hj equating to zero the partial derived functions for each 
variable separately, and tne quadratic function in the ex- 
pansion must preserve the same sign for all values ; i.e. it 
must be equivalent to a number of squares, multiplied by 
constant coefficients, having each the same sign. 

The number of independent conditions to be fulfilled in the 
case of n independent variables is simply w - i, and not 2*- i, 
as stated by some writers on the Differential Calculus. A 
simple and general investigation of these conditions will be 
given in a note at the end of the Book. 

164. To investigate the lla^lniiiin or JfTtnlmum 
ITalue of the Expression 

aa^ + by^ + cz^ + zhayy + zgzx + zfyz + zpx + zqy + irz + d. 

Let u denote the f imction in question, then for its maxi- 
mum or minimum value we have 

— = 2(ax -v hy ■{■ gz +p) = o, 
ax 

— = 2{hx + by +fz + j) = o, 

— = 2{gx +fy + cs + r) = o ; 

hence, adopting the method of Art. 158, we get 

u = px + qy -\- rz •¥ d. 

Eliminating a?, y, z between these four equations, we obtain 

a h g p 



h b f q 

f (^ ^' 
p q r d 



= u 



a h g 
h b f 

g f c 



... d-u d^u - « 

Affam, smee -1-0= 2 a, -7-5 = 26, ac, 
° ' dx^ dy^ 
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ihe result is neither a maximuin nor a minimiiTn unless 



a h 
h b 



is positive, and 



a 


h 


9 


h 


h 


f 


9 


f 


c 



has the same sign as a. 



The student who is acquainted with the theory of surfaces 
of the second degree will find no difficulty in giving the 
geometrical interpretation of the preceding result. 

165. To find a point sucli tiiat tiie sum of tiie 
siinajres of its distances from n glTon points sliaU be 
a lUnlmnm. — ^Let (a, J, c), (<?', J', c'), &c., be the co-ordi- 
nates of the given points referred to rectangular axes ; x^ y, z, 
the co-ordinates of the required point ; then 

{x - ay +{y- by + (2 - cy 

is equal to the square of the distance between the points 
(«, b, c)y and (a?, y^ z). 
Hence 

«/ = (a: - «)^ + (y - by + (s-c)« + {x-cCf + (y - by-\-[z-cy' 

+ &c. = S(a? - ay + S(y - by + S(z - c)^ 

where the summation is extended to each of the n points. 
For the maximum or Tnim'muTTi value, we have 

du 

— = 2^{x - a) = 2nx - 2Sa = o, 

cue 



du 
dy 

du 



= 2S(y - J) = 2ny - 2S6 = o, 



-r- = 2S z - c) = 2nz - 2Sc = o ; 
dz ' 

2a 26 2c 

i.e. jToj yo, 2o are the co-ordinates of the centre of mean ^josi- 
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tion of the ^yen points. This is an extension of the result 
established in Art. 157. 

. . d^u (Pu d^u d^u ^ 

Again _ = 2„,_ = 2„,_ = 2«,^ = o,&o. 

The expressions (10) and (i i) are both positive in this case, 
and hence the solution is a minimum. 

It may be observed with reference to examples of maxima 
and minima, that in most cases the circumstances of the prob- 
lem indicate whether the solution is a maximum, a minimum, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange's conditions. 



Examples. 203 



Examples. 
Find the TnaxiTniiTn and minimiiiii values, if any such exist, of 

ax4- bi/ + c J ^± \/«^ + i* + c* 
axj\-bt/ + e 

3. a^ + y* - «2 ^. a;y - y2. 

(a). ^ = 0, p = Of a maximum. 

(fi). a? = y = -J. -, a minimum. 
2 

W. * = -y = ±^,amimmum. 

z 

4. oaf* + iipy + <fe' + Ixz + wyxf. 

d; = y = z = o, neither a maximum nor a minimum. 

5. If i# = aa:'y2 _ /pi^s _ ^^SyS^ prove that « = -, y = - makes « a maximum. 

2 3 

6. Prove that the value of the minimum found in Art. 165 is the -th part of 

ft ' 

the sum of the squares of the mutual distances between the n points, taken two 
and two. 

7. Find the maximum value of 



(ax + bf/ + ez)e . ^«,. ^-^- + - + -^j 

8. Find the values of x and y for which the expression 

(aix + % + <?i)» + (aa» + % + <J2)* + . . . + («na? + ^ + <%•)' 
becomes a minimum. 
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CHAPTEE XI. 

METHOD OF UNDETERMINED MULTIPLIERS APPLIED TO THE 
INVESTIGATION OF MAXIMA AND MINIMA IN IMPLICIT 
FUNCTIONS. 

1 66. Method of Undetennined HEultipliers. — ^In many 
oa«es of maxima and minima the yaxiables which enter into 
the function are not independent of one another, but are con- 
nected by certain equations of condition. 

The most convenient process to adopt in such cases is 
what is styled the method of undetermined* multipliers. We 
shall illustrate this process by considering the case of a func- 
tion of four variables which are connected by two equations 
of condition. 

Thus, let u = ^(ar„ ir2, x^, a?*), 

where jTi, Xz, Xz^ x^ are connected by the equations 

Fi{Xiy X2y iTs, Xi) = O, F^iXi^ X2, iTs, a?*) = O. (l) 

The condition for a maximum or a minimum value of u 
evidently requires the equation 

dih - d<it . d(b - d<b , 

-T- dxi + -~ aiP2 + -r- dxz + -r- dx^ = o. 

dxi dx2 dxz dx^ 

Moreover, the differentials are also connected by the rela- 
tions 

dFx ^ dF, ^ dFi ^ dFi ^ 

-7— dxx + -T- dx2-\--r- dxz + -7- dx^ - o, 

dxx dXi dxz dXi 

dF^ ^ dF^ ^ dF^ ^ dFz ^ 

-7- dxx + -;— dxz + -7— dxz + -z— dXi = o. 

dxi dxz dxz dXi 

Multiplying the first of the two latter equations by the arbitrary 



* This method is also due to Lagrange. See Mic, Anal.y tome i., p. 74. 
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quantity Xi, the other by X2, and adding their sum to the pre- 
ceding equation, we get 

(d<^ ^ ^ dF, . dF,\. fd<l> . dF^ . dFA^ 
\axi dxi dXiJ \dx% dxz doi^) 

(d^ . dF, . dFA. fd(i> . dFi . dF^\. 
\axz dxz dxzj \dx4, (1x4, dxij 



+ 



As Xi, X2 are completely at our disposal, we may suppose 
them determined so as to make the coefficients of dxi and dx^ 
vanish. Then we shall have 



fd^ dFi 

\dx3 dxz 



dF2\ , /c?0 ; dF, . ^ dF2\ 



+ X2 -7- ]dx3+['f-'+ Ai J— + X2 3— tfoi = o. 
dxzj \dXi dXi dx^J 



Again, since we may regard Xzy X4, as independent variableSy 
and Xi, X2 as dependent on them in consequence of the equa- 
tions (i), it follows that the coefficients of dx^ and dx4, in the 
last .equation must be separately zero, for a maximum or a 
minimnTTi ; consequently, we must have 

dip dFi dFi _ 

3 — ^ Ai -7— + A2 -z — -T o, 
dx^ dxz dxz 

d(b . dFi . dFi 
-3r- + Ai ;7- + A2 -7- = o. 
dxi dXi dxi 

These, along with equations (i) and 

d6 ^ dFi ^ dFi 
-j^ + Ai -r- + Aa -7- = o, 
dxi dxi dxi 

d(h . dFi ^ dFi 
-^ + Ai -5^ + A2 :7- = o, 
dXi dXi dXi 

are theoretically sufficient to determiiie the six unknown 
quantities, Xi^ Xzy Xs, Xi, Ai, A2 ; and thus to furnish a solution 
of the problem in general. 

This method is especially applicable when the functions 
Fly Fi, &c., are homogeneous ; for if we multiply the precedixi^ 
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differential equations by Xi^ o^, Xzy Xiy respectively, and add, 
we can often find the result with facility by aid of Enter's 
Theorem of Art. 103. ♦ 

There is no difficulty in extending the method of undeter- 
mined multipliers to a function of n variables, Xiy 0^,0^,... 
Xny the variables being connected by m equations of condition. 

i^i = o, 2^2 = o, Ji = o, . . . i^« = o, 

m being less than n ; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliers, Ai, X2, . . . \m respectivelv; by the same 
method of reasoning as that given above, we shall have the n 
following equations, 

c?0 . dFi . dFn, 

dxi dxi dxi 

d^ dF^ . dFn, _ 

-7— + Ai 3 — + . . . + Ajfi -3 — — O, 

dx2 dx2 dx2 



i^4X ^'+ +X ^-o 

dXn dXn dXn 

These, combined with the m equations of condition, are 
theoretically sufficient for the determination of the m + n 
unknown quantities 

^l> X2y . . . ^«, Ai, A2, . . . Am» 



Examples. 

I. To find the triangle of maximum area inscribed in a given circle. 
Let B denote the radius of the circle, A, By C, the angles of an inscribed 
triangle, u its area ; then 

« = -- = ijRs sin ^ sin ^ sin 0. 

Also, ^ + 5+C=i8o%- ,\dA-^dB+dC^o; 

and, taking logarithmic differentials, we get 

cot AdA + cot £d£ + cot CdC^o, 
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and consequently 

tan A = tan B = tan C; hence A = £ = C=6o°; 
and tiderefore the triangle is equilateral. 

2. Find a point such that the sum of the squares of the perpendiculars 
drawn from it to the sides of a given triangle shall oe a minimum. 

Let Xy p, z denote the perpendiculars : afb,e the sides of the triangle ; then 

« = «' + y* + 2* is to he a minimum ; 

also aX'^hy-\-ez = douhle the area of a triangle = 2A (suppose) ; 

. *. xdx + ydy + A& = o, ad» + bdy + edz — o\ 

,', X •= Xa, y = \h, z =i \e I multiplying these equations hy 0, h, e, respecti?ely» 
and adding, we obtain 

2A 

•*• *"^T^T^' ^ " »« + 42 + c*' * ~ a» + ^ + c«' 
which determine the position of the point. The minimum sum is obviously 

a^ + b* + (^' • 

3. Similarly, to find a point such that the sum of the squares of its distances 
from four given planes shall be a minimum. Suppose Ay S, C, Dto represent 
the areas of the faces of the tetrahedron formed by the four planes ; x, y, z, w, 
the perpendiculars on these faces respectively; then, as in the preceding 
example, we have 

Ax + £y+Cz + I>w = three times the volume of the tetrahedron = 3 F (suppose), 

imd « = «' + y2 + «2 + to', a minimum; 

.'. xdx + ydy + zdz + todw = o, 

Adx + Bdy +Cdz + JDdw = o ; 

hence x =■ \Ay y = ?iB, t = \C, iv = \D; 



and proceeding as before, we get m= 



A^+£^ + €^ + D' 



4. To prove that of all rectangular parallelepipeds of the same volume thecube 
has the least surface. 

Let Xy y, z represent the lengths of the edges of the parallelepiped; then, if 
A denote die given volume, we have 

xyz = At and xy + xz-{-yza minimum ; 

.*. 1/zdx + xzdy + xydz = o, 

{y-{-z)dx + (x-\-z)dy + {x + y)dz=o; 

hence yz = \ (j/ + z), xz = \ {x + z), xy^\{x + y); 

from which it appears immediately that x = y = z. 



2o8 
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167. To find the Maxlmmn and 
ITalnes of 

fljr* + Jy* + cs' + ihxy + igzx + 2/^s, 
where the variables are oonnected by the equations 

Lx + My + iVs = o, and aj* + y* + s' = i. 

In this case we get the following equations : 
ax + hy -k- gz-\- \iL + X^^ = o, 
hx + by +Jz + Ai-Jf + Xjy = o, 

gx +fy + cs + XiN + A22 = o. 

Multiply the first by a?, the second by y, the third by s, and 
add; then 

u + A3 = o, or X2 = - «*. 
JBEenoe {a-u) x + hy + gz-\- XiL = o, 

hx + {b -u) y -\-Jz + XiJf = o, 

fl^o; -^-Jy + {c-u) z + XiN = o, 

Lx + Jfy + iVs = o : 

eliminating x^ y, s and Xi, we get the determinant equation 



a-Uj hy g^ L 

hy b-Uy fy M 

9y fy c - w, N 

Z, M, N, o 



= o. 



(*) 



The roots of this quadratic determine the maximum and 
T T)iTiiTmiTti values of u. 

The preceding result enables us to determine the principal 
radii of curvature at a given point on a surface whose equa- 
tion is given in rectangular co-ordinates. 



Application to Stir/aces. 
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Again, the ienn independent of t« in this determinant is 
evidently 

a, hy flr, L 
A, 6, /, M 

L,M, N, o 

and the ooeffioient of t«^ is £^ + JIP + iP. Acoordinglyi the 
product of the roots of the quadratic (2) is equal to the frac- 
tion whose numerator is the latter determinanti and denomi- 
nator X* + JIP + IP. Erom this can be immediately deduced 
an expression for the meagre of curvature* at any point on a 
surface. 

« Salmon's Geometry of Three JHrneneione, Art. 295. 



i 




2IO Axm^pte. 



I. Fmd the mmimmn Tilue of 
where iri, «!»,... o^ are sabject to the condition 






2. Knd the mtzinnim Talue of 
irheze the yaxiaUeB are subject to the conditioii 



- (9'(s)'(:-) • 



A 

3. If tan - tan - = m, find when sinff — msin^isa maximnm. 

2 2 

4. Find the maximum ralne of (s + i) (y + i) (s + i) where tflh*^^ A, 



Am 



' 27 log a • log h • log 0* 

5. Find the yolume of the greatest rectangular parallelepiped inscribed in 
the ellipsoid whose equation is 

s3 ys ts ^ 8ad0 

6. Find the TnaxinniTn or the miTiimnm yaloes of m, being g^Ten that 

f# = aV + 4*y» + e»i*, «» + y8 + s*=i, and& + «^ + iw = o. 
Proceeding by the method of Art 167, we get 

a^« + A« + AJaO, 3*y + Ay+/tm = o, c's + Xf + /m = o. 
Again, multiplying by «, y, s, respectiyely, and adding, we get X s - «• 

.-.(«- a') « = /J, («-i«)y = /*m, (« - c') « = /m. 
Hence, the required yalues of m are the roots of the quadratic 

■ 4. 4. s= O, 
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^j2 fyf .2 

7. Given -^ + t^ + -5 =» i, and Ix •\- my + nz = o, find when «* + «* + «' is a 
a* 0* c* 

TnaxiTmiTTi or minimum. Proceeding, as in the last example, we get the quadratic 

a2/2 J2,^« g2^2 



W — fl« w - ** « — 



= 0. 



This question can he at once reduced to the last hy suhstituting in our equations 
ax, bff, and cz, instead of a;, p, t. 

8. Of aU triangular pyramids having a given triangle for hase, and a given 
altitude ahove that hase, find that whose siuface is least. 

Ans. Value of minimum surface is -^r^ + ^*, where a, 5, e repre- 
sent the sides of the triangular hase ; r, the radius of its insorihed circle ; and p, 
the given altitude. 

J I. Divide the quadrant of a circle into three parts, such that the sum of the 
ucts of the sines of every two shall he a maximum or a minimum ; and 
determine which it is. 

10. Of all polygons of a given numher of sides circumscribed to a circle, the 
regular polygon is of minimum area? For, let ^1, ^, . . . ^n be the external 
ai^^s of the polygon, then the area can be easily seen to be in general 



\ 2 2 2 / 



where ^1 + ^ . . . + 4*n = 2ir. 

Hence, for a minimum, ^1 s= ^ = ^3 a . . . = ^n* 

11. Of all polygons of a given number of sides ciroumseribed to any closed 
oval curve which has no singular points, that which has the minimum area 
touches the curve at the middle point of each of the sides. 

12. Given the ratio 8in.4>: sin ^, and the angle 0, find when the ratio 
an (<!> + $): sin (^ + 0) is a maximum or a minimum. Ans. ^ + 4"= ^* 

13. Eequired the dimensions of an open cylindrical vessel of given capacity, 
80 that the smallest possible quantity of material shall be employed in its con- 
struction, the thickness of the base and sides being given. 

Ana. Its altitude must be equal to the radius of its base. 

14. Show how to determine the maximum and minimum values of £^+^+s^ 
subject to the conditions 

(«» + Sr» + »')« = «»«• + W + «'«^ 
&! + my + lie s o. 

r 2 
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CHAPTEE Xn. 



TANOENTS AND K0BMAL8 TO CURVES. 



1 68. EvuitfoB i»raie TanseMt.— li {x, y), (^, ^i), be fhe 
oo-ordinateB of any two points, P, Q, taken on a oniYe, and 
if (X, F) be any point on the y 
line wbioih joins P and Q ; then 
the equation of the line PQ is 



r-y = (J-«) 



yi-y 




in which X and Fiepresent the ^ 

oozrent oo-oidinates. ^* *• 

If now the point Q be taken infinitely near to P, the line 
PQ beoomes the tan^;ent at the point P, and, as in Art. lo, 
we have for its eqnabion 



r-y = (X-.)|. 



(I) 



lAatB Xy Fare the oo-ordinates of any point Ofn the line, 
and or, y those of its point of contact. 

For example, to nnd the equation of the tangent to the 
curve 

Taking the logaiithmio diCEorentials of both sides, we get 



X jf ax 



\# . • « — ^ ^^ 



dx 






and the eqoatioai of the tangent becomes 



nX mT 
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tn +n 
If we make X = o, and F = o, separately, we get x 

tn H" n 
and —f/ for the lengths of the intercepts made by the 

tangent on the axes of x and p, respectively. This result 
furnishes an easy geometrical method of drawing the tangent 
at any point on a curve of this class. 

If m = I9 n = I, the preceding equation represents a 
hyperbola ; if m = 2, and n = - i, it represents a parabola. 

169. If the equation of the curve be of the form 
/(a?, y) = o, and if /(a?, y) be denoted by w, we have from 

.Ajft. lOOy 

du 

dx d%f 
dy 

and hence the equation of the tangent becomes 

The points on the curve at which the tangents are 

diL 

parallel to the axis of x must satisfy the equation — = o ; 

MM? 

they are accordingly given by the intersection of the curve, 

u = Of with the curve whose equation is — = o. The y co- 

ax 

ordinates at such points are evidently in general either 

maxima or minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of y. 

To find the tangents parallel to the line y = mx-\-n. The 
points of contact must evidently satisfy 

du du 
-7- + w — =0. 
dx dy 

The points of intersection of the curve re^jroeieiDi^^ Vs 
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this equation with the ^ven curve are the points of oontaot 
of the system of parallel tangents in question. 

The results in this and the preceding Artide evidently 
apply to oblique as well as to rectangular axes. 



EZAKPLSS. 

1. To find the equation of the tangent to the ellipse 

and the reqniied equation is 

"»' ■^+4r = a, + ^ = '- 

2. find the equation of the tangent at any point on tlie ouzre 

«~ . y" ^ Xr^i ry«-i 

3 . If two eurves, whose equations are denoted by tf s o, t^ s o, interaeet in 
a point (dP, y)i and if o> be their angle of intersection, proYO that 

dudtf dudif 
dxdx djfdy 

4. Hoioe, if the oniresintenect at light angles, we nuistbaye 

du^ Atdu' 
dsdx "^ dydi^^ 

5. Apply this to find the condition that the curres 



should intSEtect at right an^es. 



^^IM. •* - ^ s «*> . ^»S 
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1 70. Equatton of UTorinal. — ^Sinoe the normal at any 
point on a curve is perpendicular to the tangent, its equation, 
when the co-ordinate axes are rectangular, is 



or 



J(r-.)=|(x-.). 



(3) 



The points at which normals are parallel to the line 
y = wa? + w are given by aid of the equation of the curve w = o 
along with the equation 



du _ du 
dy dx 



Examples. 
I. Find the equation of the normal at any point [x^ y) on the ellipse 









3. Find the equation of the normal at any point on the curve 

y~ = <»». Ans, nTy + niXx = »y* + mx^, 

171. itubtangent and itubnormal. — ^In the accom- 
panying figure, let PT repre- y 
Bent the tangent at the point P, 
PiV^ the normal; OM, PJf the 
00-ordinates at P; then the 
lines TM and MN are called 
the subtangent and subnormal o' 
oorrespondmg to the point P. Fig. 9. 

To find the expressions for their lengths, let ^ = 2I PTMj 




then 



PM . ^ dy 



dx 



^N , ^ dy -.-- dy 



PM 



dx' 
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The lengths of PT and PN are sometimes called the 
lengths of me- tangent and the normal at P : it is easily 
seen that 



■4<%l 



jf^' 



PiV=yJn-(^K PT 

dy 

dx 



EZAUPLSS. 

1. To find the length of the sabnormal in the eUipse 

Here ^fy—^'' 

the negative sign sig^es that JfilT is measured from Jf in the negative 
direction along the axis of x, i.e. the point N lies between M and the centre ; 
as is also evident from the diape of the curve. 

2. Prove that the suhtangent in the logaiithmio curve, y = ««, is of oonstant 
length. 

3. Prove that the sabnormal in the parabola, y^ = ama?, is equal to m. 

4. Find the length of the part of the normal to the catenary 






intercepted by the axis of JT. Am. ^. 

5. Find at what point the suhtangent to the curve whose equataon is 

xtf* = a*{a--' x) 

is a maximum. Ans. » = -, y = a. 

2 

172. Perpendicular on Tangent. — Let p be the length 
of the perpendicular from the origin on the tangent at any 
point on the curve 
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then the equation of the tangent may be written 

Xcosw + Fsinw =j?, 

where oi is the angle which the perpendicular makes witli 
the axis of x. 



Denoting F{x^ y) by w, and comparing this form of the 
equation wim that in 
of the fraction by A, 



luation wim that in (2), and representing the common value 



du du du du 
we get -^=^=!^IiS = x. 

00s to BUI w p 



Hence 



, fduy (du\ 



du du 
and p = -1M^1M=- (4) 

CoE. If F{x, yj be a homogeneous expression of the n** 
degree in x andy, then by Eider's formula, Art. 102, we have 

du du 

and the expression for the length of the perpendicular 
becomes in uiis case 

nc 



IfduV fduV 



173. In the ennre 






to prove that 

w M tn 

^m-i = (a cos w)"^^ + (6 sin ea)*^^ (^ 
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By Ex. 2 J Art. 169, the equation of the tangent is 

comparing this with the form 

Xcosoi + Fsinoi =^, 

cos 01 af^'^ sin 01 ^* 



we get 



or 



p a*** * p 6** * 



'a cos o»\*^^_ a? /6 sin foY*^^^ y 



Hence, substituting in the equation of the ourvci we obtain 
the result required. 

1 74. Iiocus of Foot of Perpendicular for the same 
Cnnre. — ^Let X, Fbe the co-or(Unates of the point in ques- 

X . Y 

tion, and we have, evidently, cos 01 = — , sin oi = — : substi- 
tuting these values for cos oi and sin cii in (5), it becomes 



ffi in ffi 



(X* + F*)*"-^ = (aX)*"-^ + {h Y)' 

sincei?' = X'+ F^ 

175. Another Form of the Equation to a Tan- 
gent. — If the equation of a curve of the n** degree be 
written in the form 

where tt„ denotes the homogeneous part of the n** degree in 
the equation, Un^i that of the (n - i)**, &c.; then, by Oor. 
Art. 103, we have 

^d "^ '^d ^ " ^^^^ "*" ^^'*^ + &c. . . . + nt/o). 
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Henoe the equation of the tangent in Art. 169 becomes 

X-~ + F "3^ + Wn-l + 2t*n-2 + . . . + WWo = O ; (6) 

an equation of the {n - i)** degree in x and y. 

176. Urumber of Tangents from an External 
Point. — To find the number of tangents which can be 
drawn to a curve of the n*^ degree from a point (a, /3), we sub- 
stitute a for X, and /3 f or Fin (6), and it becomes 

a-^ + jS-^ + «^n-i + 2W»-2 + . . . + nwo = o. (7) 

This represents a curve of the {n - i)** degree in x and y, 
and the points of its intersection with tne given curve are the 
points of contact of all the tangents wmch can be drawn 
irom the point (a, /3) to the curve. Moreover, as two curves 
of the degrees n and n- 1 intersect in general in n (n - i) 
points, real or imaginary (Salmon's Conic Sections^ Art. 214), 
it follows that there can in general be w (n - i) real or 
imaginary tangents drawn from an external point to a curve 
of the n*^ degree. 

If the curve be of the second degree, equation (7) be- 
comes 

dtp r^dib 

a-r- +/3-T- + «*i + 2Wo= o, 
ax ay 

an equation of the first degree, which evidently represents 
the polar of (a, j3) with respect to the conic. 
In the curve of the third degree 

Uz + U2 + Ui + Uo = O, 

equation (7) becomes 

d(b ^ dfb 

a-^ + p-j- + W2 + 2t^i + 3^0 = O, 

which represents a conic that pasdes through the points of 
contact of the tangents to the curve from the point (a, /3). 

This conic is called the polar conic of the point. For the 
origin it becomes 

fh + 2Ui + 3«*o = o. 



220 Tangents and Normals to Curves. 

177. Urmnber of UTonnals wliicli pass throvsh a 
CMven Point. — If a normal pass through the point (a, /3), 
we must have from (3), 

This represents a curve of the n*^ degree, which intersects the 
given curve in general in n^ points, real or imaginary, the 
normals at which all pass through the point (a, /3). 
For example, the points on the ellipse 

at which the normals pass through a given point (a, /3), 
are determined by the intersection of ti^e ellipse with the 
hyperbola 

xi/{a^ - y) = a^at/ - h^fix. 

For the modification in the results of this and the pre- 
ceding article arising from the existence of singular points on 
the curve, the student is referred to Salmon's Higher Plane 
Curves^ Arts. 66, 67, iii. 

178. DiflRerentlal of the Arc of a Plane Carre. 
IMreetion of the Tangent. — ^If the length of the arc of a 
curve, measured from a fixed point A on it, be denoted by «, 
then an infinitely small portion of it is represented by cfe. 
Again, if ^' represent the angle QPL (fig. 8), we have 

, PL , . . QL 
cos ^ = p^, and sm ^ = -p^; 

but in the limit, PL = dx^ QL = dy^ and PQ = ds^* and also 
^' becomes PTX, or (fig. 9). 



* In Art. 37 it has been proved that the difference between the length of an 
infinitely small arc and its chord is an infinitely small quantity of t£e wcond 

order in comparison with the length of the chord; i.e. , is infinitely 

small of the second order, and therefore this fraction vanishes in the limit 

Hence Tp?) *= '» iiltimately. 



Hence 
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dx . dy 
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da 



(8) 



Bqxiaxing and adding, we get 

Henoe, also, we have 

ds^ = da^ + dt/\ 



(9) 



and therefore 



I df ^ 
cls^a 11 + -^ ax, 

y da? 



(lO) 



On account of the importance of these results, we shall 
give another proof, as follows : — 

Let, as before, PR be the tangent to the curve at the 
point P, 

OM=x, PM^y, 
MN^PL--!^x, QL^/^y. 
LPTX=ii,axoPQ= ^8, 

Then, if the curvature of 
the elementary portion PQ 
of the curve be continuous, 
we have evidently the line 

PQ<axoPQ<PR+QE; o r m n 

Fig. 10. 

OP yAu? + Ay^ < As < Aa? see ^ + Ay - Aa? tan ^ ; 




-hm 



* A« . ^y i 

<— <seo^ + --^- tan 0. 



\AxJ Ax 



Ax 



Again, in the limit -i- = -|- = tan 6. and ^/ 1 + ( -^ ] 

Ax dx ^ \ vAa?/ 
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teoomes Ji + ( -^ j or seo^ ; accordingly each of the pre- 
ceding expressions converges to the same limiting value, and 

•we have j- = Ji "^l;/ ) » "^^oh establishes the required 

result. 

1 79. Polar Co-ordinates. — The position of any point 
in a plane is determined when its distance from a fixed point 
called SLpokf and the angle which that distance makes with a 
fixed line, are known ; tnese are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 0. 
The fixed line is called the prime vector, and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is 
generally written in one or other of the forms, 

r =/(fl), or F{r, 0) = o, 

according as r is given explicitly or implicitly in terms of 9. 
Also, if be positive when measured above the prime vector^ 
it must be regarded as negative when measured below it. 

180. Angle between Tangent and Radius Tector. 

Let be the pole, P and Q two near 

points on the curve, PMa, perpendicular 

on OQ, OP = r, POX =0, and ;// the 

angle between the tangent and radius 

vector. Then 

PM PM 

tan OOP = ^, sin OOP =J|, 

€08 OQP = rr-r : but iu the limit when 

, ^ ^P Fig. II. 

Q and P coincide, the angle OQP 

becomes equal to ^, and* 

QMdr PM rdd . ^, 

PQ'ds' pQ = -^»atthesametmie; 

. dr . , rdO ^ . rdB 




or 



* These results can be easily established from Art 37. 
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Also, 



\d8 J \d8j 



(12) 



Hence, also, we can determine an expression for the 
differential of an axe in polar co-ordinates; for, since 

we get, on proceeding to the limit, 

da \ 7d¥ 
dr 



or 



ds 



-J 
-J 



dr" 



r'dO'^ 
I + -^-rdr. 
dr 



(13) 



These results are of importance in the general theory of 
curves. 

181. Application to the liOgarithmic Spiral. — 

The curve whose equation is r = a* is called the logarithmic 
fipiral. In this curve we have 

, . rdd I 

tan yp = -r— = i . 

^ dr log a 

Accordingly, the angle between the radius vector and the 
tangent is constant. On account of this property the curve 
is also called the equiangular spiral. 

182. Polar Subtangent and Subnormal. — Through 
the origin let 8T be drawn peipendi- g 
oular to OP J meeting the tangent in T, 
and the normal in 8. The lines OT and 
08 are called the polar subtangent and 
subnormal, for the point P. To find 
their values, we have 

0T= OP tan OPT= r tan ;/. = ^. 

ar 



08 = OP tan OP 8 = r cot ;/. = 



dr 
dO' 




Also, if 



I 

« = - 

r 



OT 



d9 j 
du J 



Fig. 12. 



(14) 
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Again, if OiVbe drawn perpendicular to PT^ we have 

PN^OP<myp^r^. (15) 

183. Expressioii for Perpendieiilar on Taageni. — 

As before, let p = ON^ then 

. , r'de 
P-rsmrp^ — ; 

, 1 ^ d^ dr' + r'dB' _ dt^ 1 



or 






The equations in polar co-ordinates of the tangent and 
the normal at any point on a curve can be found without 
difiGlculty : they have, however, been omitted here, as they 
are of little or no practical advantage. 



EzAHPLES* 

I. To find the length of the perpendicular from a foons on the tangent to an 

ellipse. 

The focal equation of the curve is 

a (i - «2) I - COS 9 



r = 



hence 



— = '-f or f»= —7 ;r- ; 

I -tfcose a(i -«•) 

du ^ tf sin 9 



£ I -f g» - 2tf cos a I 12a \ 

a. Proye that the polar suhnormal is constant, in the curve rssaO; and the 
volu subtangent, in tne curve rf^^s^a. 
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184. Inverse Carres. — If on any radius vector OPy 
drawn from a fixed origin 0, a point P' be taken such that 
tide rectangle OP . OP is constant, the point P' is called the 
inverse of the point P ; and if P describe any curve, P' 
describes another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 
from that of the original curve by 

substituting — instead of r in its 

equation ; where k^ is equal to the 
constant OP . OP'. 

Again, let P, Q be two points, 
and P', Q' the inverse points ; then 
since OP . OF ^ OQ . OCg, the 
four points P, Q, Q', P', lie on a 
circle, and hence the triangles 
OQP and OP'^ are equiangular ; ^^^- '3- 

. PQ ^OP^ ^ OP. OQ ^ OP. OQ 

Again, if P, Q be infinitely near points, denoting the 
lengths of the corresponding elements of the curve and of its 
inverse by ds and ds\ the preceding result becomes 

ds==-ds\ (18) 

185. Direetioii of the Tangent to an Inverse 
Curve. — ^Let the points P, Q belong to one curve, and P', Qf 
to its inverse ; then when P and Q coincide, the lines PQ, 
P'Q' become the tangents at the inverse points P and P' : 
again, since the angle /SPP' = the angle /SQ^Q, it follows that 
the tangents at P and P^ form an isosceles triangle with the 
Une PP". 

By aid of this property the tangent at any point on a 
curve can be drawn, whenever that at the corresponding 
point of the inverse curve is known. 

It follows immediately from the preceding result, that if 
two curves intersect at any angkj their inverse curves intersect at 
the same angle. 

Q 
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1 86. JEquation to the Inverse of a fSiYeii Curre. — 

Suppose the curve referred to rectangular axes drawn through 
the pole 0, and that x and y are the co-ordinates of a point P 
on the curve, X and Fthose of the inverse point P ; then 

X OP OP .OF 1^ . .. , y W 

X. " OP^ "" OP^ J5? + Y^ ' similarly y ^^ , ^ ^z 5 

hence the equation of the inverse is got by substituting 

and 



a^ + y^ ix^ -i- y^ 

instead of x and y in the equation of the original curve. 

Again, let the equation of the original curve, as in Art. 
174, be 

When-; and , , are substituted for x and y, Un 

aj' + y* x^ + y* 

becomes evidently 7-r — ^. 

(^ + y ) 
Accordingly, the equation of the inverse curve is 

K'^Un + k^'^^u^i (ar» + f) + k^'^Uf^zia^ + y«)» + . . . 

+ t^o (a?* + 2^)** = o. (19) 

For instance, the equation of any right line is of the form 

hence that of its inverse with respect to the origin is 

k!^Ui + t«o (^ + y^) = o« 

This represents a circle passing through the pole, as is 
well known, except when Uq - o; i.e. when the line passes 
through the pole 0. 

Again, the equation of the inverse of the circle 

a?* + y' + Wi + Wo = o> 
with respect to the origin, is 

(A;* + k'u, + Uo{o^ + y")) {a? + y») = o, 

which represents another circle^ along with the two imaginary 
light lines «* + y* = o. 
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Again, the general equation of a conic is of the form 

U2 + Ui + Uo = o; 

hence that of its inverse with respect to the origin is 

k*Uz + k^Ui {a? + y') + Wo {a? + y^y = o, 

which represents a curve of the fourth degree of the class 
called " bicircular quartics." 

If the origin be on the conic the absolute term t^o vanishes, 
and the inverse is the curve of the third degree represented 
by 

k^U2 + Wi (a?' + y^) = o. 

This curve is called a " circular cubic." 

If the focus be the origin of inversion, the inverse is a 
curve called the Lima9on of Pascal. The form of this curve 
will be given in a subsequent Chapter. 

187. Pedal Carves. — If from any point as origin a per- 
pendicular be drawn to the tangent to a given curve, the locus 
of the foot of the perpendicular is called the j?^^a/ of the curve 
with respect to the assumed origin. 

In like manner, if perpendiculars be drawn to the tan- 
gents to the pedal, we get a new curve called the second pedal 
of the original, and so on. With respect to its pedal, the 
original curve is styled the^rs^ negative pedal, &o. 

188. Tangent at any Point to the Pedal ot a 
given Cnrve.— Let ON, ON' 
be the perpendiculars from the 
origin on the tangents drawn 
at two points P and Q on the 
given curve, and T the intersec-* 
tion of these tangents ; join NN'\ R^ 
then since the angles ONT and 
ON'T are right angles, the qua- 
drilateral ONN'T IS inscribable 
in a circle, 

.-. lON'N^lOTN. 

In the limit when P and Q coincide, Z OTN = Z OPN^ 
and JViV' becomes the tangent to the locvxa oi N\ V<ssi^^S5aa 

Q 2 
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latter tangent makes the same angle with ON that the 
tangent at P makes with OP. Tms property enables us 
to draw the tangent at any point N on the pedal loous in 
question. 

Again, if ^ represent the perpendicular on the tangent at 
iy to the first pedal, from similar triangles we evidently have 

r=-j. 

P 

Hence, if the equation of a curve be given in the form 

•)» 
r =f{p)i that of its first pedal is of the form^ ^/{p)^ in 

which p and p^ are respectively analogous to r and p in the 
original curve. In like manner the equation of the next 
pedal can be determined, and so on. 

189. Reciprocal Polars. — If on the perpendicular ON 
a point P be taken, such that OP^. ON is constant (A* sup- 
pose), the point P' is evidently the pole of the line PNvnth 
respect to the circle of radius k and centre ; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. "We shall denote these curves by the letters A 
and J?, respectively. Again, by elementary geometry, the 
point of intersection of any two lines is the pole of the line 
joining the poles of the lines.* Now, if the Imes be taken as 
two infinitely near tangents to the curve -4, the line joining 
their poles becomes a tangent to £ ; accordingly, the tangent 
to the curve -B has its pole on the curve A. Hence A is the 
loous of the poles of the tangents to £, 

In consequence of this reciprocal relation, the curves A and 
B are called reciprocal polars of each other with respect to the 
circle whose radius is k. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve correspond a number of tangents to its 
reciprocal polar, which pass through a common point. 

Again, it is evident that the reciprocal polar to any curve 
is the inverse to its pedal with respect to the origin. 

We have seen in Art. 1 80 that the greatest number of tan- 
gents from a point to a curve of the n** degree is n (n - i) ; 

♦ Tovnsend*s Modern Qewnetry, vol. i., p. 219, 
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hence the greatest 11111111)61 of points in which its reciprocal 
polar can be cut by a line is w(n - i), or the degree of the 
reciprocal polar is n(w- i). For the modification in this 
residt, arising from singular points in the original curve, as 
well as for the complete discussion of reciprocal polars, the 
student is referred to Salmon's Higher Plane Curves, 

As an example of reciprocal polars we shall take the curve 
considered in Art. 173. 

If r denote the radius vector of the reciprocal polar cor- 
responding to the perpendicular jt? in the proposed curve, we 
have 

r 

Substituting this value for jp in equation (5), we get 



m m m 

— 1 = (a COS to>) + (0 sm Ol) , 

2m m m 



(7 



or k^-^ = (ax)'^'^ + {hyf^\ 

which is the equation of the reciprocal polar of the curve re- 
presented by the equation 

/pin ^ 

a*" h^ 
In the particular case of the ellipse, 

the reciprocal polar has for its equation 

k* = aV + by. 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section ( ?7) of all the tangents to a given curve 
Ay we shall get a new curve £ ; and it can be easily seen, as 
before, that the poles of the tangents to£ are situated on the 
curve A. Hence the curves are said to be reciprocal polars 
with respect to the conic U. 

It may be added, that if two curves have a comm.Qvi^^ia^^ 
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iheir reciprocal ^olars have a common tangent; and if the 
curves touch, their reciprocal polars also touch. 

For illustrations of me great importance of this ^^ principle 
of dualihr/' and of reciprocal polars as a method of investi- 
gation, tne student is referred to Sahnon's Conies^ ch. xv. 

We next proceed to illustrate the preceding by discussing 
a few elementary properties of the curves which are comprised 
imder the equation r*" = a*" cos mO, 

190. Pedal and Reciprocal Polar otr^ = a^cosmO. 
We i^all commence by finding the 
angle between the radius vector and 
the perpendicular on the tangent. 

In the accompanying figure we 

have tan PON = cot OPN = - 4ii- 

rad 

Fig. 15. 
But m log r = m log a + log (cos mO) ; 

dt* 
hence --^ = - tan wO, 

and accordingly, Z PON = mO. (20) 

Again, p = 0N= r cos mO = — ;^, 

a 

or r^+* = a*"^;. (21) 

The equation of the pedal, with respect to 0, can be im- 
mediately found. 

For, let lAON = oi, and we have 

01 = (m + i)0. 




m 



Also, from (21), - = - • 

^ ' \aj \aj 

Hence, the equation of the pedal is 



pn^x ^ ^m+i (JOS \ (2 2) 
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Consequently, the equation of the pedal is got by substi- 

tuting instead of m in the equation of the curve. 

By a like substitution the equation of the second pedal is 
easily seen to be 



m m 



md 



2W + I 

and that of the n*^ pedal 

mn + I ^ ^^ 

Again, from Art. 184, it is plain that the inverse to the 
curve r^ = a^ cos mOy with respect to a circle of radius a, is 
the curve r^ cos mO = a^. 

Again, the reciprocal polar of the proposed, with respect 
to the same circle, being the inverse of its pedal, is the curve 

r*»+^ COS = a^K (24) 

It may be observed that this equation is got by substitut- 
ing for m in the original equation. 

Accordingly we see that the pedals, inverse curves, and 
reciprocal polars of the proposed, are all curves whose equa- 
tions are 01 the same form as that of the proposed. 

In a subsequent chapter the student wUl find an additional 
discussion of this class of curves, along with illustrations of 
their shape for a few particular values of m. 

Examples. 
I. The equation of a parabola referred to its focus as pole is 

r(i + cos6) = 2a, 
to find the relation between r and|?. 

Here ri cos - = 0^, and consequently p^ = or, 

a well-known elementary property of the curve. 
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s. The equation t*ooB2§=sa^ lepreeents an eqmlatenl hyperiiQla; prore 
that /»* = «*. 

3. The equation f^ = a' eoe 20 representB a Lenmiflcate of Bemoolli ; find 
the equation connecting p and r in thu case. .^jw. 1^ = t^, 

4* Find the equation connecting the rddius yector and the perpendicular cm 
the tangent in the Oaidioid whose equation is 

r = a(i + coe 9). .^jw. r* = 2^. 

It is evident that the Gardioid is the inyerBB of a parabola with xespect to 
its focus ; and the Lemniscate that of an equilateral hyperbola with rnpect to 
its centre. Accordingly, we can easily draw the tangents at any point on eUher 
of these curyes by aid of the Theorem of Art. 185. 

5. Show, by the method of Art. 188, that the pedal of the parabola, f^ = ary 
with respect to its focus, ia the right line p = a. 

6. Show that the pedal of the equilateral hyperbola j^= a* ia a Lemniscate. 

7. Find the pedal of the circle t* = lop. Am. A Cardi<nd, 1^ = 20^*. 

191. VSxpression for PN. — ^To find the value of fhe 
intercept between the point of 
contact P and the foot If of 
the perpendicular from the 
origin on the tangent at P. 

Leti) = ON.oj ^lNOA, 
PN=t; ikQULNTN'^LNOW 
^Aw.eiBoSN'^TSsiaSTN'; 

8ir_ 

BiaNON' 



TS = -r-T^r?TTT,; but in the 




limit, when PQ is infinitely small, -: — tfttt?/ becomes -^, 

sm NOIr dw 

and T8 becomes PN or t ; 

■■■'-% ('5) 

Also OF" = OiV' + PN"" ; 

192. To proTe that 

da dt , V 

(/(!> d(0 
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On reference to the last figure we have 

-J- = limit of , -T- = limit of ; 

but Pr+ TQ - QN' + Pir= TN- TN'\ 

hence 3 — 3- = limit of = limit of- — = ON^pi 

aw aw Aa> Acu 

, ds ^ dt 
d(M) dw 

This result, which is due to Legendre, is of importance in 

the Integral OalculuSi in connexion with the rectification of 

curves. 

dt) 
If -^ be substituted for ^, the preceding formula becomes 

ds d^p , ^. 

This shape of the result is of use in connexion with curva- 
ture, as wiU be seen in a subsequent chapter. 

193. Direction of UTomial in Tectorial Co-ordi- 
nates. — ^In some cases the equation of a curve can be 
expressed in terms of the distances from two or more fixed 
points or foci. Such distances are called vectorial co-ordi- 
nates. For instance, if ri, ra denote the distances from two 
fixed points, the equation ri + r2 = const, represents an ellipse, 
and ri - ^2 = const. ^ a hyperbola. 

Again, the equation 

n + mr2 = const. 

represents a curve called a Cartesian* oval. 
Also, the equation 

rir2 = const. 

represents an oval of Cassini, and so on. 

The direction of the normal at any point of a curve, in 
such cases, can be readily obtained by a geometrical con-* 
struction. 

* A discussion of the principal properties of Cartesian oyals will be found 
in a Note at the end of the book. 
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For, let 

F{rij ra) = const. 
be the equation of the curve, where 

J\P = n, F^P = r„ / 


^^ 


then we have ^^ 


Ft 
Fig 17. 



dFdri dFdri _ 
dri ds dr^^ds 

Now, if PTbe the tangent at P, then, by Art. 1 80, we have 

-j-' = oosT^„ -T^=oos»^„ where »^i = z ZPi^i, ^1^ = LTPFt. 
as as 

XT dF , dF , , , 

Hence — cos ^i + j- cos if^a = o. (29) 

Again, from any point JR on the normal draw ML and 
JRM respectively parallel to PaP and PiP, and we have 

PL : LR = sin RPM : sin RPL = 008^/^2 : - cos^i 

dF dF 
dri ' dr^ 

Accordingly, if we measure on PPi and PPa lengths 

dF dF 
PL and PMy which are in the proportion of -j- to — , then 

the diagonal of the parallelogram thus formed is the normal 

required. 

This result admits of the following generalization : 
Let the equation of the curve* be represented by 

P(n, ra, r3, . . . rn) = const.y 

* The theorem given ahove is taken from Foinsofs Elements de 8tat%que^ 
Keuyi^me Edition, p. 435. The principle on which it was founded was, how- 
ever, given by Leibnitz {Journal dee Savana, 1693), and was deduced from 
mechanical considerations. The term resultant is borrowed from Mechanics, 
and is obtained by the same construction as that for the resultant of a number 
of forces acting at the same point. Thus, to find the resultant of a number of 
lines Fay I*b, Fc, Fd, . . . issuing from a point P, we draw throush a a right 
line aBf equal and parallel to Fby and in the same direction; througn B^ a right 
line BC, equal and parallel to Fe, and so on, whatever be the number of lines: 
then the line PJS, which closes the polygon, is the resultant in question. 
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where ri, ^2, . . . r„ denote the distances from n fixed points* 
To draw the normal at any point, we connect the point with 
the n fixed points, and on the joining lines measure off 
lengths proportional to 

dF dF dF dF ^. . 

-r-y T"j T~> • • • T-> respectively ; 
dri dr/ dr^ dr^ ^ 

then the direction of the normal is the resultant of the lines- 
thus determined. 

For, as before, we have 

dFdvx dFdr^ dF dr^ _ 

dvx ds dr^ d^ ' ' ' dvn ds 

^ dF , dF , dF . , , 

Hence -7— cos ^1 + — cos ;//2 + . . . -=— cos ipn = o. (30) 

ari t*/*2 arfi 

XT dF , dF , dF , 

JNOW, -z— cos \fjiy — cos \p2, ... — cos l^n> 

are evidently proportional to the projections on the tangent 
of the segments measured off in our construction. Moreover, 
in any polygon, the projection of one side on any right line 
is manifestly equal to the sum of the projections of all the 
other sides on the same line, taken with their proper signs. 
Consequently, from (30), the projection of the resultant on 
the tangent is zero ; and, accordingly, the resultant is normal 
to the curve, which establishes the theorem. 

It can be shown without difficulty that the normal at any 
point of a surface whose equation is given in terms of the 
distances from fixed points can be determined by the same 
construction. 

Examples. 

I. A Cartesian oval is the locus of a point, P, snoli that its distances, FM, 
PM', from the circumferences of two given circles are to each other in a constant 
ratio ; prove geometrically that the tangents to the oval at P, and to the circles 
at M and Jf' , meet in the same point. 

3. The equation of an ellipse of Gassini is n^ = ab, where r and r^ are the 
distances of any point P on the curve, from two fixed points, A and B. Ji O 
he the middle point otAB^ and PiVthe normal at P, prove that L AFO^ L BFN. 

3. In the curve represented hy the equation n' + r^? = «', prove that the 
normal divides the distance between the foci in the ratio of r% to n. 
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194. In like manner, if the equation of a curve be given 
in terms of the angles 0i, ©2, . . . 0n> which the vectors drawn 
to fixed points make respectively with a fixed right line, the 
direction of the tangent at any point is obtained oy an analo- 
gous construction. 

For, let the equation be represented by 

i^(0i, 02, . i . 0«) = const 
Then, by difEerentiation, we have 

dFdd^ dFdOi dFdOn^ 

dOi ds dOz ds ' ' ' dOn ds 

Hence, as before, from Art. 180, we get 

1 dF . , 1 dF . , 1 dF . , , . 

Accordingly, if we measure on the lines drawn to the fixed 
points segments proportional to 

i_dF i^dF i^dF 

V.dOi' nddz' ' ' ' rndOn' 

and construct the resultant line as before, then this line will 
be the tangent required. The proof is identical with that of 
last Article. 

195. CnrTes Symmetrical iritii respect to a Une, 
and Centres of Carres. — It may be observed here, that 
if the equation of a curve be unaltered when f/ is changed 
into - y, then to every value of x correspond equal and oppo- 
site values of y; and, when the co-ordinate axes are rect- 
angular, the curve is symmetrical with respect to the axis of a?. 

In like manner, a curve is symmetrical with respect to 
the axis of ^, if its equation remains unaltered when the sign 
of X is changed. 

Again, if, when we change x and y into - x and - y, re- 
spectively, the equation of a curve remains unaltered, then 
every right line drawn through the origin and terminated by 
the curve is divided into equal parts at the origin. This 
takes place for a curve of an even degree when the sum of 
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the indices of x and y in each term is even ; and for a curve 
of an odd degree when the like sum is odd. Such a point is 
called the centre* of the curve. For instance, in conies, when 
the equation is of the form 

ax' + ihity + 6y* = c, 

the origin is a centre. Also, if the equation of a cubicf be 
reducible to the form 

the origin is a centre, and every line drawn through it is bi- 
sected at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. This property holds for all curves of an 
odd degree. 

It should be observed that curves of higher degrees than 
the second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
requisite number of terms from the equation of the curve. 
For instance, to seek whether a cubic has a centre, we substi- 
tute X + a for a?, and J" + j3 for y, in its equation, and equate 
to zero the coefficients of X', XFand F*, as well as the abso- 
lute term, in the new equation : as we have but two arbitrary 
constants (a and j3) to satisfy four equations, there will be 
two equations of condition among its constants in order that 
the cubic should have a centre. The number of conditions ia 
obviously greater for curves of higher degrees. 



* For a general meaning of the word ** centre," as applied to curves of 
liigher degrees, see GhasWs Apercu SUtorique, p. 233, note. 

t This name has been given to curves of the third degree by Dr. Salmon, 
in his Higher Plane Curves^ and has been generally adopted by subseq^uent 
writers on the subject. 
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Examples. 

I. Find the lengths of the subtangent and subnonnal at any point of the 
•curve 



nx 



2. Find the subtangent to the curve 



lit 



3. Find the equation of the tangent to the curve 

»5 = o'y*. Ans. = 3. 

X y 

4. Show that the points of contact of tangents from a point (a, P) to the 
-cunre 

are situated on the hyperbola (i» + fi)d;y = nfix + may. 

5. In the same curve prove that the portion of the tangent intercepted be- 
tween the axes is divided at its point of contact into segments which are to each 
other in a constant ratio. 

6. Find the equation of the tangent at any point to the hypocycloid, «• + yl 
= oi ; and prove iJiat the portion of the tangent intercepted between the axes is 
of constant length. 

7. In the curve «» + y»» = o*, find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find also the intercept made by 
the axes on the tangent. 



l3» 



on a 

Am, p = =. ; intercept = ^^.^i - 

8. If the co-ordinates of every point on a curve satisfy the equations 

x = eaii 20(i + cos 20), y = ecoa 20 (i — cos 20), 
prove that the tangent at any point makes the angle with the axis of x. 

9. The co-ordinates of any point in the cycloid satisfy the equations 

X's a{$ -Bine), y = a(i — COS0): 

prove that the angle which the tangent at the point makes with the axis of y 
. 

IS-. 
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dy 



TT dy dB .B 

Her« -2. = — - = cot -. 

dx dx 2 

10. Prove that the locus of the foot of the perpendicular from the pole on 
the tangent to an equiangular spiral is the same curre turned through an angle. 

11. Prove that the reciprocal polar, with respect to the origin, of an equi- 
angular spiral is another spiral equal to the original one. 

12. An equiangular spiral touches two given lines at two given points ; prove 
that the locus of its pole is a circle. 

13. Find the equation of the reciprocal polar of the curve 

r* cos - = a*, 
3 

with respect to the origin. Am. The Gardioid H = al cos -. 

14. Find the equation of the inverse of a conic, the focus being the pole of 
inversion. 

15. Apply Art. 184, to prove that the equation of the inverse of an ellipse 
with respect to any origin is of the form 

2ap = OFi . pi + OF2 . p2, 

where F\ and ^2 are the foci, and p, pi, 0% represent the distances of any point 
on the curve from the points 0, /i and '/s, respectively ; /i and f% being the 
points inverse to the foci, ^1 and ^2* 

16. The equation of a Cartesian oval is of the fonn 

where r and r' are the distances of any point on the curve from two fixed points, 
and a, k are constants. Prove that uie equation of its inverse, wi^ respect to 
any origin, is of the form 

api + iBp2 + 7P8 = o, 

where pi, p2) ps are the distances of any point on the curve from three fixed 
points, and a, iS, 7 are constants. 

17. In general prove that the inverse o^the curve 

opi + iBpa + 7P3 = o, 

with respect to any origin, is another curve whose equation is of similar form. 

18. If the radius vector, OP, drawn from the origin to esi^ y^y^ ^ «s&.^ 
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curve be produced to Pi, until PPi be a constant length ; prove that the normal 
at Pi to the locus of Pi, the normal at P to the original curve, and the perpen- 
dicular at the origin to the line OP, all pass through the same point. 

This follows immediately from the value of the polar subnormal given in 
Art. 182. 

19. If a constant length measured &om the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
wMdi is the locus of their extremities. 

20. In the ellipse -^ + t^ = !> if ^ = a sin ^, 
prove that 

21. If <f« be the element of the arc of the inverse of an ellipse with respect 
to its centre, prove that 

,- <* \/i — ^ sin' A , , a* - 32 
da = Jfi — ^ ao% where n = • 

22. If w be the angle which the normal at any point on the ellipse 
— 4- J- = I makes with the axis-major, prove that 

, b^ dta 

as— — 



a (i — «*sin*«)i 



23. Express the differential of an elliptic arc in terms of the semi-axis major, 
/I, of tiie confocal hyperbola which passes through the point. 






24. In the curve r^^ni^ cos mtf, prove that 



- m-l 
09 ^ 

•T: = «sec"» mQ. 
d$ 

25, If P(iP, y) = o be the equation to any plane curve, and 9 the angle be- 
tween the perpendicular from the origin on me tangent and the radius Tector to 
the point of contact, prove that 

dF dF 

y a?— 

dx dy 



ton^=--j, 



dB' 
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CHAPTER Xm. 

ASYMPTOTES. 

196. Intersectloii of a Conre and a Right Idne. — 

Before entering on the subject of this chapter it will be ne- 
oessaiy to consider briefly ttie general question of the inter- 
section of a right line with a curve of the n** degree. 

Let the equation of the right Kne be y = )tia? + v, and sub- 
stitute fix -h V instead of ^ in the equation of the curve ; then 
the roots of the resulting equation in x represent the abscissse 
of the points of section of the line and curve. 

Moreover, as this equation is always of the w** degree, it 
follows that everj/ right line meets a curve of the nf^ degree in n 
points^ real or imaginary^ and cannot meet it in more. 

If two roots in the resulting equation be equal, two of the 
points of section become coincident, and the line becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
form of Art. 175, viz. : 

then, since t^n is a homogeneous function of the n^ degree in 
a? and y, it can be written in the form «Vo(- 1; similarly 

And accordingly, the equation of the curve may be written, 

Substituting jit + - for - in this, it becomes 
^A{li + ^) + a^'/> (i« + j) + a^'/a(/« + ^) + &0. - o. 

R 
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Or, expanding by Taylor's Theorem, 

+ &C. = O. (2) 

The roots of this equation determine the points of section in 
question. 

We add a few obvious conclusions from the results arrived 
at above : — 

i*^. Every right line must intersect a curve of an odd de- 
gree in at least one real point ; for every equation of an odd 
degree has one real root. 

2°. A tangent to a curve of the n** degree cannot meet it 
in more than n- 2 points besides its points of contact. 

3°. Every tangent to a curve of an odd degree must meet 
it in one other real point besides its point of contact. 

4^. Every tangent to a curve of the third degree meets 
the curve in one other real point. 

197. Definltloii of an Asymptote. — An asymptote is 
a tangent to a curve in the limiting position when its point 
of contact is situated at an infinite distance. 

1°. No asymptote to a curve of the n** degree can meet it 
in more than n - 2 points distinct from that at infinity. 

2°. Each asymptote to a curve of the third degree inter- 
sects the curve in one point besides that at infinity. 

198. Method of finding ttaje Asymptotes to a Curve 
of the n*'^ Degree. — ^If one of the points of section of the 
line y = /ua? + 1; with the curve be at an infinite distance, one 
root of equation (2) must be infinite, and accordingly we 
have in that* case 

/oM = o. (3) 

Again, if two of the roots be infinite, we have in addition 

vfoiji) +A(jjl) = o. (4) 

* This can be easily established by aid of the reciprocal equation ; for if we 

Bubstitute - for x in equation (2), the resulting equation in z will haye one root 
z 

zero when its absolute term vanishes, i.e., when/o(/u) «= o; it has two roots 

zero when we haye in addition yfoiji) +/iOia} « o ; and so on. 
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Aocordingly, when the values of ix and v are determined 
so as to satisfy the two preceding equations, the correspond- 
ing line 

y = /ua? + V 

meets the curve in two points in infinity, and consequentlj is 
an asymptote. (Sahnon's Conic Sections^ Art. 154.) 

Hence, if /wi be a root of the equation ^(jit) = o, the line 

is in general an asymptote to the curve. 

If /i(/i) = o and/.(/ti) = o have a common root {fix suppose), 
the corresponding asymptote in general passes tiirough the 
origin, and is represented by the equation 

y = ii\x. 

In this case Un and t^n-i evidently have a common factor. 

The exceptional case when/o'(/Lc) vanishes at the same 
time will be considered in a subsequent Article. 

To each root of /o(/i) = o corresponds an asymptote, and 
accordingly,* every curve of the n^ degree has in general n 
asymptotes^ real or imaginary. 

From the preceding it follows that every line parallel 
to an asymptote meets the curve in one point at infinity. 
This also is immediately apparent from the geometrical 
property that a system of parallel lines may be considered 
as meeting in the same point at infinity — a principle intro- 
duced by Desargues in the beginning of me seventeenth 
century, and wmch must be re&^arded as one of the first 
important steps in the progress of modem geometry. 

CoR. No line parallel to an asymptote can meet a curve 
of the n** degree in more than (n - 1) points besides that 
at infinity. 

Since every equation of an odd degree has one real 
root, it follows that a curve of an odd degree has one real 

* Since /oOu) is of the f»<^ degree in fi, unless its highest coefficient vanishes, 
in which case, as we shall see, there is an additional asymptote parallel to the axis 
of y. 

R 2 
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asjmptote, at least, and has accordingly an infinite Immoh 
or branches. Hence, no curve of an odd degree can be a dosed 
curve. 

For instance, no curve of the third degree can be a finite 
or closed curve. 

The equation /©(/i) = o, when multiplied by fl^, becomes 
fin - o ; consequently the n right lines, real or imaginary, 
represented by this equation, are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of /o(ju) = o either vanishes or is 
infinite; i.e., where the asymptotes are parallel to either 
co-ordinate axis. This case will be treated of separately in a 
subsequent Article. 

If all the roots of /o(/i) = o be imaginary the oorve 
has no real asymptote, and consists of one or more elosed 
branches. 

Examples. 

To find the asymptotes to the following curyes :— 

1. y* = ax* + sfi. 

Sabstitatin^ fiX ■{■ p tor y, and equating to zero the coefficients of «> and 4^, 
separately, in the resulting equation, we obtain 

^3-1 = 0, and 3/ttV = a; 

a 

hence the curye has but one real asymptote, viz., 

a 
y = x+ -. 
3 

2. >*-«*+ 2aa;2y = i»a^. 
Here the equations for determining the asymptotes are 

/i* - I = o, and 4fih + 2afi = o ; 
accordingly, the two real asymptotes are 

y = a; ~ -, and y + a? + - = o. 

^ 2 

3. «• + 3«»y - a?y* - Sy* + «' - 2a?y + 3y« + 4^ + 5 s o. 

* 3 I 3 

Ans, y + -+- = o, y = jf+-, y + jf = ^. 
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199. Case In wbich Un = o represents tiie n Asymp- 
totes. — ^If the equation of the ourve oontain no terms of 
the (n - i)^^ degree, that is, if it be of the form 

W» + «n-2 + Wn-s + &C. . . . + Wi + Wo = O, 

the equations for determining the asymptotes beoome 

/oOu) = o, and v/o'Oi) = o« 

The latter equation gives v = o, unless /o'(/i) vanishes along 
with/o(/i), i.e., unless /o(/t£) has equal roots. 

Hence, in curves whose equations are of the above form, 
the n riffht Knes represented uy the equation ««» = o are the 
n asymptotes, unles^ two of the^e Unes^axo opincident. 

This exceptional case will be considered in Art. 202. 

The simplest example of the preceding is that of the 
hyperbola 

aa? + 2hxy + by^ = c, 

in which the terms of the second degree represent the asymp- 
totes (Salmon's Conic SectionSy Art. 195). 

Examples. 

Find the real asymptotes to the curyes 

1. ity' - a^ = a^{x + y) + 3*. An8, a? » o, y = o, « - y ss o. 

2. y^^a^ = a^x. „ y-x — o, 

3. «* - y* = a^xtf + b^y\ „ a? + y = o, a? - y = o. 

200. Asymptotes parallel to the Co-ordinate 
Axes. — ^Suppose the equation of the curve arranged accord- 
ing to powers of a?, thus 

Ooof^ + («iy + b)iif^^ + &o. = o ; 

then, if ao = o and ait/ + b = o, or y = , two of the roots 

tti 

of the equation in x become infinite ; and consequently the 

line ai^ + i = o is an asymptote. 
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In other words, whenever the highest power of rr Is 
wanting in the equation of a curve, the coefficient of the 
next highest power equated to zero represents an asymptote 
parallel to the axis of x. 

If tto = o, and b = o, the axis of x is itself an asymptote. 

If aj~ and af^'^ be both wanting, the coefficient of o^' re- 
presents a pdx of asymptotes, real or ixnaginaxy, paraUel to 
the axis of x ; and so on. 

In like manner, the asymptotes parallel to the axis of 1/ 
can be determined. 

Examples. 

Find the real asymptotes in the following curyes : — 

I. f/^x - ay* = «8 + oc* + i'. Ana. x = a, y = a; + «, y + « + a = o. 

3. y(a^ - $b» + 2J2) = a:3 - ^asfi + a^, a; = i, a; = iJ, y + 3a = a; + 3^. 

3. x^f/* = a* («* + y2). x = ±a, y = + a. 

4. aj2ys _ ^2^a3 _ yij^ y + a = o, y-a = o. 

5. y2a-y«« = «3. « = a. 

201. Parabolic Branches. — ^Suppose the equation 
fo(ji) = o has equal roots, then/o'(/ii^ vanishes along with/o(|i), 
and the corresponding value of v round from (5) becomes in- 
finite, unless /i(/u) vanish at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola, whose equation is of the form 

{ax + (ij/Y - lx-¥ my + n, 

furnishes the simplest example of this case, having the 
line at infinity for an asymptote. (Salmon's Conic Sections, 
Art. 254.) 

Branches of this latter class belonging to a curve are 
0B31ed parabolic, while branches having a finite asymptote are 
called hyperbolic. 

202, From the preceding investigation it appears that 
the asymptotes to a curve of the w** degree depend, in 
jreneral, only on the terms of the w** and the (n - i)** degrees 
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in its equation. Consequently, all curves which have the 
same terms of the two highest degrees have generally the same 
asymptotes. 

There are, however, exceptions to this rule, one of which 
will be considered in the next Article. 

203. Parallel Asymptotes. — ^We shall now consider 
the case where /o (/it) = o has a pair of eq\ial roots, each repre- 
sented by /ii, and where /i(/tii) = o, at the same tiitne. 

In this case the coefficients of a^ and a^^ in (2) both 
vanish independently of v, when /u = /ii ; we accordingly 
infer that all lines parallel to the line y = niX meet the curve 
in two points at infinity, and consequently are, in a certain 
sense, asymptotes.. There are, however, two lines which are 
more properly called by that name ; for, substituting jui for /i 
in (2), the two first terms vanish, as abeady stated, and the 
coefficient of a?^* becomes 



v^ 



fo'ifJii) + vfi{ni) +/2(/xi). 



I . 2 

Hence, if vi and V2 be the roots of the quadratic 



v' 



, ,/o"W + v//0ui)+/2W = o), (6) 

the lines y = fiix + vi, and y = fxix + va, 

are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the corre- 
sponding asymptotes are also imaginary. 

Again, if the term Un^i be wanting in the equation, and 
if /o(/i) = o have equal roots, the corresponding asymptotes 
are given by the quadratic 



v^ 



1 . 2 



/o"Oui) +/a(ilti) = O. 



In order that these asymptotes should be real, it is 
necessary that/2(/ii) and fo^fii) should have opposite signs. 

There is no difficulty in extending the preceding investi- 
gation to the case where /o(/i) =0 has three or more equal 
roots. 
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EXAHPLES. 

1. (x + y)* («* + ^ + «y) = a'y' + a^(x - y). 

Here /oO*) = (i + ai)2(i + /n + /n'), /iW«o, /20*) = -«V'; 

.\^i=-i, /o"{/Ai) = 2, /2Gui) = -a'; 
accordixigly vi = 0, 1^ = - a, 

and the corresponding asymptotes are 

y + — a = o, and y 4- a; + a = o. 
The other asymptotes are evidently imaginary. 

2. «' (« + y)^ + 2ay2(a? + y) + 8a2a;y + aV = o. 

Here /oCa*) = (i + m)', /iM = ><'/*» (i + A*), /2(A») = 8aV; 

.-. Ml = - I, /o"Oi) = 2, /I'Cui) = aa, /2(Ati) = - 8a», 
and the corresponding asymptotes are 

y + a; - 2a = o, and y + a? + 4a = o. 

204. If the equation to a oiirve of the »** degree be of 
the form 

. (3^ + aa? + /3)4^i + 02 = 0, 

where the highest terms contaiiiing x and ^ in ^i are of the 
degree n - i, and those in 03 are of the degree n - 2 at most, 
the line 

y + cur + j3 = o 

is an asymptote to the curve. 

For, on substituting - ax-ji instead of y in the equation, 
it is evident that the coefficients of af^ and af*^^ both vanish ; 
hence, by Art. 198, the line y + aaj + /3 = oisan asymptote. 

Conversely, it can be readily seen that if y + arr + j3 be an 
asymptote to a curve of the n** degree its equation admits of 
being thrown into the preceding form. 

£1 general, if the equation to a curve of the n** degree 
be of the form 

{y + aiX + /3,)(y + aaiC + 182) . . . (y + ana? + /3„) + 02 = o, (7) 
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where ^3 contains no term higher than the degree n - 2, the 
lines 

y + oiiP + /3i = o, y + 02^? + /32 = o, . . . y + a„ic + /3» = o 

axe the n asymptotes of the curve. 

* This follows at once as in the case considered at the com- 
mencement of this Article. 

For example, the asymptotes to the curve 

xy{x-\- y + a^{x + y ■\- a^ + hiX + 63^ = 

are evidently the four lines 

a? = o, y = o, a? + y + ffi = o, a? + y + 02 = o. 

If the curve be of the third degree, ^2 is of the first, and 
accordingly the equation of such a curve, having three real 
asymptotes, may be written in the form 

{y + aia? + /3i)(y+a2a?+ (ii){y+ a^ + (iz) + & + wy + « = o. (8) 

Hence we infer that the three points in which the asymp- 
totes to a cubic meet the curve lie in the same right line^ viz., 

Ix + my + » = o. 

The student will find a short discussion of a cubic with 
three real asymptotes in Chapter xvni. 

205. To prove that, in general, the distance of a point 
in any branch of a curve from the corresponding asymptote 
diminishes indefinitely as its distance from the origin increases 
indefinitely. 

If y + ai» + /3 = o be the equation of an asymptote, then, 
as in the preceding Article, the equation of the curve may be 
written in the form 

(y + aiC + /3) ^1 = ^2, 
where ^% is at least one degree lower than ^1 in x and y. 
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'Hence ^ + 02? + ^=—, 

and tlie perpendicular distance of any point (j^ y«) on the 
cmre from the line y + icp + /3 = ois 



tf. + ax^ + fi 

y y or — 



1 +0* \^»'«' 



where the snflSx denotes that x^ and ^e are sdbstitiited for x 
and p in the functions ^ and ^. 

Now, when ^ and y« are taken infinitely great, the Talue 
of the preceding fraction depends, in general, on the terms 
of the highestdegree (in x andy) in ^1 and ^ ; and sLace the 
degree of ^ is one lower than that of ^1, it can be easily 

seen by the method of Ex. 7, Art. 89, that the fraction ^ 

becomes, in general, infinitely small when x and y become 
infinitely great. Hence, the distance of the line y + a^ + /3 
from the cnrre becomes infinitely small at the same time. 

It is not considered necessary to go more folly into this 
discussion here. 

The subject of parabolic and other curvilinear asymptotes 
is omitted as being nnsnited to an elementary treatise. 
Moreover, their discussion, unless in some elementary cases, 
is both indefinite and unsatisfactory, since it can be easily 
seen that if a curve has parabolic branches, the number of its 
parabolic asymptotes is generally infinite. The reader who 
desires full information on this point, as well as the discussion 
of the particular parabolas called osculating^ is referred to a 
paper by M. Pliicker, in liouville's Journal, vol. i., p. 229. 

206. JdBymptotes in Polar Co-ordinates. — ^If a 
curve be referred to polar co-ordinates, the directions of its 
points at an infinite distance from the origin can be in geue- 
ral determined by making r = cx>, or t# = o, in its equation, 
and solving the resulting equation in 0. The position of the 
asymptote corresponding to any such value of is obtained 
by finding the length of the corresponding polar subtangent, 

i.e., by finding the value of -r- corresponding to t* = o. 
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It should be observed that when — is positive, the asymp- 
tote lies above the corresponding radius vector, and when 
negative, lelow it ; as is easily seen from Art. 182. 

If we suppose the equation of the curve, when arranged 
in powers of r, to be 

^/o(0) + /^-l/i(0) + . . . + rUi{B) +/n(0) = o, 

the transformed equation in u is 

t*y»(0) + t*"-y«-i(fl) + . . . + uf,{0) +fo{e) = o : (9) 

consequently, the directions of the asymptotes axe given by 
the equation 

MO) = o. (10) 

Again, if we differentiate (9) with respect to 0, it is easily 

du 

seen that the values of -^ corresponding to w = o are given 
by the equation 

/.W^ +/.'(fl) = o, (11) 

provided that none of the functions 

/i(fl), MO), . . . /n(fl) 

become infinite for the values of which satisfy equation (10). 

Consequently, if a be a root of the equation /o(6) = o, the 

curve has an asymptote making the angle a with the prune 

vector, and whose perpendicular distance from the origin is 

"^'^ % -m 

It is readily seen that the equation of the corresponding 
asymptote is 

r sin(a - 0) ^-^ = o. 

/o(a) 

This method will be best explained by applying it to one 
or two elementary Examples. 



2^2 Asymptotes. 

Examples. 

I. Let the curve be represented by the equation 

r s sec + 6 tan 0. 

008 



Here u = 



a + d sm 0* 



ir du — I 

When = -, we have « = o, and — = — -r. 

Accordingly, the corresponding polar suhtangent is a + 3, and hence the^ line 
perpendicular to the prime vector at the distance a-\- b from the origin is an 
asymptote to the curve. 

Again, u vanishes also when = — , and the corresponding value of the 

2 

polar suhtangent is a - ^ ; thus giving another asymptote. 
2. r = a sec m0 + 6 tan mO, 

coBmd 



Here u = 



a + b sinmd' 



-«rt * «■ t . du -^m 

When 6 = — , we have « = o, and -^ = =, 

2tn ad o T 6 

whence we get one asymptote. 

Again, when = — , « = o, and 3- = r, 

** ' 2«i d$ a — b 

which gives a second asymptote. 

On making s ^— , we get a third asymptote, and so on. 

It may he remarked, that the first, third, . . . asymptotes all touch one 
fixed circle; and the second, fourth, &c., touch another. 

3. Find the equations to the two real asymptotes to the curve 

r«sin(d - o) + ar sin {0 - ao) + a' = o. 

jine, rsin(0~a)=±asina. 

207. JdBymptotiG Circles* — ^In some curves referred to 
polar co-ordinates, when is infinitely great the value of r 
tends to a fixed limiting value, and accordingly the curve 
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approaches more and more nearly to the circular form at the 
same time : in such a case the curve is said to have a circular 
asymptote. 

For example, in the curve 



r = 



e + a' 



SO long as is positive r is less than a, a being supposed 
positive; but as increases with each revolution, r con- 
tinually increases, and tends, after a large number of revo-* 
lutions, to the limit a ; hence the circle described with the 
origin as centre, and radius a, is asymptotic to the curve, 
which always lies inside the circle for positive values of 6. 
Again, if we assign negative values to 0, similar remarks are 
applicable, and it is easily seen that the same circle is asymp- 
totic to the corresponding branch of the curve ; with this 
difference, that the asymptotic circle lies within the curve in 
the latter case, but outside it in the former. The student 
will find no difficulty in applying this method to other 
curves, such as 

aO gy g(9 + cose) 

^"e + sind' ^"e» + o»' ^"" e + sind • 
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Examples, 

Find the equations of the real asymptotes to the following cnryes : — 

1. y(a' — «2) = ^(28! + e). Atu. y = o, flj + a = o, aj-a = o. 

2. ic* - af^yB + a^g% ^^_o. d; + y = o, d; — y=o, a;=:o. 

3. ar* — flj'y* +a;2^.yt— <|j-:o. a:— 1=0, ar+i = o, «— yso, af + y = o. 

4. (a + «)2(ia-a;2) = «8jr*- « = ©. 

5. (a + flj)2(i2 + aj2) as a5*y3, « = o, y = a? + fl, y + « + a = o. 

6. irSy - 2a;8y2 + 3?^^ = «««* + **y^ a? = o, y = o,a;-y = ± \/a« + ^. 

7. a8 - 4a?y« - 3«2 ^ „jpy _ ,2^2 + 8« + ly + 4 = o. 

-4fw. jr + 3 = o, oj - ly = o, a? + 2y = 6. 

8. «'y* - <ia?(a? + y)2 - 2a^y^ - a* s= o. a; + 2a = o, » - a = o. 

9. If the equation to a curve of the third degree he of the form 

«3 + «i + «o = o, 
the lines represented hy t^ = o are its asymptotes. 

10. If the asymptotes of a cuhic be denoted by a = o, jB = o, 7^0, the 
-equation of the curve may be written in the form 

afiy = Aa + Ffii- Oy. 

1 1. In the logarithmic curve 

X 

prove that the negative side of the axis of a is an asymptote. 

12. Find the asymptotes to the curve 

r cos n0 = a, 

13. Find the asymptotes to 

r cos md'= aooB n9. 

14. Show that the curve represented by 

a^ + aby — axy = o 

has a parabolic asymptote, a^ + bx-^b^ t= ay. 
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15. Find the circular asymptote to the curve 



r = 



6 + a 



= 0. 



16. Find the condition that the three asymptotes of a cubic should pass 
through a common point 

Let the equation of the curve be written in the form 

flo + 3M + Zhy + 3«&»' + ^^^y + 3<^y' + <^ + Z^i^^y + idzvy^ + tky^ = o, 
then the condition is 

ddy d\y dif 

dif ^, dst 

coy ci, C2, 

This result can be easily arrived at by substituting; x-^ a and y + $ instead 
of as and y in the equation of the cubic, and finding the condition that the part 
of the second degree in the resulting equation shotud vanish. See Art. 204. 

17. When the preceding condition is satisfied show that the co-ordinates, 
a and ^3, of the point of intersection of the three asymptotes, are given by the 
equations 

__ Cidi — cod^ __ codi — Cido 

dodi — di^ di/k — di^ 

1 8. If from any point, 0, a right line be drawn meeting a curve of the n^ 
degree in JRiy i?2) • • • -Sn> and its asymptotes in n, r^, . . . rn, prove that 

OSi + OS2 + . . . OSn = 0ri + 0r2+ . . - Ofn. 

N.B. — ^The terms of the «** and (n - i)<* degrees are the same for a curve 
and its asymptotes. 

19. If a right line be drawn through the point (a, 0) parallel to the as3rmptote 
of the cubic (x — a)^ — x'^y = o, prove that the portion of the line intercepted by 
the axes is bisected by the curve. 

20. If from the origin a right line be drawn parallel to any of the asymptotes 
of the cubio 

.y{ax^ + 2hxy + ^« + 2ffx + 2fy -h c) - a^ = o, 

show that the portion of this line intercepted between the origin and the line 
y« +fy + c = o is bisected by i^e curve. 

21. If tangents be drawn to the curve s^ ^y^ =^ from any point on the 
line y = x, prove that their points of contact lie on a oirde. 

22. Show that the asymptotes to the cubio 

ax^y + bxy^ + a'X» + bY + a"x + b"y = o 
are always real, and find their equations. 

Ans. bx + b' = Of ay + o^ = o, 
ab{ax + by) ^a^y^a'b»- o. 



( ^56 ) 



OHAPTEE XIV. 

MTTLTIPLB POINTS ON CURVES. 

208. In the following elementary discussion of multiple 
points of curves the method given by Dr. Salmon in nis 
Higher Plane Curves has been followed, as being the simplest, 
and at the same time the most comprehensive method for 
their investigation. The discussion here is to be regarded as 
merely introductory to the more general investigation in that 
treatise, to which the student is ref eired for fuller information 
on this as well as on the entire theory of curves. 

We commence with the general equation of a curve of the 
f^th degree, which we shall write in the form 

+ Joa? + Jiy 

+ c^ + Cixy + c^ 

+ &o. + &o. 

+ ^ + hoif^^y + &o. + If^ = o, 

where the terms are arranged according to their degrees in 
ascending order. 

When written in the abbreviated form of Art. 175, the 
preceding equation becomes 

t(o + «i + tfj + • . . + w«-i + fi» = o. 

We commence with the equation in its expanded shape, 
and suppose the axes rectangular. Transforming to polar 
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00-ordinates, by substituting r 00s and r sin instead of 
X and y, we get 

Oo + {po cos 6 + Ji sin fl)r 

+ (co eos'^fl + Ci cos 6 sin d + C2 sin'^fl) r* + . . . 

+ (/o cos^fl + k cos**"^ fl sin d + . . . + /nsin**0) r« = o. (i) 

If be considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n points 
of intersection of the radius vector with the curve. 

If a^ = o, one of these roots is zero for all values of 0; as 
is also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides a^ = o, we have 
60 cos B + bi sin = o. The radius vector in this case meets 
the curve in two consecutive points* at the origin, and is 
consequently the tangent at that point. 

The direction of this tangent is determined by the 
equation 

Jo cos + Ji sin = o ; 

accordingly, the equation of the tangent at the origin is 

M + Jiy = o. 

Hence we conclude that if the absolute term be wanting 
in the equation of a curve, it passes through the origin, and 
the linear part (wi) in its equation represents the tangent at 
that point. 

If Bq = o, the axis of a; is a tangent ; if &i = o, the axis 
of y is a tangent. 

The preceding, as also the subsequent discussion, equally 
applies to oblique as to rectangular axes, provided we sul>- 
stitute mr and nr for x and y ; where 

sin (w - fl) - sin 

^ = — 1 i^ €Liian=-. — ; 

sin b) sm u) 

01 being the angle between the axes of co-ordinates. 

From the preceding, we infer at once that the equation of 
the tangent at the origin to the curve 

a?{ix? -^-y^) = a{x - y) 

* Two points which are infinitely close to each other on the same branch of 
a curye are said to be consecntiye points on the curve. 

S 
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is a? - y = o, a line bisecting the internal angle between the 
eo-ordmate axes. In like manner, the tangent at the origin 
can in all cases be immediately determined. 

209. XSquation of Tangent at any Point* — ^By aid 

of the preceding method the equation of the tangent at any 
point on a curve whose equation is algebraic and rational 
can be at once found. For, transferring the origin to that 
pointy the linear part of the resulting equation represents the 
tangent in question. 

Thus, if /(ic, y) = o be the equation of the curve, we sub- 
stitute X + Xi for ic, and T + yi for y, where {x^ yi) is a 
point on the curve, and the equation becomes 

f{X + x„ Y+yi) =0. 

Hence the equation of the tangent referred to the new axes is 

Xl-f) + Tl-f] =0. 
\axji \iyji 

On substituting x - Xiy and y - yi^ instead of X and !F, we 
obtain the equation of the tangent referred to the original 
axes, viz. 

This agrees with the result arrived at in Art. 169. 

210. Double Points. — If in tne general equation of a 
curve we have a^ = 0, Jq = o, hi = o, the coefficient of r is 
zero for all values of fl, and it follows that all lines drawn 
through the origin meet the curve in two points, coincident 
with the origin. 

The origin in this case is called a double point. 
Moreover, if Q be such as to satisfy the equation 

Co cos'^fl + Cicos d sin 6 + C2 sin'^fl = o, (2) 

the coefficient of r^ will also disappear, and three roots of 
equation (i) will vanish. 

As there are two values of tan satisfying equation (2), it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 
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The equation (2), when multiplied by r^, becomes 

CQod^ + CiXt/ + C0^ = o. 

Hence we infer that the lines represented by this equa- 
tion connect the double point with consecutive points on the 
curve, and are, consequently, tangents to the two branches of 
the curve passing through the double point. 

Accordingly, when the lowest terms in the equation of a 
curve are of the second degree (tfj), the origin is a double 
point, and the equation e^ = o r^resents the pair of tangents at 
that point. 

For example, let us consider the Lemniscate, whose equa- 
tion is 

(x' + fY^a^x^-y^). 

On transforming to polar co-ordinates its equation becomes 

r* = aV (cos^fl - sin' 61), or, r* = a' cos 2$. 

Now, when d = o, r = ± a ; 
and, if we confine our atten- 
tion to the positive values of 
r, we see that as increases 

from o to -, r diminishes ^ 
4 

from a to zero. When fl > - 

4 

and < — , r is imaginary, &c., Fig- ^8. 

4 

and it is evident that the figure of the curve is as annexed, 
having two branches intersecting at the origin, and that the 
tangents at that point bisect the angles between the axes. 
The equations of these tangents are 

X + y = Oj and a? - y = o, 

results which agree with the preceding theory. 

211. IVodes, Cusps, and Conjugate Points.* — ^The 
pau: of lines represented ty «, = o wiU be real and distinct, 
coincident, or imaginary, according as the roots of equa- 
tion (2) are real and imequal, real and equal, or imaginary. 

* These have been respectively styled erunodes, spinodes, and aenodeSf by 
Professor Cayley. See Salmon's Higher Flane Cfurves, Art 3S. 

S 2 
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Hence we eonolude that there may be one of three kindB 
of singular point on a curve so far as the vanishing of Uo and Ui 
is concerned. 

(i). For real and unequal roots, the 
tangents at the double point are real 
and distinct, and the point is called a 
node; arising from the intersection of 
two real branches of the curve, as in 
the annexed figure. 

(2). If the roots be equal, i.e. if Uz ^ig. 19 

be a perfect square, the tangents coin- 
cide, and the point is called a cusp : the 
two branches of the curve touching each 
other at the point, as in figure 20. 

(3). If the roots of Wa be imaginary, 
the tangents are imaginary, and the 
double point is called a conjugate or ^^* *°' 

isolated point ; the co-ordinates of the point satisfy the equation 
of the curve, but the curve has no real points consecutive to 
this point, which lies altogether outside the curve itself. 

It should be observed also that in some cases of singularities 
of a higher order, the origin is a conjugate point even when ih 
is a perfect square, as will be more fully explained in a sub- 
sequent chapter. 

We add a few elementary examples of these different 
classes for illustration. 

Examples. 

1. y^{a^ + aP) ^ 9^ {a^ - x\ 

Here the origin is a node, the tangents bisecting the angles between the axes of 
co-ordinates. 

2. ay^ = sfi. 

In this case the origin is s ousp. Again, solving for y we get 

Hence, if a be positive, y becomes imaginary for negative values of x ; and, 
accordingly, no portion of tiie curve extends to the negative side of the axis of x. 
Moreover, for positive values of or, the corresponding values of y have opposite 
signs. This curve is called the semi-cubical parabola. The form of the curve 
near the origin is exhibited in Fig. 20. 
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3. ys = «a (« + a). 

Ana. The origin is a cusp. 

4. J (a;3 + y2) = jr8. 

■ Ana, The origia is a conjugate point. 

5. ic3 - laxy + y3 = o. 

utf n«. The two branches at the origin touch the co-ordmate axes. 

212. Double Points in C^eneral* — ^In order to seek 
the double points on any algebraic curve, we transform the 
origin to a point {x^ j/i) on the curve ; then, if we can deter- 
mine values of Xiy pi for which the linear part disappears from 
the resulting equation, the new origin {xi, pi) is a double point 
on the curve. 

From Art. 209 it is evident that the preceding conditions 
give 



(f).--(D.- 



moreover, since the point (xi, y^ is situated on the curve, 
we must have 

As we have but two variables, Xiy y^ in order that they 
should satisfy these three equations simultaneously, a con- 
dition must evidently exist between- the constants in the 
equation of the curve, viz., the condition arising from the 
elimination of Xiy y^ between the three preceding equations. 

Again, when the curve has a double point (iCi, ^i), if the 
origin be traasf erred to it, the part of the second degree in 
the resulting equation is evidently 






[dxdyy'^ Wa 



Accordingly, the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
point, according as 

^dxdyji ^ - ^^ < \dai^Ji \dy^)^ 



(= 
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It may be remarked here that no cubic can have more 
than one double point ; for if it have two, the line joining 
them must be regarded as cutting the curve in four points, 
which is impossible. 

Again, every line passing through a double point on a oubio 
must meet the curve in one, and but one, other pomt ; ex- 
cept the line be a tangent to either branch of the cubic at 
the double point, in which case it cannot meet the curve else- 
where; the points of section being two consecutive on one 
branch, and one on the other branch. 

In many cases the existence of double points can be seen 
immediately from the equation of the curve. The following 
are some easy instances: — 

Examples. 

To find the position and nature of the double points in the following 
curves : — 



I. 



(bx — <?y)' = (x — a)'. 



ab 



The point « = a, y = — , is evidently a cusp, 



at which bx ^ e^/ = ois the tangent, as in the 
accompanying figure 



2. 



(y-(j)2 = (a:-a)*(a;-i). 



The point « = a, y = (;, is a cusp if « > J, or Q 
i£a=b; but is a conjugate point ifa<b. 




Fig. 21. 



3. y* = «(« + «)«. 
The point y = o, 0; = — aisa conjugate point. 

4. ipl + yl = «l. 

The points a;= o, y = + a ; and y = o, a; = ± a, are easily seen to be cusps. 

213. Parabolas of the Third Degree* — The follow- 
ing example* will assist the student towards seeing the dis- 
tinction, as well as the connexion, between the different kinds 
of double points. 

Let y* = (ic - a) {x -h) {x - c) 

be the equation of a curve, where a< b < c. 



* LacToix, Col, D%f,y pp. 395-7. Salmon's Higher Flane Curves, Art. 39. 
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j> 



» 



» 



Here y vanishes when a? = a, or a? = 6, or a? = c ; accordingly, 
if distances OA = a, OB = J, 0(7 = c, be taken on the axis of 
Xy the curve passes through the points A^ By and (7. 

Moreover, when a? < «, y* is negative, and therefore 

y is imaginary, 
a? > a, and < J, y* is positive, and therefore 

y is real, 
a? > J, and < c, y'* is negative, and therefore 

y is imaginary, 
a? > c, y is positive, and therefore 

y is real ; and 
increases indefinitely along with a?. 
Hence, since the curve is sym- 
metrical with respect to the axis of 
a?, it evidently consists of an oval 
lying between A and By and an 
infinite branch passing throng 
Cy as in the annexed figure. It 'q" 
is easily shown that the oval is 
not BT^metrical with respect to 
the perpendicular to AB at its 
middle point. Again, if J = c, the 
equation becomes 

y' = {x-a){x-by. Fig. 22. 

In this case the point B co- 
incides with Cy the oval has 
joined the infinite branch, and 
B has become a double point, 
as in the annexed figure. 

On the other hand, let b = a^ and the equation becomes 

y'' = {x-'ay{x'-c)\ 

in this case the oval has shrunk 
into the point Ay and the curve 
is of the annexed form, having 
A for a conjugate point. 

Next, let a = J = c, and the 
equation becomes 





Kg. 23. 
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here the points A, JB, Cy have 

come together, and the curve 

has a cusp atthe pointu^, as in ;!; T" 

the annexed figu^. ^ "" 

The curves considered in 
this Article are called parabolas Fig. 25. 

of the third degree. 

As an additional example, we shall investigate the fol- 
lowing problem : — 

214. Given the three asymptotes of a cuUe, to find its equa^ 
tion^ if it have a double point. 

Taking two of its asymptotes as axes of co-ordinates, and 
supposing the equation of the third to be or -f 6y + c = o, the 
equation of the cubic, by Art. 204, is of the form 

xy[ax + by + c) = Ix -h my + n. 

Again, the co-ordinates of the double point must satisfy 
the equations 

du du 

or {zax + by -^ e) y = ly (ax + zby + c) x = m; 

from which I and m can be determined when the co-ordiaates 
of the double point are given. 

To find n, we multiply the former equation by x, and the 
latter by y, and subtract the sum from three times the equa- 
tion of the curve, and thus we get 

cxy = 2lx -h zmy + 3;* ; 

from which n can be found. 

In the particular case where the double point is a cusp,* 
its co-ordinates must satisfy the additional condition 

^ dy^ ~ [dxdyj ' 

or {2a^ + zby + cy = ^abxy, 

and consequently the cusp must lie on the conic represented 
by this equation. 

* It is essential to notice that the existence of a cusp involves one more 
relation among the coefficients of the equation of a curve than in the case of an 
ordinary double point or node. 
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It can be easily seen that this conic* touches at their 
middle points the sides of the triangle f oimed by the asymp- 
totes. 

The preceding theorem is due to Plucker,t and is stated 
by him as follows : — 

" The locus of the cusps of a system of curves of the third 
degree, which have three given lines for asymptotes, is the 
maximum ellipse inscribed in the triangle formed by the 
given asymptotes." 

It can be easily seen that the double point is a node or a 
conjugate point, according as it lies outside or inside the 
above-mentioned ellipse. 

215. multiple Poiats of Higber durres. — By follow- 
ing out the method of Art. 208, the conditions for the existence 
of multiple points of higher orders can be readily determined. 

Thus, if the lowest terms in the equation of a curve be of 
the third degree, the origin is a triple point, and the tangents 
to the three branches of the curve at the origin are given by 
the equation u^ = o. 

The different kinds of triple points are distinguished, 
according as the lines represented hy th = o are real and 
distinct, coincident, or one real and two imaginary. 

In general, if the lowest terms in the equation of a curve 
be of the m** degree, the origin is a multiple point of the mf^ 
order, &c. 

Again, a point is a triple point on a curve provided that 
when the origin is transferred to it the terms below the third 
degree disappear from the equation. The co-ordinates of a 
triple point consequently must satisfy the equations 



du du d^u d^u 

Hence in general, for the existence of a triple point on a 
curve, its coefficients must satisfy four conditions. 

The complete investigation of multiple points is effected 

* From the form of the equation we see that the lines x = o, y = o are 
tangents to the conic, and that 2ax + 2bt/ + e = o represents the line joining l^e 
points of contact ; but this line is parallel to the third asymptote ax-^bi/-\-e^o, 
and evidently passes through the middle points of the intercepts made by Hds 
asymptote on the two others. 

t Liouville^a Journal^ vol. ii. p. 14. 
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more satisfactorily by introducing the method of trilinear co- 
ordinates. The discussion of curves from this point of view is 
beyond the limits proposed in this elementary Treatise. 

215 (a). Cusps, ia Creneral. — Thus far singular points 
have been considered with reference to the cases in which 
they occur most simply. In proceeding to curves of higher 
degrees they may admit of many complications ; for instance 
ordinary cusps, such as represented in Fig. 20, may be called 
cusps of the first species, the tangent 
lying between both branches : the cases in 
whidi both branches lie on the same side, 
as exhibited in the accompanying figure, 
may be called cusps of the second species. j,. ^g 

Professor Cayley has shown how this is 
to be considered as consisting of several singularities happen- 
ing at a point (Salmon's Higher Plane Curves, Art. 58). 

Again, both of these classes may be called single cusps, 
as distinguished from double cusps extending on both sides of 
the point of contact. Double cusps are styled tacnodes by 
Professor Cayley. These points are sometimes called points 
of osculation; however, as the two branches do not in general 
osculate each other, this nomenclature is objectionable. It 
should be observed that whenever we use the word cusp with- 
out limitation, we refer to the ordinary cusp of the first species. 

Cusps axe QdS\QA.points de rebroussement by French writers, 
and Ruckkehrpunkte by Germans, both expressing the turning 
backwards of the point which is supposed to fi'ace out the 
curve; an idea which has its English equivalent in their 
name of stationary points, A fuller discussion of the different 
classes of cusps will be given in a subsequent place. We 
shall conclude this chapter with a few remarks on the multiple 
points of curves whose equations are given in polar co-ordi- 
nates. 

Examples. 

m 

1. (y - x^Y = x^. 
Here the origin is a cusp ; also 

y = x^±x^\ 

hence, when x is less than unity, both values of y are positive, and consequently 
the cusp is of the second species. 

2. Show that the origin is a double cusp in the curve 

«* + te* — fl-y = o. 
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216. multiple Points of Cunres in Polar Co-ordi- 
nates. — If a curve ref eired to polar co-ordinates pass through 
the origin, it is evident that the direction of the tangent at 
that point is found by making r = o in its equation ; in this 
case, if the equation of the curve reduce to f{&) = o, the 
resulting value of 6 gives the direction of the tangent in 
question. 

If the equation /(0) = o has two real roots in 0, less than tt, 
the origin is a double point, the tangents being determined 
by these values of B, 

If these values of 6 were equal, the origin would be a cusp ; 
and so on. 

In fact, it will be observed that the multiple points on 
algebraic curves have been discussed by reducing them to 
polar equations, so that the theory already given must apply 
to curves referred to polar, as well as to algebraic co-ordi- 
nates. 

It maybe remarked, however, that the order oi a multiple 
point cannot, generally, be determined imless with reference 
to Cartesian co-ordinates, in like manner as the degree of a 
curve in general is determined only by a similar reference. 

For example, in the equation 

r - a Qo^^B - b sin'^S, 
the tangents at the origin are determined by the equation 

tan = ± /-, and the origin would seem to be only a double 

point ; however, on transforming the equation to rectangular 
axes, it becomes 

(or^ + yy = (oar* - hy^f ; 

from which it appears that the origin is a multiple point of the 
fourth order, and the curve of the sixth degree. In fact, 
what is meant by the degree of a curve, or the multiplicity of 
a point, is the number of intersections of the curve with any 
right line, or the number of intersections which coincide for 
every line through such a point, and neither of these are at 
once evident unless the equation be expressed by line co-ordi- 
nates, such as Cartesian, or trilinear co-ordinates; whereas 
in polar co-ordinates one of the variables is a circular co- 
ordinate. 
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Examples. 

1. Detennine the tangents at the origin to the curve 

^ = a* (i - a^). Ans. ic + y = o, a?-y = o. 

2. Show that the curve 

«* - 3aa?y + y* = o 

touches the axes of co-ordinates at the origin. 

3. Find the nature of the origin on the curve 

X* - a«*y + Jy8 = o. 

4. Show that the origin is a conjugate point on the curve 

ay' — sfi + bx^ s=o 

when a and b have the same sign ; and a node, when they have opposite signs. 

5. Show that the origin is a conjugate point on the curve 

y2 («« - a^) = re*. 

6. Prove that the origin is a cusp on the curve 

(y - a;2)2 = x^. 

7. In the curve 

(y - ic2)2 = a:~, 

show that the origin is a cusp of the first or second species, according as n is 
< or > 4. 

8. Find the niunher and the nature of the singular points on the curve 

4r* + 4aa^ — 2ay? + ^^x^ - 3a*y* + 40* = o. 

9. Show that the points of intersection of the curve 

with the axes are cusps. 

10. Find the double points on the curve 

re* - ^^ + 4a2a;« - V^y^ + 24»y - a* - 4* = o. 
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11. Frove that the four tangents from the origin to the curve 

are represented by the equation 4M1 to = u"* 

12. Show that to a double point on any curve corresponds another doublo 
point, of the same kind, on the inverse curve with respect to any origin. 

13. Prove that the origin in the curve 

is a cusp of the second species. 

14. Show that the cardioid 

r = a (i + cos d) 

has a cusp at the origin. 

15. If the origin be situated on a curve, prove that its first pedal passes 
through the origin, and has a cusp at that point. 

16. Find the nature of the origin in the following curves : — 

r^ = flS sin 36, T^ = a^ sin ne, r = j- . 

oO + e 

17. Show that the origin is a conjugate point on the curve 

ic* - aip'y + axy^ + a^y* = o. 

18. If the inverse of a conic be taken, show that the ori^ is a double point 
on Hie inverse curve ; also that the point is a conjugate point for an ellipse, a 
cusp for a parabola, and a node for a hyperbola. 

19. Show that the condition that the cubiD 

xy'^ + ax^ + bx^ •{■ cx+d+ 2ey — o 
may have a double point is the same as the condition that the equation 

aa^ '\- hsfi -{■ esfi -^^ dx ^ e^ = o 

may have equal roots. 

20. In the inverse of a curve of the n^ degree, show that the origin is a 
multiple point of the n*^ order, and that the n timgents at that point are parallel 
to the asymptotes to the original curve. 
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CHAPTER XV. 

ENVELOPES. 

217. Method of Enirelopes. — If we suppose a series of 
difierent values given to a in the equation 

/(^, y^ a) = o, (i) 

then for each value we get a distinct curve, and the above 
equation may be regarded as representing an indefinite 
number of curves, each of which is determined when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter^ and the 
equation /(a?, t/, a) = o is said to represent a family of curves; 
a single determinate curve corresponding to each distinct 
value of a ; provided a enters into the equation in a rational 
fomi only. 

If now we regard a as varying continuously, and suppose 
the two curves 

taken, then the co-ordinates of their points of intersection 
satisfy each of these equations, and therefore also satisfy the 
equeition 

f{x, y, g -K Aa) -/(a?, y, a) _ 

Aa "^• 

> ow, in the limit, when Aa is infinitely small, the latter 
equa ion becomes 

'fe^ = o; (2) 

da 

and accordingly the points of intersection of two infinitely 
near curves of the system satisfy each of the equations (i) 
and (2). 
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The locus of the points of ultimate intersection for the 
entire system of curves represented by /(a?, y, a) = o, is ob- 
tained by eliminating a between the equations (i) and (2). 
This locus is called the envelope of the system, and it can be 
easily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
Pi to be the point of intersection of the first and second, and 
P2 that of the second and third, the line Pi P2 joins two infi- 
nitely near points on the envelope as well as on the inter- 
mediate of the three curves ; and hence is a tangent to each 
of these curves. 

This result appears also from analytical considerations, 
thus : — the direction of the tangent at the point a?, y, to the 
curve /(a?, y, a) = o, is given by the equation 

dx dydx ' 

in which a is considered a constant. 

Again, if the point a?, y be on the envelope, since then a 
is given in terms of x and y by equation (2), the direction of 
the tangent to the envelope is given by the equation 

df dfdy ^fda dady\_ 
dx dydx da\dx dydx) ' 

df df dy 
dx dy dx 

since -r- = o f or the point on the envelope. 

da 

fitl 

Consequently, the values of -j- are the same for the two 

curves at their common point, and hence they have a common 
tangent at that point. 

One or two elementary examples will help to illustrate 
this theory. 

The equation a? cos o + y sin a = jp, in which a is a variable 
parameter, represents a system of lines situated at the same 
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perpendicular distance p from the origin, and consequently 
all touching a circle. 

This result also follows from the preceding theory; for 
we have 

/{Xy y, a) = a: cos a + y sin a -p = O, 

- — y^ — • = - a;sin a + y COS a = o, 
da 

and, on eliminating a between these equations, we get 

a?' + y^ =^% 

which agrees with the result stated above. 
Again, to find the envelope of the line 

m 
a 

where a is a variable parameter. 

Here f(x, y, a) = y - ax =0, 

a 



df(x 



da a' S X 



Substituting this value for a, we get for the envelope 

y^ = /^mx, 

which represents a parabola. 

2 1 8. Sairelope of La^ + iHa + N= o. Suppose Z, M^ iV, 
to be known functions of x and y^ and a a parameter, then 

/(^> Vi a) = Lo? + iMa + iV'= o, 

-7- = iLa + 2M = o ; 
da 

accordingly, the envelope of the curve represented by the 
preceding expression is the curve 
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Hence, when Z, Jf, iV are linear functions in x and y, 
this envelope is a conic touching the lines i, If, and having 
M for the chord of contact. 

Conversely, the equation to any tangent to the conic 
LN = -3f * can be written in the form 

La^ + iMa + i\r = o,* 

where a is an arbitrary parameter. 

219. Viideteniiiiied multipliers applied to Eaire- 
lopes. — In many cases of envelopes the equation of the 
moving curve is given in the form 

/(^, y, o, /3) = Ci, (3) 

where the parameters a, j3 are connected by an equation of 
the form 

(a, /3) = C2. (4) 

In this case we may regard j3 in (3) as a function of a by 
reason of equation (4) ; hence, differentiating both equations, 
the points of intersection of two consecutive curves must 
satisfy the two following equations : 

da d^ da ' da dfi da 

c(f dl 

Consequently ^ = ^- 

da dfi 

If each of these fractions be equated to the undetermined 
quantity X, we get 

da da 

d^ ^dji 



* Salmon's Conies, Art 248. 
T 
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and the required envelope is obtained by eliminating a, /3, and 
X between these and the two given equations. 

The advantage of this method is especially found when 
the given equations are homogeneous fimotions in a and /3 ; 
for suppose them to be of the forms 

/(^, Vy o, (i) = Ci, (a, (i) = C2, 

where the former is homogeneous of the n^* degree, and the 
latter of the m**, in a and j3. Multiply the former equation 
in (5) by a, and the latter by j3, and add ; then, by Euler's 
theorem of Art. 102, we shall have 

nci = mc2\, orX = — -\ (6) 

by means of which value we can generally eliminate a and (i 
from our equations. 

Examples. 

I. To find the envelope of a line of given length (a) whose extremities moye 
along two fixed rectangular axes. 

Taking the given lines for axes of co-ordinates, we have the equations 





a fS 


Hence 


X y 


£rom which we get 


^ = ^^ 



.-. a=(a2a:)», i3=(aV)», 
and the required locus is represented by 

«* + y* = «•. 

2. To find the envelope of a system of concentric and coaxal ellipses of con- 
slant area. 

Here -_ + _-=i, a^ = c; 

hence -3 = ^/3, |3=Aa; .-.2x^=1, 

and the required envelope is the equilateral hyperbola 

zxy^e. 
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3. To find the envelope of all the normals to an ellipse. 
Here we have the equations 

fl^f _ j2| = «2 _ j2, and ^ + ^. = I, 
where a and iS are the co-ordinates of any point on the ellipse. 
Hence, -^ = x-. ^ = -x^; 

consequently A. = a* - i*, 

and we get a^x = {cfi '-V^)a?, ^=: - (a* - i»)i8»; 

-- ( ^^ V 5 / ^y \* 

Substituting in the equation of the ellipse, we get for the required enyelopd, 

(ac)»+(W=(«*-^)*- 
This equation represents the evoluU of the ellipse. 

X y 

4. Find the enyelope of the line - + ^ = i, where a and iS are connected by 

a p 

the equation 

m mm 

o» + i3"* = c«. Ana. «^^ + yw^= c«^. 



220. The preoeding method can be readily extended to the 
general case m which the equation of the enveloping curve 
contains any number, n^ of variable parameters, wmch are 
connected hj n - i independent equations. The method of 
procedure is the same as that already considered in Chapter 
XI. on maxima and minima, and does not require a separate 
investigation here. 



t 



T 2 



276 Examples, 



EXAHPLES. 

Mm MM 

I. Prove that the enyelope of the system of lines - + ~ = i, inrhere I and m 
are connected by the equation - + -r =" i» is the parabola 



©'* (!)'=■• 



2. One angle of a triangle is fixed in position, find the envelope of the 
opposite side when the area is given. Ans, A hyperbola. 

3. Find the envelope of a right line when the sum of the squares of the 
perpendiculars on it from two given points is constant. 

4. Find the envelope of a right line, when the rectangle under the perpen- 
diculars from two given points is constant. 

Ans, A conic having the two points as foci. 

5. From a point P on the hypothenuse of a right-angled triangle, perpen- 
dicTjJars FM, FN are drawn to the sides ; find the envelope of the Ime JOT. 

6. Find the envelope of the system of circles whose diameters are the chords 
drawn parallel to the axis-minor of a given ellipse. 

7. Find the envelope of the circle 

a?* + y' — 2aex + a'— i* = O, 

where a is an arbitrary parameter ; and find when the contact between the 
circle and the envelope is real, and when imaginary. 

(a). Show from this example that the focus of an ellipse may be regarded as 
an infinitely small circle having double contact with the ellipse, the directrix 
being the chord joining the points of contact! 

8. Show that the envelope of the system of conies 

a a — h 
where a is a variable parameter, is represented by the equation 

(x ± \/A)2 + y2 = o. 

Hence show that a system of conies having the same foci may be regarded 
aa inscribed in the same imaginary quadrilateral. 

9. Find the envelope of the line 

where the parameters a and fi are connected by the equation 
a" + iB" = b^, 

n 
n n 
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10. On any radius vector of a curve as diameter a circle is described: prove 
geometrically that the envelope of all such circles is the first pedal of the curve 
with respect to the origin. 

11. If circles be described on the focal radii veetores of a conic as diameters, 
prove that their enyelope is the circle described on the axis major of the conic as 
diameter. 

12. Prove that the envelope of the circles described on the central radii of an 
ellipse as diameters is a Lemniscate. 

23. Find the envelope of semicircles described on the radii of the curve 

fw = a»» cos nB 
as diameters. 

14. If perpendiculars be drawn at each point on a curve to the radii veetores 
drawn from a given point, prove that their envelope is the reciprocal polar of 
the inverse of the given curve, with respect to the given point. 

15. Find the envelope of a circle whose centre moves along the circum- 
fierence of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and having the 
sum of their semiaxes constant ; find their envelope. 

17. Find the equation of the envelope of the line A;^ + /uy + y = o, where 
the parameters are connected by the equation 

aA» + bjj? + cv* + 2ffi.v + 2gvK + 2AA/* = O. 



Ans. 



fl. 


^ 


9y 


X 


A, 


h 


/, 


y 


9* 


/, 


<?, 


I 


«, 


y» 


I, 






= 0. 



18. At any point of a parabola a line is drawn making with the tangent an 
angle equal to the angle between the tangent and the ordinate at the point ; 
prove Uiat the envelope of the line is the first negative pedal, with regard to tiie 

focus, of the parabola ; and hence that its equation is ri cos- = oi, the focus 

3 
being pole. 

N.B. — This curve is the eaustie by reflexion for rays perpendicular to the 
axis of the parabola. 

19. Join the centre, 0, of an equilateral hyperbola to any point, P, on the 
curve, and at F draw a line, PQ, making with the tangent an angle e^ual to the 
angle between OP and the tangent. Show that the envelope of PQ is the first 
negative pedal of the curve 

r2 = 2a' sin- d sin -d, 
3 3 

the centre being pole, and axis minor prime vector, 

N.B. — This gives the caustic by reflexion of the equilateral hyperbola, the 
centre being the radiant point. 

20. A right line revolves with a uniform angular velocity, while one of its 
points moves uniformly along a fixed right line ; find its envelope. 

Ans. A cycloid. 
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CHAPTEE XVI. 



coNVBxrrY and concavity, points of inflexion. 

221. ConTexity and ConcaTity. — If tlie tangent be 
drawn at any point on a curve, the neighbouring portion of 
the curve generally lies altogether on one side of the tangent, 
and is convex with respect to all points lying at the opposite 
side of that line, and concave for points at the same side. 

Thus, in the accompanying figure, the portion QPQ[ is 
convex towards all points 
lying below the tangent, and 
concave for points above. 

n the curve be referred 
to the co-ordinate axes OX 
and OTj then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of the points on 
the tangent corresponding to ^ ^* ^^* 

the same abscissae, the curve is said to be concave towards 
the positive direction of F. 

Now, suppose p = ip{ic) to be the equation of the curve, 
then that of the tangent at a point x, y, by Art. i68, is 

Let P be the point Xy y, and MN" = h = MN\ QN = yi, 
TN = Fi, and we have 




.*. yi - Fi = 



Fi = y + h^'{x) = <tt(x) + h<t/{x) ; 



I . 2 



fix) + 



1.2.3 



^"'(«) + &0. 



(0 
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When h is very small, the sign of the right-hand side of 
this equation is the same in general as that of its first term, 
and accordingly the sign of yi - Zi, or of QT, is the same as 
that of 0"(^)- 

Hence, for a point above the axis of x, the curve is convex 
towards that axis when ii^\x) is positive, and concave when 
negative. 

We accordingly see that the convexity or concavity at any 

point depends on the sign of i/'{x) or -7^, at the point. 

222. Points of Inflexion. — If, however, (t/\x) = o at 
the point P, we shall have 

yx - F, = ^-^ i>''\x) + /'^ 4>'-{x) + &o. (2) 



1.2.3 



1.2.3.4 




N M N' 



Now, provided 0'^'(a?) be not zero, pi - Yi changes its sign 

with h, i.e. if MN'^MN^ h, 

and if Q lies above T, the 

corresponding point Q' lies 

below T\ and the portions of 

the curve near to P lie at 

opposite sides of the tangent, 

as in the figure. 

Consequently, the tangent 
at such a point cuts the curve, 
as well as touches it, at its ^ig- ^8. 

point of contact. Such points on a curve are called points of 
inflexion. 

Again, if ^'''(a?) as well as <tt'\x) vanish at the point P, we 
shall have 

A* 

yi - Fi = ^^^(o?) + &c. ; 

and, provided ij^^^{x) be not zero at the point, yi - Fi does not 
change sign with A, and accordingly the tangent does not 
intersect the curve at its point of contact. 

Generally, the tangent does or does not cut the curve at 
its point of contact, according as the first derived fimction 
which does not vanish is of an odd, or of an even order ; as 
can be easily seen by the preceding method. 
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^ From the foregoing discussion it follows that at a point 
of inflexion the curve changes from convex to concave with 
respect to the axis of ccy or conversely. 

On this account such points are called points of contrary 
flextire or of inflexion, 

223 The subject of inflexion admits also of being treated 
by the method of Art. 196, as follows : — The points of in- 
tersection of the line y = fix -\- v with the curve y = <^{x) are 
evidently determined by the equation 

0(a?) = ^ + 1;. (3) 

Suppose -4, By Cj 2), &c., to represent the points of section in 

question, and let Xi^ X2y,.,Xn 

be the roots of equation (3) ; - j^ ^ "^^T" — ^c^ ^v 

then the line becomes a /p ^ >w 

tangent, if two of these ^ 

roots are equal, i.e., if ^^g- *9- 

^'(iPi) = fly where x^ denotes the value of x belonging to the 
point of contact. . 

Again, three of the roots become equal if we have in 
addition ^"(jTi) = o ; in this case the tangent meets the curve 
in three consecutive points, and evidently cuts the curve at its 
point of contact ; for in our figure the portions PA and CD 
of the curve lie at opposite sides of the cutting line, but 
when the points -4, By C become coincident, the portions AB 
and BC become evanescent, and the curve is evidentiy cut as 
well as touched by the line. 

In like manner, if ^"'(iPi) also vanish, the tangent must 
be regarded as cutting the curve in four consecutive points : 
such a point is called b, point of undulation. 

It may be observed, that if a right line cut a continuous 
branch of a curve in three points. Ay By C, as in our figure, 
the curve must change from convex to concave, or conversely, 
between tlie extreme points A and (7, and consequently it 
must have a point of inflexion between these points ; and so 
on for additional points of section. 

Again, the tangent to a curve of the w'* degree at a point of 
inflexion cannot intersect the curve in more than n - ^ other 
points: for the point of inflexion counts for three among 
thepoiniQ of section. For example, the tangent to a curve 
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of the third degree at a point of inflexion cannot meet the 
curve in any other point. Consequently, if a point of in- 
flexion on a cubic be taken as origin, and the tangent at it 
as axis of Xj the equation of the curve must be of the form 

x^ ■¥y(^ = o, 

where ^ represents an expression of the second and lower 
degrees in x and y. For, when y = o, the three roots of the 
resulting equation in x must be each zero, as the axis of x 
meets the curve in three points coincident with the origin. 
The preceding equation is of the form 

Us ■¥ U2 -h Ui = o, 

or, when written in f uU, 

x^ + y{ax^ + ihxy + hy^) + y{2gx + 2^^ + c) ■» o. (4) 

Now, supposing tangents drawn from the origin to the 
curve, their points of contact, by Art. 176, lie on the curve 

Ui + 2Ui = o, 

i. e. on the curve 

{gx ^rfy + c) y = o. 

The factor y ^o corresponds to the tangent at the point 
of inflexion, and the other factor ^a? + ^ + c = o passes 
through the points of contact of the three other tangents to 
the curve. 

Hence, we infer that from a 'point of inflexion on a cubic 
but three tangents can be drawn to the curve, and their three 
points of contact lie in a right line. 

It can be shown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 

Ar^ -h Br -h C = o. 

If r\ r" be the roots of this quadratic, we have 

I £ .B 
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Now, if p be the harmonic mean between / and /', this 
gives 

2 _ I I _ jB _ 2/7 cos + 2/ sin 
p r r C c 

Hence the equation of the locus of the extremities of the 
harmonic means is 

gx-hfy -h c = o. Q.JE.D. 

This theorem is due to Maclaurin {De Lin. Geom. Prop. 
Gen.y Sec. in. Prop. 9). 

From this property the line is called the harmonic polar of 
the point of inflexion. This line holds a fundamental place 
in the general theory of cubics.* 

224. Stationary Tangents. — Since the tangent at a 
point of inflexion may be regarded as meeting the curve in 
three consecutive points, it follows that at such a point the 
tangent does not alter its position as its point of contact 
passes to the consecutive point, and hence the tangent in this 
case is called a stationary tangent. 

The equation -^ = o follows immediately from the last 

ax 

consideration; for when the tangent is stationary we must 
have -^=0, where 0, as in Art. 171, denotes the angle 

which the tangent makes with the axis of x ; but tan = ^> 

hence -r-| = o, which is the same condition for a point of 
axr 

inflexion as that before arrived at. 



* Chasles, Apergu Sistorigue, note xx. ; Salmon's S%g?ier Flane Curves^ 
Art. 179. 
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Examples. 

1. Show that the origin is a point of inflexion on the curve 

«3y = hxy + ftc' + dx*, 

2. The origin is a point of inflexion on the cubic M3 + t«i = o ? 

3. In the curve a'^'^y — s^f 

prove that the origin is a point of inflexion if m be greater than 2. 

4. In the system of curves 

find under what circumstances the origin is (a) a point of inflexion, (b) a cusp. 

5. Find the co-ordinates of the point of inflexion on the curve 

x^ — 2bx^ + «^y = o. Ans. x = b,i/ = — . 

6. If a curve of an odd degree has a centre, prove that it is a point of 
inflexion on the curve. 

7. Prove that the origin is a point of undulation on the curve 

«i + «4 + «6 + &c., + «» = o. 

8. Show that the points of inflexion on curves referred to polar co-ordinatea 
are determined by aid of the equation 

d^u I 

w + -r;:r = o, wherew = -. 
dO^ r 

9. In the curve r6*** = 0, prove that there is a point of inflexion when 

e=\^m (i -*»). 

X 

10. In the curve y = sin -, prove that the points in which the curve 

a 

meets the axis of x are all points of inflexion. 

11. Show geometrically that to a node on any curve corresponds a line 
touching its reciprocal polar in two distinct points ; and to a cusp corresponds a 
point of infleidon. 
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12. If the origin be a point of inflexion on the cnrve 

«i + «2 + «3 + . . . + «n = o, 
prove that uz must contain vi as a factor. 

13. Show that the points of inflexion of the cubical parabola 

y2 = (a? ^a)» («-*)' 
lie on the line 

3a; + fl = 4 J : 

and hence prove that if the cubic has a node, it has no real point of inflexion ; 
but if it has a conjugate point, it has two real points of inflexion, besides that 
at infinity. 

14. Prove that the points of inflexion on the curve y^ = aj'(a:* + 2px + q) 
are determined by the equation ix^ -f 6px^ + 3 (i?* + y) a; + 2pq = o. 

15. If y' = /(a?) be the equation of a curve, prove that the abscissae of its 
points of inflexion satisfy the equation 

{/'(*;}" = »/{«)./'(«). 

16. Show that the maximum and minimum ordinates of the curve 

y=2/(*)/"W -{/(*)}» 

•correspond to the points of intersection of the curve y^ =f(x) with the axis 
of «. 

17. When y' =f(^) represents a cubic, prove that the biquadratic in x 
which determines its points of inflexion has one, and but one, pair of real roots. 
Prove also that the lesser of these roots corresponds to no real point of inflexion, 
while the greater corresponds, in general, to two. 

1 8. Prove that the point of inflexion of the cubic 

«y® + Sbxt/^ + 3<Ja;2y + eir^ + 3^0:' = o 
lies in the right line ay •{■ bx = o, and has for its co-ordinates 

x = - — , andy=— , 

where G is the same as in Example 32, p. 190. 

19. Find the nature of the double point of the curve 

y^={x-2y(x-s), 

and show that the curve has two real points of inflexion, and that they subtend 
a right angle at the double point. 

20. The co-ordinates of a point on a curve are given in terms of an angle $ 
by the equations 

X = sec^ $, y = tan aec^O; 

prove that there are two finite points of inflexion on the curve, and find the 
rdluea of at these points. 
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OHAPTEE XVn. 

RADIOS OF CURVATURE. EVOLUTES. CONTACT. RADII OF 
CURVATURE AT A DOUBLE POINT. 

225. Cunrature. Angle of Contiiigeiice. — ^Every con* 
tinuous curve is regarded as having a determinate curvature 
at each point, this curvature being greater or less according 
as the curve deviates more or less rapidly from the tangent at 
the point. 

The total curvature of an arc of a plane curve is measured 
by the angle through which it is bent between its extremities — 
that is, by the external angle between the tangents at these 
points, assuming that the arc in question has no point of in- 
flexion on it. This angle is called the angle of contingence of 
the arc. 

The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of 
different circles, let the arcs AB 
and ab of two circles be of equal 
length, then the total curvatures 
of these arcs are measured by the 
angles between their tangents, or 
by the angles ACB and acb at p. 

their centres : but ^^' ^°* 

. ^„ - arc AB arc ab 11 

lACB: Lacb = — 77^: = -77s"—* 

AG ao AC ac 

Consequently, the curvatures of the two circles are to each 
other inversely as their radii; or the curvature of a circle 
varies inversely as its radius. 

Also if As represent any arc of a circle of radius r, and 
A0 the angle between the tangents at its extremities, we have 

As 
/• = -—. 
A0 
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The cnrvature of a curve at any point is found by deter- 
mining the circle which has the same curvature as that of an 
indefinitely small elementary arc of the curve taken at the 
point. 

226. Radius of Currature. — Let ds denote an infi- 
nitely small element of a curve at a point, d<p the corresponding 

ds 
angle of contingenoe expressed in circular measure, then — 

evidently represents the radius of the circle which has the 
same curvature as that of the given curve at the point. 

This radius is called the radius of curvature for the point, 
and is usually denoted by the letter p. 

To find an expression for f), let the curve be referred to 
rectangular axes, and suppose x and ^ to be the co-ordinates 
of the point in question ; then if ^ denote' the angle which the 
tangent makes with the axis of a;, we have 

dy ^.tan0 d^y 

, d6 d^y 

^ >£ = ^- 

. . d6 dtlidx ^d6 ^^d^y 

ds da? dx^ 

At a point of inflexion ^4 = ^ : accordingly the radius of 
* dar 

curvature at such a point is infinite : this is otherwise evident 
since the tangent in this case meets the curve in three conse- 
cutive points. (Art. 222.) 

Again, as the expression ( i + y-r) \ kas always two 
valnea, the one positive and the other negative, while the 
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curve can have in general but one definite circle of curvature 
at any point, it is necessary to agree upon which sign is to be 
taken. We shall adopt the positive sign, and regard p as 

being positive when -7^ is positive ; i. e. when the curve is 

convex at the point with respect to the axis of x, 

22"], Otber Expressions for p. — It is easy to obtain 
other forms of expression for the radius of curvature ; thus 
by Art. 178 we have 

dx . dy 

Hence, if the arc be regarded as the independent variable, we 
get 

d4t d^x d6 d^y 



(2) 



from which, if we square and add, we obtain 

p" \ds) \dsy \dsy' 

Again, the equations dx = cos 0(fo, dy = sin ^ds^ 

ds 

give by differentiation (substituting — for e?^), 

(dsY (dsY 

d^x = cos (t>d^s - sin 0^-^, d^y = sin (jid^s + cos ^—^. (3) 

Whence, squaring and adding, we obtain 

(day 



{cPxy + {(PyY = (<r«)' + 



.» ' 
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Again, if the former equation in (3) be multiplied by 
sin 0, and the latter by cos 0, we obtain on subtraction, 

COS <t>d^i/ - sin ^d^x = — , or dxd^p - d/yd'^x = — . 

9 9 

°"^^ ^ = dxd^y - dyd^x (5) 

The independent variable is undetermined in formulsB (4) 
and (5), and may be any quantity of which both x and y are 
functions. 

For example, in the motion of a particle along a curve, 
when the time is taken as the independent variable, we get 
from (4) an important result in Mechanics. 



Examples. 

1. To find the radius of CTurature at any point on the parabola x^ = 4i»y. 

_, dy d^y fdy\^ «' y 

Here im/^ar, 2OTt^=i, i+(/)=i+ — 5=1+-; 

dx dx^ \dx/ 4w2 m 

••'' = — 75 

2. Find the radius of curvature in the catenary 



y 



Hence the radius of curvature is equal to the part of the normal intercepted 
hy the axis of x, but measured in the opposite direction (Ex. 4, Art. 171). 

3. In the cubical parabola $a^y = sfi, we have 






General Expression for Radius of Curvature. 289 

4. To find the radius of curvature in the ellipse — + ?- = i. 
Let a; = cos ^, then y — h &m <[>, and we have 

dx = - a sin <l>d<p, d'x = - a cos <f>d<f>^ — a sin (f>d^<l), 

dy = b cos <^d<p^ d^y=-b sin ^ef^^ + ^ cos ^d'^. 

Hence by formula (5) we obtain 

(a^sins^ + i^cos'^)! 
^ = ab • 

5. In the hypocycloid a:! + y* = «t, let a; = a cos^^, then y = a sin'^, and re- 
garding ^ as the independent variable, we have 

dx = - ^a cos^^ sin <f>d<i>, d^x = 3a cos ^ efl^ (2 sin^^ — cos'^), 

dy = ^a Bin?(f> cos ^ef^, d'y = 3a sin ^ d^ (2 cos' ^ — sin^ <f>), 

whence 
(rfia;* + dy^)i = 3a sin^ cos ^«f^, and dxd^y - <^(^x = - ^a^ sin'^ GO^^d^^ 

from which we obtain 

p = - 3 (tfa:y)l. 

6. Find the radius of curvature at any point of the curve 



V 



= secf-]. Ana, p ^ a %Q(i {-\ 



22S. C^eneral Expression for Radius of Curra* 
tare. — The value of p becomes usually difficult of detenni- 
nation from formula (i) whenever t/is not given explicitly in 
terms of Xy that is, when the equation of the curve is of the 
form 

We proceed to show how the equation f or p is to be trans- 
formed in this case. Suppose 

du _ du _ ^ d^u _ J d^u ^ d^u _ ^ 
Tx^-^' d^"^' ^"^' ^"^^ ^^ ' 

then, by Art. loo, we have 

dx 
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Again, differentiating this equation with respect to a?, 
regarding ^ as a function of ^ in consequence of the given 
equation, and observing that 

d .^.^dL dLdy d ..^^^^dM dMdy 
dx ^ dx dy da^ dx^ ' dx dy dx^ 

we obtain 

dL dLdy fdM dMdy\dy ^^'y _ 
dx dy dx \dx dy dx) dx da? ' 

^..B|.cg..fS = o, (6) 

whence, on substituting - -^ for -^, we obtain 

JjSL dx 

d^ ^ AJin - 2BLM + Cr 
da?' Jf» 

Consequently 

(X' + ]lP)i . . 

^ " * AM^ - 2BLM + CU' ^'^' 

Or, on replaoing L, M, A, JB, C, by their values, 

IfduV /duY)i ■ 

P = ± 



d^ufdu\^ d^u dudu d^u /duV 
dx^ \dyj dxdy dx dy dy^ \dxj 



The result in (6) enables us to determine the second diffe- 
rential coefficient of an implicit fimction in general; a process 
which is sometimes required in analysis. 

22g. Tlie Centre of Carvature is tlie point of 
intersection of two Consecutive IVormals. — We shall 
next proceed to consider the subject from a geometrical 
point of view. 

As a circle which passes through two infinitely near 
points on a curve is said to have contact of the first order with 
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the curve, so the circle which passes through three infinitely 
near points on a curve is said to have contact of the second 
order with it, and is called the circle of curvature, or the 
osculating circle at the point. 

Again, the centre of the circle which passes through 
three points, P, Q, i?, is the intersection of the perpendicu- 
lars drawn at the middle points of PQ and. QR ; but when 
P, Q, R become infinitely near points on a curve, the per- 
pendiculars become normals, and the centre of the circle 
becomes the limiting position of the intersection of two infinitely 
near normals to the curve, (Compare Art. 37, note.) 

ds 
From this it is easily seen that we obtain — for the length 

of the radius of the circle in the limit, as before. 

230. Hrewton's method of inTestigating Radii of 
Curvature. — When the equation of the curve is algebraic 
and rational it is easy to obtain an 
expression for its radius of curvature* 
at any point. 

For, take the origin at the 
point, and the tangent and normal 
for co-ordinate axes; let P be a 
point on the curve near to 0, and 
describe a circle through P and 
touching the axis of x\ draw PN 
perpendicular to OX and produce 
it to meet the circle in Q ; then we have 

ON^^PN.NQ. . 

Hence, if x and y be the co-ordinates of P, we get 




NQ^ 



OIP ^x" 
PN^ y' 



But when P is infinitely near to 0, NQ becomes 02), the 



♦ This method of finding the radius of curvature is indicated by Newton 
{Principia, Lib. I., Sect, i., Letnma zi.), and has been adopted in a more or less 
modified form by many subsequent writers. 

U 2 
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diameter of the circle of curvature, and if p be its radius, we 
have 

2p = limit of — when w is infinitely small. 

Again, since the axis of x is the tangent at the origin, 
the equation of the curve, by Art. 208, is of the form 

biy = CoO^ + 2CiXi/ + c^ + terms of the third and higher degrees 

= c^ + icxxy + c^^ + 1/3 + t/4 + &o. (9) 

On dividing by y we obtain 

61 = Co — + 2CxX + Cay + — + &0. 

y y 

Again, when x is infinitely small, — becomes 2p, and 

y 
each* of the other terms at the right-hand side becomes infi- 
nitely small ; hence 

Thus, for example, the radius of curvature at the origin in 
the curve 

ty = 20^ + ^xy - 4y* + (x? 

is -, the axes being rectangular. 



* We have assumed above that the terms — , — , &c., become eyanesoent 

y y 

along with x ; this can be readily established as follows : — 
Let uz-oj^-\- fix^y + yxy'* + Zy^, 

then — = a- + i8a;2 + yxy + 8y* ; 

each of the terms after the first vanishes with x. while the first becomes a —x^ 

y 

or 2apXy which also vanishes wither, when p is finite. 
Similar reasoning is applicable to the terms, — , &c. 
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From the preceding it follows that when the axis of a? is 
a tangent at the origin, the length of the radius of curvature 
at that point is independent of all the coefficients except 
those of y and a^. 

231. Ca«e of Oblique Axes. — If the co-ordinate axes 
be oblique, and intersect at an angle cu, then PQ no longer 
passes through the centre of the circle in the limit, but be- 
comes the chord of the circle of curvature which makes the 
angle w with the tangent ; accordingly, we have in this case 

• \yxT tO • .- -• ,. 

2p sm 01 = -=n^ = — , in the limit. 
PN y 

Hence, in the case of oblique axes, we have 

p smoi = — . (10) 

2Cq 

If 61 and Co have opposite signs, p is negative ; this 
indicates that the centre of curvature lies below the axis of a?, 
towards the negative side of the axis of y. 

The preceding results show that the radius of curvature 
at the origin is the same as that of the parabola, biy = CoO^y at 
the same point ; and also that the system of curves obtained 
by varying all the coefficients in (9), except those of y and 
x^, have the same osculating circle, in oblique as well as in 
rectangular co-ordinates. 

Again, as in Art. 223, the osculating circle, since it meets 
the curve in three consecutive points, cuts the curve at the 
point, in general, as well as touches it. 

If Co = o in the equation of the curve, and 61 be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of inflexion. This is also evident from the form of the 
equation, since the axis of x meets the curve in this case in 
three consecutive points. 

232. In general, the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 

2l)^iX + 2biy = CeX^ + 2CiXy + C2y^ + W3 + &c. 
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Here hx + biy = o is the equation of the tangent at the 
origin ; and the length of the perpendicular PN from the 
point {x^ y) on this tangent is 

hoX ■{■ bif/ 



y V + ^i' 



Also, OP^^x'^ y\ and 0P^ = 2p. PN in the limit. 

Accordingly, we have, when x and y are infinitely small^ 

I 2PN' iIqX + 2hiy 



9 OP^ {x^ + y^)y/b^Th} 

__ c^3? + icixy + gg/ Uz o 

~ {x' + f)ybJTh} {x' + f)yb^Tb?^ 

(since the point Xy y is on the curve). 

Affain, the terms contained in „ ^ « , &c., become evanes* 

cent in the limit, as before {see note. Art. 230). 
Hence we have 

I _ CQor + 2Ciiry + c^y^ x \Xj 

But for points infinitely near the origin we have 

1/ h 
h^ + Jiy = o, or - = - 7^. 

X Oi 

Substituting this value instead of - in the preceding equation^ 

X 

it becomes 

The student will find no difficulty in showing the identity 
of this result with that given in (7). 
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233. Radii of Currature of InTerse Curves. — ^It 

may be convenient to state here that if two curves be inverse 
to each other with respect to any origin, their osculating circles 
at two inverse points are also inverse to each other with respect 
to the same origin. 

This property is evident geometrically from the con- 
sideration that a circle is determined when three points on 
it are given. 

Again, since the centres of the two inverse circles are 
in directum with the origin, we can construct the centre of 
curvature at any point on a curve, when that for the cor- 
responding point on the inverse curve is known. 

Also, if the osculating circle at aiJy point on a curve 
pass through the origin, the corresponding point is a point of 
inflexion on the inverse curve. 

We shall next proceed to establish anotflfer expression for 
the radius of curvature, which is of extensive application in 
curves referred to polar co-ordinates. 

234. Radius of Curvature in terms of r and p, — 
Let FN and PC be the tangent 
and normal at any point P on a 
curve, P^N' and FC those at 
the infinitely near point P', then 
C is the centre of curvature cor- 
responding to the point P. Let 
be the origin. 

Join OC, and let OC = 8, 
OF = r, OF ^ /, ON - i?, 
ON' =/, CP=CF= p; then 
we have p.^ ^.^ 

OC ^OF^CF^ 2OP.CP.00BOPO, 

or 8* = r^ + /o' - 2pp. 

In like manner we have 

8^ = r' + p^- 2pp\ 
Subtracting, we get 

/* - r* = 2p(p' -p)y or — 




2/t> 



p -p r + r 
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Hence we have 

dr p dr , ^ 

This formula can also be deduced immediately from Art. 
193 : thus 

dvj ds dvj ds drds rfr* 

dp dr 

235. Chord of Currature through the Origin. — 

Let 7 denote half the intercept made on the line OP by the 
circle of curvature, and we evidently have 

7 = ^ sin OPN^p^ ^pj^. (13) 

This and the preceding formula are of importance when- 
ever we can express the equation of the curve in terms of the 
lines represented by r and^. 

Their use will be illustrated by the following elementary 
examples : — 

Examples. 

1. To find the radius of curvature at any point on a parabola. 

Taking the focus as pole, the equation of the curve in terms of r and p 
evidently is ^ = 2/»r. 

_ dr pr /2>*3\i , dr p^ 

Hence p = r-— = — = ( — j ; also, 7 =i?T- = — = ir. 

dp m \fn I dp m 

2. To find the radius of curvature in an ellipse. 
Taking the centre as origin, the equation of the curve is 

p^ 
dr a^W- 



/^ = ''3Z = 



dp p^ 

3. To find the radius of curvature in the Lemniscate. 
Here, by Ex. 3, Art. 190, we have r^ = a'j? ; 

. ', 3r2 — = a^; hence P = — ; also, 7 = -. 
dp Zr 3 



EooluUa and Inmlutes. 



In Ibis ce 



5. To find the radius of curTature at any poini 
Hece r"'' = o"p, by Art. !■ 



Tbie result furnishes a aimple geometrical method of findiog 
VBture in all curves included under this equation. 

236. To prove that /) =p + -T^, 



same Bignifioatiou as i 
becomes 



If p and ti> have the 
the formula of that Art. 



''-z,-^* 



(.4) 



ESAUPLEa. 

1. In a central ellipse prove that 

p = -y <^ coe'» + f sin'tr, 
and hence deduce an expression for the radius of curvatnre at any point on tiie 
I. In a parabola referred to ita focus as pole, prore thatp =»> seov, and 

237. EvolDleg and Involutes. — If the centre of cur- 
vature for each point on a etirve be 
taken, we get a new curve called the 
evolute of the original one. Also, the 
original curve, when considered with 
respect to ita evolute, is oaUed an in- 
volute. 

To investigate the connexion be- 
tween these curves, let Pi, Ps, Pa, &c,, 
represent a series of infinitely near 
points on a curve; C,, Ct, d, &c., the 
corresponding centres of curvature, 
then the lines P.C,, P»Ci, P,ft, &o., 
are normals to the curve, and the lines 
CiC,.C,ft,C.C„&c.,mayheregardedin 
the limit as consecutive elements of th^ evolute; also, since 




r%- 3J. 
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each of the normals Pi(7i, P2C2, PzCzy &c., passes through two 
consecutive points on the evolute, they are tangents to that 
curve in the limit. 

Again, if pi, pzy p3, piy &c., denote the lengths of the radii 
of curvature at the points Pi, P2, P3, Pi, &c., we have 

pi = Pi(7i, (02 = Paft, p3 = PsCi, pi = PiC'a, &c. ; 

•*• f>l — ^2 = P\(^\ — P2C/2 = P2C1 — JPiCz = C/1C25 

also p2- P3= CiCzi pz- pi= C3C4, . . . /t)»-i - Pn = Cn-\Cn \ 

hence by addition we have 

This result still holds when the number n is increased 
indefinitely, and we infer that the length of any are of the 
evolute is equals in general^ to the difference between the radii of 
curvature at its extremities. 

It is evident that the curve may be generated from its 
evolute by the motion of the extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards 
imroUed ; in this case each point on the string will describe 
a different involute of the curve. 

The names evolute and involute are given in consequence 
of the preceding property. 

It follows, also, that while a curve has but one evolute, it 
can have an infinite number of involutes ; for we may regard 
each point on the stretched string as generating a separate 
involute. 

The curves described by two different points on the 
moving line are said to be parallel; each being got from the 
other by cutting off a constant length on its normal measured 
from the curve. 

22^^. £volutes regarded as diiTelopes. — ^From the 
preceding it also follows that the determination of the evolute 
of a curve is the same as the finding the envelope of all its 
normals. We have abeady, in Ex. 3, Art. 219, investigated 
the equation of the evolute of an ellipse from this point of 
view. 

239. Evolute of a Parabola. — ^We proceed to deter- 
mine the evolute of the parabola in the same manner. 
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Let the equation of the curve be y* = 2mXy then that of 
its normal at a point (a?, y) is 



m 



or 



y^ + 2my {m- X) - in^Y ^ o. 




The envelope of this line, where y is regarded as an arbi- 
trary parameter, is got by eliminating y between this equa- 
tion and its derived equation 

3y* + 2m (m - -X) = o. 

Accordingly, the equation of the 
required envelope is obtained by 

substituting = instead of y 

^ 2 m - X 

in the latter equation. 

Hence, we get for the required 

evolute, the semi-cubical parabola 

2ymY^ = 8 (Z - my. 

The form of this evolute is exhi- 
bited in the annexed figure, where 
V]!f=m = 2VF. ^ If P, P', repre- 
sent the points of intersection of the 
evolute with the curve, it is easily seen that 

Fif=4FiV'=4m. 

240. £Tolute of an Ellipse. — The form of the evolute of 
an ellipse, when e is greater 

than ^\/2, is exhibited in 
the accompanying figure ; 
the points M, Ny M\ N\ are 
evidently cusps on the curve, 
and are the centres of cur- ^ 
vature corresponding to the 
four vertices of the ellipse. 
In general, if a curve be 
symmetrical at both sides 
of a point on it, the oscu- 
lating circle cannot intersect Fig. j^. 



Fig. 34. 
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the curve at the point ; accordingly, the radius of curvature 
is a maximum or a minimum at such a point, and the corre- 
sponding point on the evolute is a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse, 
according as the point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asymptote to its evolute. 

241. CiTolute of an Equiangular Spiral. — We shall 
next consider the equiangular or logarithmic spiral, /• = «•, 

Let P and Q be two points 
on the curve, its pole, P(7, 
QCthe normals at P and Q; join 
OC. Then by the fundamental 
property of the curve (Art. 181), 
the angles OPC and OQO are 
equal, and consequently the four 
points, 0, P, Q, Cy lie on a circle : 
hence z QOC = z QPC] but in 
the limit when P and Q are coin- p. ^ 

cident, the angle QPC becomes ' - * 

a right angle, and C becomes the centre of curvature belong- 
ing to the point P ; hence POC also becomes a right angle, 
and the point C is immediately determined. 

Again, z OOP = z OQP; but, in the limit, the angle 
OQP is constant; .*. z OOP is also constant ; and since the 
line OP is a tangent to the evolute at 0, it follows that the 
tangent makes a constant angle with the radius vector 00. 
From this property it follows that the evolute in question is 
another logarithmic spiral. Again, as the constant angle is 
the same for the curve and for its evolute, it follows that the 
latter curve is the same spiral turned round through a known 

angle (whose circular measure is — logaM). 

241 (a). Involute of a Circle. — ^As an example of 
involutes, suppose APQ, to represent a portion of an involute 
of the circle BAO, whose centre is 0. Let 

OC = a, z OOA = 0, 

and OA the length of the string unrolled ; then 

OP =^0A = a(^. 
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Draw ON perpendicular to the tangent at P, and let 
ON = Py then we have 

Hence, since 

LBON=LCOA = ip, 

the pedal of the curve APQva a 
spiral of Archimedes. 
Also, since 

OP" = OC^ + CP, 
we have 




».2 _ *.2 



r^ = ^^ + flf , 



Fig- 37. 



which gives the equation to the involute of a circle" in terms 
of the co-ordinates r and p. 
Again, if AP = s, we have 



ds 
dtp 



= CP = aip; 



from which it is easily seen that 



8 = 



a<l>' 



2^2. Radius of Curvature, and Points of In* 
flexion, in Polar Co-ordinates. — We shall first find an 
expression for p in terms of u (the reciprocal of the radius 
vector) and 0, 

By Article 185 we have 



- «• ^ (S' 



P 



hence 



I dp _ d^u 



Also 



dr 



I du 



^ dp u^dp* 
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oonflequentiy p(« + g) = JL = j, + (^Jj? 



\' 



... I , du I dr 

Again, Binoe « = -, we have ^ = --^, 

d^_2_ fdrV 1 d^r 
^°^ dS' ~ r'\de)~?d^' 

This result can also be established in another manner, as 
follows : — 

On reference to the figure of Art. i8o, it is obvious that 
ijt^ + ^; where is the angle the tangent at P makes with 
the prime vector OX, 

__ d6 d\L d<t> ds d\L 

diL 

£_ ^ dO^^ 

' ' p ds ds 

dO 

dr d^r 

Again, denoting ^ and ^ by / and /', we have 

tan yp = —'9 and hence 



M ^r'^^r/' r'^-rr" 

^=cos;^-^=^^^^; 

d^ f» - rr" + 2/' , d» , , ,. 
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Hence, we get p = ^l^^.^\^r 



H. 



Or, replacing / and /' by their values, 

^ d^r fdrV 

Again, since p = 00 at a point of inflexion, we infer that 
the points of intersection of the curve represented by the 
equation 

d'r fdr^^ 



r* - r-TT^i + 21 -tt: 1 = o. 



with the original curve, determine in general its points of 
inflexion. 

In some cases the points of inflexion can be easier found 
by aid of (15), which gives, when p = 00, 

d^u 

Examples. 

1. Find the radius of curyature at any point in the Gfpiral of Archimedes, 

. (I + g«)l 
r = aO, Ana. a -=— . 

2. Find the radius of curyature of the logarithmic spiral r = a^. 

Ans. r(i + (log «)«)*. 

3. Find the points of inflexion on the curve 

9 
r = 20 — 1 1 cos 2$, Ans, cos 2$ = — . 

M 

4. Proye that the circle r = 10 intersects the curye 

r = II — 2 0085^ 
in its points of inflexion. 

5. Prove that the curve 

r:=a + bcoBne 

has no real points of inflexion unless a is > d and < (i + n^) 3* When a lies be- 
tween these limits, prove that all the points of inflexion lie on a circle ; and show 
how to determine the radius of the circle. 
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2^2 {a). Intrinsic Equation of a Cnrre. — In many 
cases the equation of a curve is most simply expressed in 
terms of the length, 5, of the curve, measured from a fixed 
point on it, and the angle, 0, through which it is bent, 
i.e. the angle of deviation of the tangent at any point from 
the tangent at the fixed point, taken as origin. These are 
styled the intrinsic elements of the curve by Dr. Whewell,* 
to whom this method of discussing curves is due. 

The relation between the length s and the deviation for 
any curve is called its intrinsic equation. 

If this relation be represented by the equation 

then if p be the radius of curvature at any point, we have 

■ % ■/-«• 

Also, if Si denote the length of the evolute, from Art. 237 
it is easily seen that the equation of the evolute is of the form 

Si =f'{<p) + const. 

From this it follows that the series of successive evolutes 
axe in this case easily determined by successive differentiation. 

The simplest case of an intrinsic equation is that of the 
circle, in which case we have 

s = atp. 

Again, from Art. 241 (a), the intrinsic equation of the 
involute of a circle is reducible to the form 

adi" 
s = -^. 
2 

We shall meet with further examples of intrinsic equa- 
tions subsequently. 

243. Contact of Different Orders. — As already 
stated, the tangent to a curve has a contact of the first order 
with the curve at its point of contact, and the osculating 
circle a contact of the second order. We now proceed to 
distinguish more fully the different orders of contact between 
two curves. 

* Cambridge Philosophical Transactions, Vols. yin. and ix. 
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Suppose the curves to be represented by the equations 

y^f{x), andy = 0(a?), 

and that Xx is the abscissa of a point common to both curves, 
then we have 

Again, substituting Xx + hy instead of a; in both equations, 
and supposing y^ and y% the corresponding ordinate^; of the 
two curves, we have 

yi =/(a;i + A) =/(a?i) + A/(a?i) + -— />i) + &o., 

A' 
^2 = (a?i + A) = (a?i) + A0'(a?i) + ^"(^0 + *^* 

Subtracting, we get 

y.-y^-^f{x,) -^'{x,)\ + -^ {/>i)-^'>.)) +&0. (17) 

Now, suppose /'(a?i) = 0'(^i)> ^^ that the curves have a 
common tangent at the point, tihen 

In this case the curves have a contact of the first order; 
and when A is small, the difference between the ordinates is 
a small quantity of the second order, and as ^i - ^a does not 
change sign with A, the curves do not cross each other at the 
point. 

If, in addition 

then y,'-y2 = -^— {/"(a?i) - 0"'(a?i) } + &c. 

I • 2 • 3 

In this case the difference between the ordinates is an in- 
jEuntely small magnitude of the third order when A is taken 
an infinitely small magnitude of the first; the curves are 
then said to have a contact of the second order^ and approach 
infinitely nearer to each other at the point of contact than in 

X 

4 
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the former case. Moreover, since yi - ^2 changes its sign 
with A, the curves cut each other at the point as well as toudi. 
If we have in addition /"'(:ci) = ^'"(iTi), the curves are 
said to have a contact of the third order: and, in general, if 
all the derived functions, up to the n'* inclusive, be the same 
for both curves when x = a?i, the curves have a contact of the 
w** order, and we have 

vi-y^- — — [P"''^ (^i) - ^^'•"^ (^i) } + &o. (i 8) 



n + I 



Also, if the contact be of an even order, n + i is odd, and 
consequently A***' changes its sign with A, and hence the curves 
cut eac other at their point of contact ; for whichever is the 
lower at one side of the point becomes the upper at the 
other side. 

If the curves have a contact of an odd order, they do not 
cut each other at their point of contact. 

From the preceding discussion the following results are 
immediately deduced : — 

( I ) . If two curves have a contact of the w** order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contact. 

(2). Two curves which have a contact of the w** order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the »**. 

(3). If any number of curves have a contact of the second 
order at a point, they have the same osculating circle at the 
point. 

244. Application to Circle. — ^It can be easily verified 
that the circle which has a contact of the second order with a 
curve at a point is the same as the osculating circle determined 
by the former method. 

For, let (Z-a)^ + (F-/3)' = iJ^' 

be the equation of a circle having contact of the second order 

at the point (a?, y) with a given curve ; then, by the preceding, 

dy d'^y 
the values of -r- and ^ must be the same for the circle and 

a>x doir 

for the curve at the point in question. 
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Differentiating the equation of the circle twice, and sub- 
stituting X and y for X and F, we get 

a,-a + (y-/3)J«0, (19) 

Hence y-^ = -5— ,a?- a = — J-— — ^1^; (21) 

This agrees with the expression for the radius of curvature 
found in Art. 226. 

The co-ordinates a, j3 of the centre of curvature can 
be found by aid of equations (21) ; and the equation of the 
e olute by the elimination of x and y between these equa- 
tions and that of the curve. 

In practice, the following equations are often more useful: 
thus, by differentiation with respect to x^ we get frOm (19), 

In like manner, from the equation 

dx 
(y-^) + (a!-«) — = 0, 



we obtam 



-^=^•^1(^1) <'^> 



245. Centre of Cnrrature, and fiTOlnte ofElUpse. 

'As an illustration, we shall apply these equatLona t^ 4&- 

X 2 
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termine the oo-ordinates of the centre of ourvaturey and the 
equation of the evolute of the ellipse 

TT dy V dx a« 

Hence y_ = -__(^_j =_____ 



= /I + 

In like manner, we have 



X 



df 6V 



Substituting in (22) and (23), we obtain for the co-ordinates 
of the centre of curvature 

Again, substituting the values of x and y given by these 

^ y^ 
equations, in the equation -5 + m " ^> ''^^ g®** ^^^ t^® equation 

of the evolute 

(aa)l + (i36)i = (a^ - 6^)1. 

246. It may be noticed that the osculating circle cuts the 
curve in general^ as well as touches it. This follows from 
Article 243, since the circle has a contact of the second order 
at the point. 

At the points of maximum and Tninimum curvature the 
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osculating circle has a contact of the third order with the 
curve ; for example, at any of the four vertices of an ellipse 
the osculating circle has a contact of the third order, and does 
not cut the curve at its point of contact (Art. 240). 

247. Osculatiiig CnrTes. — ^When the equation of a 
curve contains a number, w, of arbitrary coeflScients, we can 
in general determine their values so that the curve shall have 
a contact of the (n - i)** order with a given curve at a given 
point ; for the n arbitrary constants can be determined so 
that the n quantities 

dp d'^y dJ^^y 

shall be the same at the point in the proposed as in the 
given curve, and thus the curves will have a contact of the 
(n - i)^* order. 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
curve, as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains but 
three arbitrary constants, the osculating circle has a contact 
of the second order, and cannot, in general, have contact of a 
higher order; similarly, the osculating parabola has a contact 
of the third order ; and, since the general equation of a conic 
contains five arbitrary constants, the general osculating conic 
has a contact of the fourth order. In general, if the greatest 
number of constants which determine a curve of a given 
species be n, the osculating curve of that species has a contact 
of the {n - i)** order. 

248. Creometrical llefhod. — The subject of contact 
admits also of being considered in a geometrical point of view ; 
thus two curves have a contact of the first order, when they 
intersect in ttvo consecutive points; of the second, if they inter- 
sect in three; of the n*\ ii inn + i. For a simple investi- 
gation of the subject in this point of view the student is 
referred to Salmon's Conic Sections, Art. 239. 

249. Curvature at a Double Point. — We now pro- 
ceed to consider the method of finding the radii of curvature 
of the two branches of a curve at a double point. 
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In this case the ordinary formula (8) beoomes indetermi- 
nate, since 

du . du 

-7- = o, and -;- = o 
dx dy 

at a double point. The question admits, however, of being 
treated in a manner analogous to that already employed in 
Art. 230 : we commence with the case of a node. 

250. Radii of Carrature at a Itfode. — Suppose the 
origin transferred to the node, and the tangents to the two 
branches of the curve taken as co-ordinate axes, ci> represent- 
ing the angle between them. 

By Art. 210, the equation of the curve is in this ease of 
the form 

2hxy = ao:' + ^x^y + yxy^ + Sy' + «4 + &o. : 
dividing by a:y we obtain 

2h = a — + fix + yy -h S^ + — + &0. 
y '^ "^ X xy 

Now, let pi and pa be the radii of curvature at the origin 
for the branches of the curve which touch the axes of x and y, 
respectively; then, by Art. 231, we have 

2pi sin ft) = — , and 2p2 sin ft) = — , in the limit. 
'^ y ^ X 

Again, it can be readily seen, as in the note to Art. 230, 

St 

that the terms in — , &c., become evanescent along with x 

xy 

x^ y^ 
and y, and accordingly the limiting values of — and— can 

y ^ 

be separately found, as in the Article referred to. 
Hence we obtain 

* ^ ( ^ 

asmft) osmft) ^ ' 

Also, if a = o, we get pi = 00, and the corresponding 
branch of the curve has a point of inflexion at the origin* 
Similarly, if S = o, pa = 00. 
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If a = o, and 8 = 0, the origin is a point of inflexion on 
both branches. This appears also immediately from the 
consideration that in this case th contains tfj as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree, the origin is a point of 
i n flexion on both branches. Ar\ example of this is seen in 
the Lemniscate, Art. 210. 



EXAMPI^ES, 

1. Find the radii of curyature at the origin of the two branches of the curve 

ax^ — 2bxi/ + ^ = «* + y*, 

b b 
the axes being rectangular. An8, - and -. 

a e 

2. Find the radii of curvature at the origin in the curye 

Transforming the equation to the internal and external bisectors of the angle 
between the axes, it becomes 

4a«y \/2 = («-y)'; 
hence the radii of curyature are 2a ^/ 2 and — 2a v 2, respectiyely. 

251. Radii of Carratnre at a Cusp. — ^The preceding 
method fails when applied to a cusp, because the angle w 
vanishes in that case. It is easy, however, to supply an in- 
dependent investigation : for, if we take the tangent and 
normal at the cusp for the axes of x and y, respectively, the 
equation of the curve, by the method of Art. 210, maybe 
written in the form 

i/^ = ax!^ + fix^y + yiCj/^ + Sy^ + 1/4 + &c. (26) 

Now in this, as in every case, the curvature at the origin 
depends on the form of the portion of the curve indeflnitely 
near to that point ; consequently, in investigating this form 
we may neglect y^x^ y', &c., in comparison with y^ ; and aJ* 
a^yj &c., in comparison with ar*. 
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Acoordinglj, the onrvattire at the origin is the same, in 
general, as that of the cubic 

y* = oaj* + j3a?*y. (27) 

Dividing by ^, we get 

HencOi in immediate proximity to the origin, — be- 

comes very small, i. e. ^ is very small in comparison with x. 
Accordingly, the form of the curve near the origin is repre- 
sented l)y the equation 

From this we infer that the form of any algebraic curve 
near a cusp is, in general, a semi-cubical parabola {see Ex. 2, 
Art. 211). 

Again, since 

sc^ _x 
we have, by Art. 230, 

from which we see that p vanishes along with a?, and accord- 
ingly the radii of curvature are zero for hath branches at the 
origin. 

This result can also be arrived at by differentiation, by 
aid of formula (i). 

252. Case where the Coefficient ota^ is ^ranting. — 
Next, suppose that the term containing x^ disappears, or 
= 0, then the equation of the curve is of the form 

y^ = ^a^y + '^xy^ + ly^ + aV + &c. ; 

and proceeding as before, the curvature at the origin is the 
same as in the curve 

y^ = /3a?V + aV. (28) 
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The two branches of this curve aie determiiied by the 
equation 

y = f a^^+^y/FTiZ (29) 

The nature of the origin depends on the sign of |3' + 4a', and 
the discussion involves three cases. 

(i). If jS'* + 4a' be positive f it is evident that the curve 
extends at both sides of the origin, and that point is a double 
cusp (Art. 215(a)). 

On dividing equation (28) by p\ and substituting 2p for 

— , we get I = 2j3f> + 4a p^. (30) 

The roots of this quadratic determine the radii of curva- 
ture of the two branches at the cusp. 

These branches evidently lie at the same, or at opposite 
sides of the axis of x, according as the radii of curvature 
have the same or opposite signs : i, e. according as a has a 
negative or positive sign. 

These results also appear immediately from the circum- 
stance, that in this case the form of the curve very near the 
origin becomes that of the two parabolas represented by 
equation (29). 

(2). If (i^ + 4a' be negative, y becomes imaginary, and the 
origin is a conjugate point. 

(3). If /3* + 4a' = o, the equation (30) becomes a perfect 
square : we proceed to prove that in tHs case the origin is a 
cusp of the second species. 

To investigate the form of the curve near the origin, it is 
necessary in this case to take into accoimt the terms of the 
fifth degree mx{y being regarded as of the second) : this gives 

(y - ^x'y = -^xy^ + /3Vy + aV = x{yf + j3V2^ + aV). (31) 

It will be observed that the right-hand side changes its 
sign with x ; accordingly the origin is a cusp. Also, the cusp 
is of the second species, for the two roots of the equation in y 
plainly have the same sign, viz., that of /3 ; and consequently 
both branches of the curve at the origin lie at the same side 
of the axis of x. 
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MoreoveTy as equation (30) lias equal roots in this oase, 
tJie radii of curvature of the two branches are equals and tke 
branches have a contact of the second order. 

We conclude that when the term inTolYing ^ in equation 
(28) disappears, the origin is a double cusp^ a cusp of the second 
species^ or a conjugate pointy according as ^ -¥ 4a > = or < o. 

Moreoyery if a' = o, one root of the quadratio (30) is in- 

finite, and the other is -tt. The origin inthiscase is a double 

cusp, and is also apoint of inflexion on one branch. Sudi a 
point is called a point of oscul-inflexion by Cramer. 

If /3 = o in addition to a = o, the origin is a cusp of the 
first species, but haying the radii of currature infinite for both 
branches. 

It is easy to see from other considerations that the radii 
of curvature at a cusp of the first species are always either 
zero or infinite. 

For, since the two branches of the curre in this case 

tnxB tiieir convexities in opposite direcdons. g mnst W 

opposite signs at both sides of the cusp, and consequently it 
must change its sign at that point; but this can happen only 
in its passage through zero, or through infinity. 

It should beobserYedthAt the preceding discussion applies 
to the case of a curve referred to oblique axes of co-ordinates, 
provided that we substitute 7 instead of p ; where y is half 
the chord intercepted on the axis of y by the osculating oirde 
at the origin. 

253. Recapitiilatioii. — ^The conclusions arrived at in the 
two preceding Articles may be briefly stated as follows : — 

(i ). Whenever the equation of a curve can be transformed 
into the shape y* = aaj* + terms of the third and higher degrees, 
the origin is a cusp of the first species ; both radii of curva- 
ture being zero at the point. 

(2). When the coefficient of a^ vanishes,* the origin is 

* In this case, if vi be the equation of the tangent at the cusp, the equation 
of the ciirye is of the form 

vi^ + vif^ + r4 + &c. = o. 
This is also evident from geometrical considerations. 
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generally either a double cusp, a conjugate point, or a cusp 
of the second species. In the latter case the two branches 
of the curve have the same centre of curvature, and conse- 
quently have a contact of the second order with each other. 

(3). If the lowest term in x (independent of y) be of the 
5^* degree, the origin is a point of oscul-inflexion. 

If, however, the coefficient of a^y also vanish, the origin 
is not only a cusp of the first species, but also a point of 
inflexion on both branches of the curve. 

254. Creneral InTestigatioii of Cusps. — The pre- 
ceding results admit of being established in a somewhat more 
general manner as follows : — 

By the method already given, the equation which deter- 
mines the form of an algebraic curve near to a cusp may bo 
written in the f oUowing general shape : 

f = lAixfy + Bx^ + Cafj (32) 

where lAaf* is the lowest term in the coefficient of y, and 
Baf'y Caf* are the lowest terms independent of y. 

By hypothesis, «, 6, c are positive integers, and a > i, 6 > 2> 
03; now, solving for y, we obtain 



y = Aaf ± ^/A^ic'^'+Ba^ + C(xf, 

which represents two parabolasf osculating the two branches 
at the origin. 

The discussion of the preceding form for y resolves itself 
into three cases, according as 2a is >= or < 6. 

(i). Let 2a = 6 + ^, then 

ft+A 6 

y^Ax ^ ±x^yB + ^V + Cixf-^. 

b 

(a). If b be oddj 0^ becomes imaginary for negative values 
of Xy and accordingly the origin is a cusp of the 
first species in this case. 



* This term is retained, as it is necessary in the case of a cusp of the second 
species. 

t The word parabola is here employed in its more extensive signification. 
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(j3). If i be even^ and B positive, y is real for all values 
of X near the origin ; accordingly that point is a 
double cusp. 

(7). If b be evetiy and £ negative, the origin is a cottfugate 
point 

(2). If 2a = by we have 

In this case, the origin is either a double cusp, or a conju- 
gate point, according as -4* + 5 is positive or negative. 
Again, if -4^ + -B = o, we have 

y=^ixf{A-\^x^ yC). 

(a). If c - 6 be an odd number, the origin is a cusp of the 
second species. 

(j3). If c -ft be even, the origin is a double cusp or a con- 
jugate point according as C is positive or negative. 

(3). 2a < b, OT b = 2a + h. 

Here y = Aaf" ± of ^/A^ + Bafi + Caf^% 

and the curve evidently extends at both sides of the origin, 
which accordingly is a double cusp. 

This method of investigating curvature is capable of being 
modified so as to apply to the case of multiple points of a 
higher order ; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced here. 

255. Points on £ volute corresponding to Cusps on 
Curve. — ^In connexion with evolutes and involutes, the pre- 
ceding results lead to a few interesting conclusions. 

(i). If a curve has a cusp of the first species, its evolute 
in general passes through the cusp. However, if in addition 
the cusp be a point of inflexion, the tangent at it is an asymp- 
tote to the evolute. 

(2). To a cusp of the second species corresponds in general 
a point of inflexion on the evolute : in some cases the point 
of inflexion lies altogether at infinity. 

(3). To a double cusp corresponds a double tangent to the 
evolute. 
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256. Equatton of the Osculatliig Conic. — ^As an 

additional illustration of tlie principles involved in the pre- 
ceding investigation, it is proposed to discuss the question of 
the conic which osculates an algebraic curve at a given point. 
Transferring the origin to the point, and taking the tangent 
as axis of Xy the equation of the curve may be written in the 
form 

at/ -a^ + ttixy + <hy^ + hoO^ + bioii^y + bzocy^ + hzy^ 

+ Coi»* + CiOi^y + &c. + rfoiP* + &o. (33) 

In considering the form of the curve near the origin, as a 
first approximation we may, as in Art. 251, neglect xy^ y^^ &c., 
in comparison with y ; and a^y ir*, &c., in comparison with a? ; 
thus the equation reduces to <lie form 

ay = x". (34) 

Hence the form to which every curve of finite curvature 
approximates in the limit is that of the common parabola, as 
already seen in Art. 231. 

To proceed to the next approximation, we retain terms of 
the third order (remembering that when a? is a very small 
quantity of the first order, y is one of the second)^ and the 
equation becomes 

ay =^0? + aixy + Jo^. 

On substituting ay instead of or^ in the term Jo^*, the pre- 
ceding equation becomes 

ay = x^+{ai-\' boa) xy. (35) 

This represents a conic having contact of the third order 
with the proposed curve at the origin. When «i + ha = o, the 
parabola ay = a? has a contact of Qie third order at the origin^ 
and accordingly so also has the osculating circle. 

In proceedmg to the next and final approximation, we re- 
tain terms of the fourth order, and we get 

ay ^a? -¥ a^xy + a%y'^ + Jo** + biofy + Coof". (36) 
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Moreover, from the preceding approximation we haye 

booxy = boO^ + io^y («i + ah). 

Hence, we get for the equation of the conic having a 
contact of the closest kind with the given curve 

ap = a^-h (ai +6oa)aJ2^ + [a2+a(6,-ai6o) +o»(co -6o*)]y*. (37) 

This conic, since it has the closest contact possible with 
the given curve at the origin, is the osculating conic (Art. 246) 
for that point. 

In like manner the parabola 

ay = a?» + (flTi + boa) xxj + ^^''*" """^ y% (38) 

4 

mnce it has the closest contact possible for a parabola, is the 
osculating parabola at the point. 
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Examples. 

1. Prove that the radius of curyature at the vertex of a parabola is equal to 
its semi-latus rectum. 

2. Find the length of the radius of curvature at the origin in the curve 

y* + a:3 + a(aJ2 + y2) = a^y. Am, -. 

2 

3. Find the radius of curvature at the origin in the curve 

a-y = *a^ + cipSy. jins, oo. 

4. Prove that the locus of the centre of a conic having contact of the third 
order with a given curve at a common point is a right line. 

5. Prove that the locus of the centres of equilateral hyperbolas, which have 
contact of the second order with a given curve at a fixed point, is a circle, whose 
radius is half that of the circle of curvature at the point. 

6. Prove geometrically that the centre of curvature at any point on an ellipse 
is the pole of the tangent at the point, with respect to the confocal hyperbola 
which passes through that point. 

7. The locus of the centres of ellipses whose axes have a given direction, and 
which have a contact of the second order with a given curve at a common point, 
is an equilateral hyperbola passing through the point? 

8. Prove that the locus of the focus of a parabola, which has a contact of 
the second order with a given curve at a given point, is a circle. 

9. Prove that the radius of curvature of the curve a^~^ y = »*» at the origin is 

zero, -, or infinity, according asmis<=:or>2: m being assumed to be greater 

2 

than unity. 

ID. Two plane closed curves have the same e volute : what is the di£l!erence 
between their perimeters P 

Ans. 2ird, where d is the distance between the curves. 

1 1. Find the radius of curvature at the origin in the curve 

3y = 4a; - I5a;2 - ^afi : 

find also at what points the radius of curvature is infinite. 

12. Apply the principles of investigating maxima and minima to find the 
greatest and least distances of a point from a given curve ; and show that the 
problem is solved by drawing the normals to the curve from the given point. 

(a). Prove that the distance is a minimum, if the given point be nearer to 
the curve than the corresponding centre of curvature, and a maximum if it be 
further. 
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{b). If the given point be on the eyolute, show that the solution amved at 
is neither a maximum nor a minimiim ; and hence show that the circle of curva- 
ture cuts as well as touches the curve at its point of contact. 

13. Find an expression for the whole length of the evolute of an ellipse. 

a'- ^ 
Ans, 4 7—. 

14. Find the radii of curvature at the origin of the two branches of the curve 

a;*- - aaf'y - axy^ + a*y2 _ o. Jns, a and -. 

2 4 

15. Prove that the evolute of the hypocydoid 

18 the hypocydoid 

(a + i3)l + (a - i3)l = 201. 

16. Find the radius of curvature at any point on the curve 

y + \/a; (i - a?) = einr^^x. 

17. If the an^le between the radius vector and the normal to a curve has a 
maximum or a minimum value, prove that 7 = r ; where y is the semi-chozd of 
curvature which passes through the origin. 

18. If the co-ordinates of a point on a curve be given by the equations 

a; = (? sin 26 (I + cos 26), y = cos 20 (i - cos 20), 

find the radius of curvature at the point. Ans. 40 cos 3!^ 

19. Show that the evolute of the curve . 

has for its equation 

r* _ (i - j») a2 = #wp2. 

20. If a and /3 be the co-ordinates of the point on the evolute corresponding 
to the point (x, y) on a curve, prove that 

dy da 

Tx 5^+''='°- 

21. If p be the radius of curvature at any point on a curve, prove that the 

radius of curvature at the corresponding point in the evolute is -^ : where » 

do9 
is the angle the radius of curvature makes with a fixed line. 



22. In a curve, prove that 



p dx \dt)' 
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23. Find the equation of the evolute of an ellipse by means of the eccentric 
angle. 

24. Prove that the determination of the equation of the evolute of the 
curye y = kx^ reduces to the elimination of x between the equations 

0= X «2«-i^ andi3 = *«»+ 



n-i n—i «— I kn{n- i)x**'* 

25. In figure, Art. 239, if the tangent to the evolute at P meet the parabola 
in a point M, prove that ^iVis perpendicular to the axis of the parabola. 

26. If on the tangent at each point on a curve a constant length measured 
from the point of contact be taken, prove that the normdl to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 

27. In general, if through each point of a curve a line of given length be 
drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. (Bertrand, Cal. Dif., p. 573.) 

This and the preceding theorem can be immediately established from geome- 
trical considerations. 

2S. If from the points of a curve perpendiculars be drawn to one of its tan- 
gents, and through the foot of each a line be drawn in a fixed direction, pro- 
portional to the length of the corresponding perpendicular ; the locus of the 
extremity of this line is a curve touching the proposed at their common point. 
Find the ratio of the radii of curvature of the curves at this point. 

29. Find an expression for the radius of curvature in the curve p = — 

p being the perpendicular on the tangent. 

30. Being given any curve and its osculating circle at a point, prove that 
the portion of a parallel to their common tangent intercepted between the two 
curves is a small quantity of the second order, when the distances of the point 
of contact from the two points of intersection are of the first order. 

Prove that, under the same circumstances, the intercept on a line drawn 
parallel to the common normal is a small quantity of the third order. 

31. In a curve referred to polar co-ordinates, if the origin be taken on the 
curve, with the tangent at the origin as prime vector, prove that the radius of 

T 

curvature at the origin is equal to one-half the value of - in the limit. 

32. Hence find the length of the radius of curvature at the origin in the 

curve r = a sin ti0. Ans, p = — 

'^ 2 

33. Find the co-ordinates of the centre of curvature of the catenary ; and 
show that the radius of curvature is equal, but opposite, to the normal. 

34. If p, p' be the radii of curvature of a curve and of its pedal at corre- 
sponding points, show that 

p'(2r3-i?p)=A 

Ind, Civ, Ser. £xam,^ iS^S* 
Y 
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CHAPTER XVni. 

ON TRACINO OF CURVES. 

257. Tracing Algebraic CiirTes. — Before oonoluding the 
discussion of curves, it seems desirable to give a brief state- 
ment of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves consists 
in assigning a series of diflEerent values to one of the co-ordi- 
nates, and calculating the corresponding series of values of 
the other ; thus determining a definite number of points on 
the curve. By drawing a curve or curves of continuous cur- 
vature through these pomts, we are enabled to form a tolerably 
accurate idea of the shape of the curve under discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree : in such cases we can determine the series 
of points only approximately. 

258. The following are the principal circumstances to be 
attended to : — 

(i). Observe whether from its equation the curve is sym- 
metrical with respect to either axis; or whether it can be 
made so by a transformation of axes. (2). Find the points 
in which the curve is met by the co-ordinate axes. (3). De- 
termine the positions of the asymptotes, if any, and at which 
side of an asymptote the corresponding branches lie. (4). De- 
termine the double points, or multiple points of higher orders, 
if any belong to the curve, and find the tangents at such 
points by the method of Art. 212. (5). The existence of 
ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-or- 
dinates : by assigning a series of values to d we can usually 
determine the corresponding values of r, &c. (7). The points 
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where the y ordinate is a maximum or a Tninimiin^ are found 

from the equation -^£ = 0: by this means the limits of the 

curve can be often assigned. (8). Determine when possible 
the points of inflexion on the curve. 

259. To trace the CnrTe y' = a?* (a? - a) ; a being sup- 
posed positive. 

Id this case the origin is 
a conjugate point, and the 
curve cuts the axis of a; at a 
distance OA = a. Again, 
when X is less than a, y is 
imaginary, consequently no 
portion of the curve lies to 
the left-hand side of A. 

The points of inflexion, / * 
and /', are easily determined 

from the equation ;t4= ^ 5 *^® 

corresponding value of a; is — ; accordingly Alf = . 

Again, if TI be the tangent at the point of inflexion /, it 

can readily be seen that TA = - = . 

9 3. 
This curve has been already considered in Art. 213, and 

is a cubical parabola having a conjugate point. 

260. Cubic witli three Asymptotes. — ^We shall next 
consider the curve* 




y^x + et/ = aa^ + ba^ + ex •{- dy 



(I) 



where a is supposed positive. 

The axis of y is an asymptote to the curve (Art. 200), and 
the directions of the two other asymptotes are given by the 
equation 

y^ - ax^ = o, OT y = ±x \/a. 



* This investigation is principally taken from Newton's Enwneratio Li- 
nearum Tertii Ordinis, 



Y 2 



{ 
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If the term ha? be wanting, these lines are asymptotes ; if b 
be not zero, we get for the equation of the asymptotes 

/- h '/- ^ 

2^/a 2^/a 

On multiplying the equations of the three asymptotes 
together, and sub^aoting the product from the equation of 
the curve, we get 

f ^\ ^ 
ey = [c )x + a: 

this is the equation of the right line which passes through the 
three points in which the cubic meets its asymptotes. (Art* 
204.^ 

Again, if we multiply the proposed equation by a?, and 
solve for xyj we get 



xy 



e I ^ 

= — ± /aa?* + Ja?* + car* + ^ + - : (2) 

2 V 4 ^ ^ 



from which a series of points can be determined on the curve 
corresponding to any assigned series of values for x. 

It also follows mat all chords drawn parallel to the axis 

of y are bisected by the hyperbola ay + - = o : hence we infer 

that the middle points of all chords drawn parallel to an 
asymptote of the cubic lie on a hyperbola. 

The form of the curve depends on the roots of the bi- 
quadratic imder the radical sign. (i). Suppose these roots 
to be all real, and denoted by a, /3, 7, 8, arranged in order of 
increasing magnitude, and we have 

xy = --± ya {x -a){X'' /3)(a?- y){x - 8). 

Now when a; is < a, ^ is real ; when x> a and < j3, y is 
imaginary ; when a? > /3 and < 7, y is real; when a? > 7 and 
< S, y is imaginary ; when a; > S, y is real. 
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We infer thatiu? 
to infinity, together 
with an oval lying 
between the values 
/3 and 7 for x. 

The accompany- 
ing figure* repre- 
sents such a curve. 

Again, if either 
the two greatest 
roots or the two 
least roots become 
equal, the corres- 
ponding point be- 
comes a node. 

If the interme- 
diate roots become 



LonjpBfee branches, extending 




Fig. 39. 



equal, the oval shrinks into a conjugate point on the curve. 

If three roots be equal, the corresponding point is a emp. 

If two of the roots be impossible and the other two un- 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one real 
asymptote. 

261. Asymptotes. — In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches ; this is a general property of algebraic curves, of 
which we have a familiar instance in the common hyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readily 
apprehended ; for if we suppose any line drawn cutting a 
closed oval curve in two points at which tangents are drawn, 
and if the figure be so projected that the intersecting line is 
sent to infinity, then the tangents will be projected into 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote, 
as in the hyperbola. 



* The figure is a tracing of the curve 



9ary2 + ,o8y = (a; - 5) (j. - n) (a; « u). 
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It should also be oBl^g> ttese^liflgSj^^ts of contact at 
infinity on the asymptote lis^e opposite directions along it 
must be regarded as being one and the same point, since they 
are the projection of the same point. That the points at 
infinity in the two opposite directions on any line must be 
regarded ^as a single point is also evident from the considera- 
tion that a right line is the limiting state of a circle of in- 
finite radius. 

The property admits also of an analytical proof; for if 
the asymptote be taken as the axis of x^ the equation of the 
curve (Art. 204) is of the form 



y^i + ^2 = 0, 



02 

or y = - ^, 

9i 




where ^2 is at least one degree lower than 0i in ;i; and y. 

Now, when x is infinitely great, the fraction — becomes in 

general infinitely small, whether x be positive or negative ; 
and consequently the axis is asymptotic to the curve in both 
directions. 

262. To trace the dunre 

where a and b are both positive. 
Here ya^ = ±ai^ {x + b)K 

The curve is symmetrical with respect 
to the axis of Xj and has two infinite 
branches ; the origin is a double cusp. 
The shape of the curve is exhibited in the 
figure annexed. 

If b were negative, we should have 

ycfi = ±ix? {x" b)K 

Here y becomes imaginary for values of x less than b ; 
accordingly, the origin is a conjugate point in this case : the 
curve has two infinite branches as in the former case 

263. To trace the CurTC 

ay = labs^y + a?*. 




Fig. 40. 
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Fig. 41. 



From the form of its equation we see that the origin is 
a point of osctd'in&exion (Art. 251). 

Solving for y, we can easily 
determine any number of points 
on the curve we please. It has 
two infinite branches at opposite 
sides of the axis of a?, and a loop 
at the negative side of that axis, 
as exhibited in the figure. 

264. To trace the Curve 

(i). Let a and b have the 
same sign, then the origin is 
a triple point, having for its 
tangents the lines 

a? = o, a? v^ + yvb = Oj 

and x^/a-y ^/b = o. 

Moreover, since the curve 
has no real asymptote, it is 
a finite or closed curve with 
three loops passing through the ^^S- 4^- 

origin ; and it is easily seen that its shape 
is that represeuted in the aocompajiying 
figure. 

(2). If a and b have opposite signs, the 
lines represented by aa? -by^ = o become 
imaginary. The curve in this case consists 
of a single oval as in the figure. 

This and the preceding figure were 
traced for the case where X = 3a: if the 

value of - be altered, the shape of the curve Fig. 43. 

Cv 

will alter at the same time. If a be greater than J, the 
curve (2) will lie inside the tangent at the point X. 

265. Form of Curve near a Double Point. — When- 
ever the curve has a node or a cusp, by transforming the 
origin to that point, the shape of the curve for the branches 
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passing through the point admits of being investigated by the 
method explained in Arts. 250, 251. It is nnnecessary to 
enter into detail on this subject here, as it has been already 
discussed in the articles ref erricd to. 

266. In connexion with the tracing and the discussion of 
curves there is an elementary general principle which may 
be introduced here. 

If the equation of a curve be of the form 

Zr - MM' = o, 

where Z, Jf, i', Jf' are each functions of the co-ordinates x 
and y, the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
Z = o and M = 0; similarly it passes through the intersec- 
tions of i = o and M' = o; and also those oi M = o and 
Z' = o ; and of i' = o and M' = o. Moreover, if L and i' 
become identical, the points of intersection coincide in 
pairs, and the equation of the curve becomes of the form 
Z* - MM' = o ; which represents a curve touching the curves 
J!f = o, Jf' = o, at their points of intersection with the curve 
Z = o. 

This principle admits of easy extension ; but as the subject 
belongs properly to the method of trilinear co-ordinates, it is 
not considered necessary to enter more fully into it here. 

267. On Tracing Curves given in Polar Co-ordi- 
nates. — The mode of procedure in this case does not differ 
essentially from that for Cartesian co-ordinates. We have 
already, in Arts. 206 and 207, considered the method of 
finding the asymptotes and asymptotic circles in such cases. 
It need scarcely be observed that the number and variety of 
curves whose discussion more properly comes under the 
method of polar co-ordinates are indefinite. We propose to 
confine our attention to a few varieties of the class of curves 
represented by the equation 

/^ = a"* cos mO. 

268. On the Curves r"* = a^ cos mO, — In this case, 
since the equation is unaltered when is clianged into - 9, 
the curve is symmetrical with respect to tlie ])rirne vector : 
again, when = o, we have r = a; and as 6 increases from zero 
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to — , r diminishes from a to zero. When fw is a positive in- 

teger, it is easily seen that the curve consists of m similar loops. 
There are many familiar curves included under this 
equation. Thus, when fw = i, we have r = a cos 0, which 
represents a circle: again, if m = - i, the equation gives 
r cos = «, which represents a right line. Also, if m= 2, we 
have r* = a^ cos 20, a Lemniscate (Art. 210). If w = - 2, we 
get r* cos 2O = a^j an equilateral hyperbola. 

T fl /r 

If w = - we get ri = ai cos -, whence r = - (i + cos 6), a 

I 

cardioid (Ex. 4, p. 232) ; with m = — , itis^^i cos - = aJ, a 

parabola (Ex. i, p. 231) ; and so on. As already observed, 
if we change m into - m we get a new curve, inverse of 
the original. Also, the reciprocal polar is obtained by sub- 

stitutinff - instead of m, 

° m + 1 

The tangent and normal can be immediately drawn at 
any point on a curve of this class by aid of the results arrived 
at in Art. 190. The radius of curvature at any point has 
been determined in Ex. 5, Art. 235. The method of finding 
the equations of the successive pedals^ both positive and 
negative, has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example i. 

r* = a* cos -. 
3 
Here when = o, we have r = a, 

and the curve cuts the prime vector 

at a distance OA equal to a : again, 

when = — , r = *^— r — : also when 
2 8 

= TT, r = -, or OB---. Fig. 44. 

The shape of the curve is given in the accompanying 
figure. This curve is the inverse of the cam fie considered in 
Example 18, p. 277. 




330 



On Tracing of Curves. 



Ex. 2. Ex. 3. Ex. 4. 

1 A C 

ri = «l cos- 0. r^ = cfi cos - 6. r^ = a^ cos - 0. 
4 5 3 

In Ex. 2, as increases from zero to 120°, r diminislies 
from a to zero : when 9 increases 
from 120° to 240°, r increases from 
zero to a : when 6 increases from 
240° to 360^, r diminishes fipom a 
to zero. By assigning negative 
values to 0, the remaining part of 
the curve is seen to be symmetrical 
with that traced as above. The 
same result plainly follows by con- 
tinuing the values for from 360° 
Tip to 720°. The form of the curve 
is exhibited in the annexed figure. Fig. 45. 

In Ex. 3, according as cos - is positive or negative, we 


get equal and opposite real values, or imaginary values, for r. 

Hence it is easily seen that for values of between ± ^ ^ the 

radius vector tra,ces out two symmetrical portions of the 

IS 2*5 

curve : again, between — ir and -^ tt we get two other 

o o 






Fig. 46. Fig. 47. 

symmetrical portions. The shape is that given in the former 
oi iiie two accompanying figures. 
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The latter figure represents the curve in Ex. 4 ; it consists 
oifive symmetrical portions ranged round the origin. 

The results above stated admit of generalization, and it 
can be shown, without diflBoulty, that in general the curve 

r^ = a^ QOB^—- consists of p similar portions arranged about 

the origin; and that the entire curve is included within a 
circle of radius a when p is positive, but lies altogether 
outside it when p is negative. 

Many curves can be best traced by aid of some simple 
geometrical property. We shall terminate the Chapter witk 
one or two examples of such curves. 

269. The Uma^on. — The inverse of a conic section 
with respect to a focus is called a Lima9on. From the polar 
equation of a conic, its focus being origin, it is evident that 
the equation of its inverse may be written in the form 

r = fl cos 6 + 6, 

where a and b are constants. 

It is easily seen that r is the eccentricity of the conic. 

The curve can be readily traced by drawing from a fixed 
point on a circle any number of chords, and taking oflE a 
constant length on each of these lines, measured from the 
circumference of the circle. 

If a be less than b^ the curve is the inverse of an ellipse^ 
and lies altogether outside the circle. 

If a be greater than 6, the 
curve is the inverse of a hy- 
perbola, and its form can be 
easily seen to be that exhibited 
in the annexed figure, where 
OD ^ a -by and the point is a 
node on the curve. 

If J = fl, the curve becomes 
the inverse of the parabola, 
and is called a cardioid. The 
inner loop disappears in this 
case, and the origin is a cusp 
on the curve. Fig. 48. 
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When a = 26, the Lima^oD is called the Triaectrix ; a 
curve hy aid of whldi any giyen angle can he readily 
triBeeted. 

270. The Conchoid of Wlcomedee. — If through any 
fixed point A a eeoant P,AP he t. 

drawn meeting a fixed right line LSf 
in B, and EP and HP, he taken 
«ach of the eame constant length; 
then the locue of P and Pi is called 
the conchoid. 

This curve ia easily traced from 
the foregoing geometrical property, 
and it couBiets of two Branches, 
having the right line LM fop a_ 
common asjmplote. Moreover, if 
the perpendicular distance AB of 
A from the fixed line be less than 
MP, the curve has a loop with a 
node at A, aa in the annexed figure. 

It is easily seen that when 
AB =• EP, the point ^ ia a ou8p 
on the curve ; and when AB is 
greater than EP, A is & conjugate 
point. ."•t 

The form of the curve in the f'g- 49- 

latter case ia represented hy the dotted lines in the figure. 

If AB = a, EP = b, the polar equation of the ctirve ia 
(»■ ± 6) cos B = a. 

When transformed to rectangular co-ordinates, this 
equation hecomee 

(ir' + y')(o-ar)' = JV. 

The method of drawing the normal, and finding the 
centre of curvature, at any point, will he exhibited ia the 
next Chapter. 
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Examples. 

1. Trace the curve y = {x- i) (« - 2) (a; - 3), and find the position of ita 
point of inflexion. 

2. Trace the curve y* - Saajy + a;' = o, drawing its asymptote. 
This curve is called the Folium of Descartes. 

3. Trace the curve a^x = i/(b'^ + x*), and find its points of inflexion, and 
points of greatest and least distance from the axis of x» 

4. If an asymptote to a curve meets it in a real flnite point, show that thfr 
corresponding branch of the curve must have a point of inflexion on it. 

5. Find the position of the asymptotes and the form of the curve 

»* — y* + 2axy^ = o. 

6. Show that the curve r = a cos 20 consists of four loops, while the curve 
r = aco3 3d consists of but three. Prove generally that the curve r ssa cos n6t 
has n or 2» loops according as » is an odd or even integer. 

7. Trace the curve 

y2 {x - a){x - i) = t^{x + a)(a; + b). 

8. Show that the curve je>^ -{■ x* = a^ {x^ — ^) consists of two loops passing' 
through the origin, and find the form of the curve. 

9. Trace the curve y{x + a)* = 6*ar(a; + c)^ showing the positions of its 
asymptotes and infinite branches. 

10. Trace the curve whose polar equation is 

And show that it consists of four loops passing through the origin. 

11. Gi^en the base and the rectangle under the sides of a triangle, find the 
equation of the locus of the vertex ^an oval of Cassini). Exhibit tiie difierent 
forms of the curve obtained by varymg the constants, and find in what case the 
curve becomes a Lemniscate. 

12. Trace the curve p^ = aji^ + iba^ + z^x+d, and find its points of greatest 
and least distance from the axis of x. 

Show that two of these points become imaginary when the roots of the cubic 
in X are all real. 

13. Given the base and area of a triangle, prove that the equation of the 
locus of the centre of a circle touching its three sides is of the form 

aj'y - a (a?^ + y*) - *' (y - a) = o. 
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14. Prove that all curves of the third degree are reducihle to one or other of 
the forms 

(i). xj^ + «y = ««' + bx* + «c + rf. 
(2). Xf/ = ax^ + bx^ i- ex + d. 
(3). y2 - aa;8 + j-p2 + «c + rf. 
(4). y = (ufi -{■ bj^ -{- ex + d, 
Newton, JBnum, Linear. Ter, Ordinit. 

15. Prove that all curves of the third degree can be obtained hj projection 
from the parabolas contained in class (3) in the preceding division. [Newton.3 

For every cubic has at least one real point of inflexion : accordingly, if the 
•curve be projected so that the tangent at the point of inflexion is projected to 
infinity, the harmonic polar (Art 223) will bisect the system of parallel chords 
passing through this point at infinity. Hence the projected curve is of the 
class (3). [This proof is taken from Ghasles, Sistoire de la Qeomeiriey note xx.] 

16. Trace the curve r = — = , and show that it has a point of inflexion 

fl» — i' 

when 0^ = 3 ; find also its asymptotes and asymptotic circle. 

X 

17. Trace the curve y = asin-, and show how to draw its tangent at any 

a 

point. (This is called the curve of sines.) 

18. The base of a triangle is fixed in position ; find the equation of the locus 
of its vertex, when the vertical angle is double one of the base angles. 

Trace the locus in question, finding the position of its asymptote. 

19. Show geometrically that the first pedal of a circle with respect to a 
point on its circumference is a cardioid. 

20. Show in like manner that the Lima^on is the first pedal of a circle with 
respect to any point. 

21. Trace the curve 

y* + 2axy^ = aa^ + x^j 

and find the equations of its asymptotes, and of the tangents at the origin. 

Ind. Civ. Ser, Ex., 1876. 
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ROULETTES. 

271. Roulettes. — ^When one curve rolls without sliding 
upon another, any point invariably connected with the rolling 
curve describes another curve, called a roulette. 

The curve which rolls is called the generating curve, the 
fixed curve on which it rolls is called the directing curve, or 
the base, and the point which describes the roulette, the tracing 
point. We shall commence with the simplest example of a 
roulette : viz., the cycloid. 

272. Tlie Cycloid. — This curve is the path described by 
a point on the circumference of a circle, which is supposed to 
roll upon a fixed right line. 

The cycloid is the most important of transcendental 
curves, as well from the elegance of its properties as from its 
numerous applications in Mechanics. 

We shall proceed to investigate some of the most 
elementary properties of the curve. 

Let LPO be any position of the rolling circle, P the 
generating point, the point of 
contact of the circle with the fixed 
line. Take the length AO equal 
to the arc PO, then, from the 
mode of generation of the curve, 
A is the position of the generating 
point when in contact with the 
fixed line ; also, if AA' be equal to the circumference of the 
circle, A' will be the position of the point at the end of one 
complete revolution of the circle. Bisect AA' in D, and 
draw DB perpendicular to it and equal to the diameter of 
the circle, then B is evidently the highest point in the 
cycloid. Draw PN perpendicular to AA!y and let PN- y, 
AN^x, lPCO = Q, 00^ a, and we get 

aj = -4O-iV^O = a(0-sine), y = PN=a(i -cos(?). (i) 




AN 



Fig. so. 
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The position of any point on the cycloid is determined by 
these equations when the angle is known, t. e. the angle 
through which the circle has rolled, starting from the position 
for which the generating point is upon the directing Une. 

273* Cycloid referred to Ite Tertex. — It is often 
convenient to refer the cycloid to its vertex as origin, and to 
the tangent and normal at that point as axes of co-ordinates. 
In the preceding figure let 

x^BN\ y = PN\ zPCL = (y = 7r-e; 
then we have 

x = BN'^a{V-¥miff)y y = PIT = a{i -oosOT). (2) 

274. Tangent and Itformal to Cyelold. — ^It can be 

easily seen that the line PO is normal at P to the cycloid ; 
for the motion of each point on the circle at the instant is one 
of rotation about the point 0, i.e. each i)oint may be regarded 
as describing at the instant an infinitely small circular* are 
whose centre is at : and hence PO is normal to the curve. 
This result can also be established from the values of or 
andy in(i): for 

^ = fl(i-cos0), ^ = asin0: (3) 

. efy sinff ,0 . Tyrr\ 

.'. -^ = 7: = cot - = cot PLO ; 

dx I - cos a 2 

and, accordingly, PL is the tangent, and PO the normal to 

the curve at P. 

dx d'U 
Again, if we square and add the values of ^ and ^, we 

obtain 



(: 



^y= a'{(i - 008 0)* + wa?9] = ^ sin'ifl; 



• This method of finding the normal to a cycloid is due to Descartes, and 
evidently applies equally to all roulettes. 
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lenoe ^ = aosiiij = PO. (4) 

275. Radius of Curvature and Evolnte ofCyclold. 

—Let p denote tlie radius of currature at the point P, and 



L POA = ^ = 
then 



fi- 



ds 



= 4a Bin— = zPO; 



or the radius of curvature is douhle the noimal. 

value of p the evolute of the curve , 

can be easily determined. Por, 

produce PO untU OP = OP, then 

P" is the centre of curvature be- p 

longing to the point P. Again, a 

produce LO until 0(/ = OL, and 

deserihe a circle through 0, P and 

C ; this circle evidently touches 

AA', and is equal to the generating 

circle LPO. 

Also, the arc OP' = arc OP =. AG 

.: arc ffP' = aP'O - P'0 = AD - AO ^ OB 




Fig. J I. 



Ra. 



Hence the locus of P is the cycloid got by the roUing of 
this new circle along the line 
B'O'; and accordingly the evo- 
lute of a cycloid is another 
cycloid. It is evident that the 
evolute of the cycloid ABA' 
is made up of the two semi- 
cycloids, AB" and B'A', as in 
figure 51. Conversely, the ■ 
cycloid ABA' is an involute of 
the cycloid ASA. 

The position of the centre of 
curvature for a point P on a 
cycloid can also be readily de- 
termined geometrically, as fol- 
lows ; — _. 

Suppose 0\ a point on the 
circle infinitely near to 0, and take OO3 = 00). Let P* 




^^•^"■■l^l»*^»*^^i^-^-«ii*^<""i»"W^ 
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be the centre of curvature required, and draw POi and P'02. 
Now suppose the circle to roll until Oi and O2 coincide, then 
CO2 becomes perpendicular to -42), and POi and F0% will 
lie in directum (since P' is the point of intersection of two 
consecutiye normals to the cycloid). Hence 

z OCOi = L POiQ = z OPOi + z OP'Oi, 

since each side of the equation represents the angle through 
which the circle has turned. 

But z OCOi = 2/.OP Ox. (EucM, in. 20.) 

Hence lOPO^^ lOFOx\ 

.-. PO,^PO,\ 

and consequently in the limit we have 

po = ro, 

as before. 

We shall subsequently see that a similar method enables 
us to determine the centre of curvature for a point in any 
roulette. 

276. JLengtb of Arc of Cycloid. — Since -4P'jB' (Fig. 51) 
is the evolute of the cycloid^PJ?, it follows, from Art. 237, that 
the arc AF of the cycloid is equal in length to the line PP^^ 
or to twice P^O ; hence, as Jt is the highest point in the 
cycloid AP'JSy it follows that the arc AP measured from the 
highest point of a cycloid is double the intercept P^O^ made 
on the tangent at the point by the tangent at the highest 
point of the curve. 

Hence, denoting the length of the arc AP^ by s, we have 

s = 4a sin FOB = 4a sin 0. (6) 

This gives the intrinsic equation of the cycloid (see Art. 
242 (a)). Hence, also, the whole arc AB^ is four times the 
radius of the generating circle : and accordingly the entire 
length ABA' of a cycloid is eight times the radius of its 
generating circle. 

Again, if the distance of P' from AA' be represented by 
y, we shall have 

FO^ =Off xy = lay. 

Hence «» = 4P'0' = 8«y. (7) 
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Fig. 53. 
Their forms are exhibited in 



This relation is of importance in the applications of the 
cycloid in Mechanics. 

Again, since -40 = arc OP^^ if we represent -40 by v, we 
have* 

V = 2a(p. (8) 

277. Trochoids. — In genei^l, if a circle roll on a 
right line, any point in the. 
plane of the circle carried round* 
with it describes a curve. Such 
curves are usually styled tro- 
choids. When the tracing 
point is inside the circle, the 
locus is called a prolate tro- 
choid ; when outside, an oblate, 
the accompanying figure. 

Their equations are easily determined; for, let a?, f/ be 
the co-ordinates of a tracing point P, referred to the axes 
ADy and AI {A being the position for which the moving 
radius CP is perpendicular to the fixed line). 

Then, if GO = a, CP = d, L OOP = 0, we have 

X = AN = AO - ON ^ aO - d smdA 

(9) 
y = PN = a - ^ cos 0, ; 

278. Klpicycloidsf and Hypocydoids. — The investi- 

* This is called, by Professor Casey, the tangential equation of the cycloid, 
and by aid of it he has arrived at some remarkable properties of the curve (*' On 
a New Form of Tangential Equation," Fhilosophieal Transactions, 1877). "In 
general, if a variable line, in any of its positions, make an intercept y on the axis 
of X, and an angle ^ with it; then the equation of the line is 

ar + y cot ^-y = o; 

and Vf 4>, the quantities which determine the position of the line may be called 
its co-ordinates. From this it follows that any relation between y and ^, such 
as 

wiU be the tangential equation of a curve, which is the envelope of the line." 
For applications, the reader is referred to Professor Casey's Memoir. See also 
J)ub. Exam, Papers^ Graves, Lloyd Exhibition, 1847. 

t I have in this edition adopted the correct definition of these curves as 
given by Mr. Proctor in his Oeometry of Cycloids, I have thus avoided the 
anomaly existing in the ordinary definition, according to which every e^iic^^^'Ux^ 

Z 2 
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gation of the properties of the cycloid naturally gave rise to 
the discussion of the more general case of a circle rolling on a 
fixed circle. In this case the curve generated by any point 
on the circumference of the rolling circle is called an epicycloid^ 
or a hypocycloidy according as the rolling circle touches the outside, 
or the inside of the circumference of the fixed circle. We shall 
commence with the former case. 

Let P be the position of the generating point at any in- 
stant, A its position when 
on the fixed circle ; then 
the arc OA = arc OP. 

Again, let (7 and (7' be 
the centres of the circles, 
a and b their radii, 
LACO = e,LOG'P=er; 
then, since arc OA = arc 
OPy we have aO = bO. 

Now, suppose C taken 
as the origin of rectangu- 
lar co-ordinates, and CA 
astheaxis of a?; draw PN 
and G'L perpendicular, Fig. 54. 

and PJf parallel, to CA, and we have 




x=CN=CL'NL = {a+b) cos - b cos (fl + ff), 
y^PN=^aL- C'M= (a + 6) sin - J sin (0 + 0') ; 



a 



OT, substituting - for 0', 



a? = (a + 6) cos - J cos — ^ 0, 
y = (a + J) sin - J sin —7— 0. 



(10) 



1 



is a hypocycloid, but oDly some hypocycloids are epicycloids. While according 
to the correct definition no epicycloid is a hypocycloid, though each can be gene- 
lated in two ways, as will be proved in Art. 280. 
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When the radius of the roUing circle is a submultiple of 
that of the fixed circle, the tracing point, after the circle 
has rolled once round the circumference of the fixed circle, 
ovidently returns to the same position, and will trace the 
same curve in the next revolution. More generally, if the 
radii of the circles have a commensurable ratio, the tracing 
point, after a certain number of revolutions, will return to ite 
original position : but if the ratio be incommensurable, the 
point will never return to the same position, but will describe 
an infinite series of distinct arcs. As, however, the suc- 
cessive portions of the curve are in every respect equal to 
each other, the path described by the tracing point, from 
the position in which it leaves the fixed circle until it returns 
to it again, is often taken instead of the complete epicycloid, 
and the middle point of this path is called the vertex of the 
curve. 

In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily seen 
that the expressions for x and y are derived from those in (10) 
by changing the sign of h ; hence we have 

a; = (a - 6) cos + 6 cos —j— 0, 

a-b i ^"^ 

3^ = (a - 6) sin - 6 sin —j— 0. 

The properties of these curves are best investigated by 
aid of the simultaneous equations contained in formulas (10) 
and (11). 

It should be observed that the point -4, in Fig. 54, is a 
cusp on the epicycloid ; and, generally, every point in which 
the tracing point P meets the fixed circle is a cusp on the 
roulette. From this it follows that if the radius of the rolling 
circle be the n'* part of that of the fixed, the corresponding epi- 
or hypo-cycloid has n cusps : such curves are, accordingly, 
designated by the number of their cusps : such as the three- 
cusped, four-cusped, &c. epi- or hypo-cycloids. 

Again, as in the case of the cycloid, it is evident from 
Descartes' principle that the instantaneous path of the point P 
is an elementary portion of a circle having as cenfare ; 
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oordingly, the tangent to the path at P is perpendicular to 
the line POy and that line is the normal to the curve at P. 
These results can also be deduced, as in the case of the 
cycloid, by differentiation from the expressions for x and y. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the curve at 
the point P; take (7, 0", two points infinitely near to on 
the circles, and such that OCX = OC; and suppose the gene- 
rating circle to roll until these points coincide :* then the 
lines C(y and Cff^ will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
OCCy and OC^O'^; hence, denoting these angles hjdO and rf©', 
respectively, we have 

d8=0P{de + dff)==0pfi + ^\d9; (12) 

since ^0' = =- dO. 



279. Radius of Gnrrature of an Kipicydold. — 

Suppose (o to be the angle 08N^ between the normal at P and 
the fixed line CA^ then 

w = CrOS-C'CS = -''^-9; .'. do,^-de[i+^\ 

Hence, if p be the radius of curvature corresponding to 
the point P, we get 

• p = _^=Opi(il*). (13) 

^ d<o a + 2b ^ 

Accordingly, the radius of curvature in an epicycloid is 
in a constant ratio to the chord OP^ joining the generating 
point to the point of contact of the circles. 



* It may be observed that O'O" is infinitely small in comparison with OCX ; 
hence the space through which the point moves during a small displacement 
is infinitely small in comparison with the space through which P moves. It is 
in consequence of this property that may be regarded as being at rest for the 
instant, and every point connected with the rolling circle as having a circular 
motion around it. 
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Fig. SS^ 



280. Double Creneration of KIplcyclolds and Hypo- 
cycloids. — In an Epicycloid, it can be easily shown that 
the curve can be generated in a second manner. For, 
suppose the rolling circle in- 
closes the fixed circle, and join 
P, any position of the tracing 
point, to 0, the correspond- 
ing point of contact of the two 
circles ; draw the diameter OED^ 
and join C/E and PD ; connect 
(7, the centre of the fixed circle, 
to (7, and produce CC/ to meet 
DP produced in 2>', and describe 
acircleroundthetriangle ffPI/i 
this circle plainly touches the 
fixed circle ; also the segments 
standing on OP, (/P, and Off are obviously similar ; hence, 
since OP =^ Off + ffP, we have 

arc OP = arc 00' + arc ffP. 

If the arc Off A be taken equal to the arc OP, ^ftq have 
arc ffA = arc ffP ; accordingly, the point P describes the same 
curve, whether we regard it as on the circumference of the 
circle OPD rolling on the circle OffEy or on the circumference 
of ffPjy rolling on the same circle ; provided the circles each 
start from the position in which the generating point coincides 
with the point A. Moreover, it is evident that the radim of 
the latter circle is the difference 
between the radii of the other two. 

Next, for the Hypocycloid, 
suppose the circle OPD to roll 
inside the circumference of OffE^ 
and let C be the centre of the 
fixed circle ; join OP, and pro- 
duce it to meet the circum- 
ference of the fixed circle in ff; 
draw ffE and PD, Join 00', 
intersecting PD in 2/ , and de- 
scribe a circle round the triangle 
PUff. It is evident, as be- 
fore, that this circle touches the Fig. 56. 
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larger circle, and that its radius is equal to the difference be- 
tween the radii of the two given circles. Also, for the same 
reason as in the former case, we have 

arc Off = arc OP + arc O'P. 

If the arc OA be taken equal to OP, we get arc (/P 
= arc (XA ; consequently, the point P will describe the same 
hypocycloid on whichever circle we suppose it to be situated, 
provided the circles each set out from the position for which 
P coincides with A. 

The particular case, when the radius of the rolling circle is 
half that of the fixed circle, may be noticed. In this case the 
point 2> coincides with 0, and P becomes the middle point of 
OC/f and A that of the arc 0(7. From this it follows im- 
mediately that the hypocycloid described by P becomes the 
diameter CA of the fixed circle. This result wiU be proved 
otherwise in Art. 285. 

The important results of this Article were given by Euler 
{Acta.Petrop., 1781). By aid of them all epicycloids can be 
generated by the rolling of a circle outside another circle; 
and all hypocycloids by the rolling of a circle whose radius 
is less than half that of the fixed circle. 

281. £¥olate of an Epicycloid. — The evolute of an 
epicycloid can be easily 
seen to be a similar epi- 
cycloid. 

For, let P be the trac- 
ing point in any position, 
A its position when on the 
fixed circle ; join P to 0, 
the point of contact of the 
circles, and produce PO 

until Pi" = OP ^^^ 

then P is the centre of 
curvature by (13) ; hence 

or = OP -^,. 

a + 20 Fjg. 57. 

Next, draw Pff perpendicular to P'O; circumscribe the 
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triangle 01^ ff by a circle ; and describe a circle with C as 
centre, and Cff as radius : it evidently touches the circle OP Of, 

Then OO : OE^ OF : OP = a:a + zb'^CO: CE; 

.'. CO-OaiCE'-OE^COiCE, 

or Ca:CO=CO:CE; 

that is, the lines CE, CO, and 00^ are in geometrical pro- 
portion. 

Again, join C to B", the vertex of the epicycloid ; let CJB^ 
meet the inner circle in 2>, and we have 

arc aD : arc OB = Off : C0= CO : CE^ aOiEO 

= arc FO^ : arc OQ. 

But arc OB = arc OQ ; .-. arc ffB = arc FC. 

Accordingly, the path described by P' is that generated by a 
point on the circumference of the circle OP' (/rolling on the 
inner circle, and starting when P' is in contact at D, Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure. 

Again, since CO : OE = CO^ : 0^0, the ratio of the radii 
of the fixed and generating circles is the same for both epicy- 
cloids, and consequently the evolute is a simihr epicycloid. 

Also, from the theory of e volutes (Art. 237), the line 
PF is equal in length to the arc FA of the interior epicy- 
cloid ; or the length of FA^ the arc measured from the 
vertex A of the curve, is equal to 

'J^±^0F^20F^ = 20F^ 

a ^ CO ^^ ca' 

Hence, the length* of any portion of the curve measured from, 
its vertex is to the corresponding chord of the generating circle as 
tunce the sum of the radii of the circles to the radius of the fixed 
circle. 

* The length of the arc of an epicycloid, as also the investigation of its 
evolute, were given by Newton {Frincipta, Lib. i., Props. 49, 50). 



346 



Roulettes, 



With reference to the outer epicycloid in Fig. 57, this 
gives 

8;ro PS" = 2PE.^. (14) 

The corresponding results for the hypooycloid can be 
found by changing the sign of the radius b of the rolling 
circle in the preceding formulsB. 

The investigation of the properties of ^ihese curves is of 
importance in connexion with the proper form of toothed 
wheels in machinery. 

282. Pedal of Klpicydold. — The equation of thepedal, 
with respect to the centre of the 
fixed circle, admits of a very 
simple expression. For let P be 
the generating point, and, as be- 
fore, take arc OA = arc OP^ and 
make AB = 90°. Join (7-4, CB, 
CP, and draw CN perpendicular 
to DP. Let LPDO^fj^yL BCN 

Then since A0 = PO, we have 



aO = 2b(p ; 



= ^f 

a ^ 



Again, to = 9O°--4C2\r=0 + ^ 

0( I + — 




Fig. 58. 



a 



hence 



Also 



* = 



ff(0 



a+ 2b 



(15) 



(7iV^=CZ)sin0; 

/. p = (a + 2b) sm 7, 

^ ' a + 2b 



(16) 



which is the equation of the required pedal. 

2 83 . Eqaation of Epicycloid in terms of r and p» — 

Again, draw OL parallel to DN, and let CP = r, and we have 

2 



r» 'p' = PIP = OL' = OC - CL'' = a* - 



a 



a + 2b 



f\ 
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hence r" = a* + %-^—t^p^. (17) 

(a + 2hy ^ ' 

Also, from (16) it is plain that the equation of 2>JV, the tan- 
gent to the epicycloid (referred to GB and CA as axes of x 
and y respectively), is 

a? cos w + y sin cu = (a + 2 J) sin r. (18) 

The corresponding formulae for the hypocycloid are 
obtained by changing the sign of 6 in the preceding equa- 
tions. 

Again, it is plain that the envelope of the right line re- 
presented by equation (18) is an epicycloid. And, in general, 
the envelope of the right line 

X cos ci> + ysin(ii = A;sin mc*;, 

regarding w as an arbitrary parameter^ is an epicycloidy or a 
hypocycloid^ according as m is less or greater than unity. For 
examples of this method of determining the equations of epi- 
and hypo-cycloids the student is referred to Salmon's Higher 
Plane Curves^ Art. 310. 

284. JBpitrochoids and Hypotrocholds. — In general, 
when one circle rolls on another, every point connected with 
the rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoidsj according as the rolling 
circle touches the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in 
proving, as in Art. 278, that we have in the epitrochoid the 
equations 



a? = (a + 6) cos - rf cos — 7— 0, 



y = (a + ft) sin - rf sin —7— 0, 



> (19) 
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In the case of the hypotroohoid, changing the signs of h 
and rf, we obtain 



ar = (a - 6) cos + rf cos —r-- 0, 

y = (a - J) sin - rf sin — r— 0. 

J 



(20) 



In the particular case in which a = 26, i.e. when a circle 
Tolls inside another of double its diameter, equations (20) 
become 

a? = (J + c?) cos 0, y = ( J - rf) sin ; 
^uid accordingly the equation of the roulette is 



a?' 



+ - 



f 



.2=1; 



(6 + rf)* {b-d) 

w^hich represents an ellipse whose semi-axes are the sum and 
the difference of h and d. 

This residt can also be established geometrically in the 
following manner : — 

285. Circle rolling Inside another of doable ite 
Diameter. — Join d and to any 
point L on the circumference of the 
rolling circle, and let CiL meet the 
fixed circumference in A ; then since 
Z OCL = 20C,A, and OCx = 2OC, we 
have arc OA = arc OL ; and, accord- 
ingly, as the inner circle rolls on the 
outer the point L moves along C\A, 
In like manner any other point on 
the circumference of the rollmg circle 
describes, during the motion, a dia- 
meter of the fixed circle. 

Again, any point P, invariably connected with the rolling 
circle^ describes an ellipse. For, if L and M be the points in 
which CP cuts the rolling circle, by what has been just 
shown, these points move along two fixed right lines C^A 
and CiBj at right angles to each other. Accordingly, by a 
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well-known property of the ellipse, any other point in the 
line LM descrihes an ellipse. 

The case in which the outer circle rolls on the inner i& 
also worthy of separate consideration. 

286. Circle rolling on another inside it and of 
lialf its Diameter. — In this case, any diameter of the rolling 
circle always passes through a fixed pointy which lies on the 
circumference of the inner circle. 

For, let CiL and C2L be any two positions of the moving 
diameter, Ci and d being the corresponding positions of tha 
centre of the rolling circle : and O2 the corresponding posi- 
tions of the point of contact of the circles. Now, if the outer 
circle roll from the former to the latter position, the right 
lines C1O2 and C0% will coincide in 
direction, and accordingly the outer 
circle will have turned through the 
angle C2O2C1 ; consequently, the mov- 
ing diameter will have turned 
through the same angle ; and hence 
L CJjCx = lC20iCx\ therefore the 
point L lies on the fixed circle, and 
the diameter always passes through 
the same point on this circle. 

Again, any right line connected Fig 60 

with the rolling circle will ahcays touch 
a fixed circle. 

For, let DE be the moving line in any position, and draw 
the parallel diameter AB\ let fall CiJP and iJf perpendicular 
to DE, Then, by the preceding, AB always passes through 
a fixed point L ; also LM= CiF= constant ; hence DJ? always 
touches a circle having its centre at L, 

Again, to find the roulette described by any carried point 
Pi. The right line PiCi, as has been shown, always passes 
through a fixed point L ; consequently, since CiPi is a con- 
stant length, the locus of Pi is a Limagon (Art. 269). In like 
manner, any other point invariably connected with the outer 
circle describes a Limacon ; unless the point be situated on 
the circumference of the rolling circle, in which case the 
locus becomes a cardioid. 




350 Examples — Roulettes, 

I. When the radii of the fixed and the rolling circles become equal, proye 
geometrically that the epicycloid becomes a cardioid, and the epitrochoid a 
Lima9on (Art. 269]. 

3. Prove that the equation of the reciprocal polar of an epicycloid, with 
respect to the fixed circle, is of the form 

r sin mw = const. 

3. Prove that the radius of curvature of an epicycloid varies as the perpen- 
dicular on the tangent from the centre of the fixed circle. 

4. If a = 4^, prove that the equation of the hypocycloid becomes 

5. Find the equation, in terms of r and j7, of the three-cusped hypocycloid ; 
t. e, when a = 3J. Ans, r* = a* — 8p*. 

6. Find the equation of the pedal in the same curve. 

Ans. p = b an ^t». 

7. In the case of a curve rolling on another which is equal to it in every 
respect, corresponding points being in contact, prove that the determination of 
the roulette of any point P is immediately reduced to finding the pedal of the 
rolling curve with respect to the point P. 

8. Hence, if the curves be equal parabolas, show that the path of the focus 
is a right line, and that of the vertex a cissoid. 

9. In like manner, if the curves be equal ellipses, show that the path of the 
focus is a circle, and tiiat of any point is a bidreular quartic, 

10. In Art. 285, prove that the locus of the foci of the ellipses described by 
the different points on any right line is an equilateral hyperbola. 

II. ^ is a fixed point on the circumference of a circle ; the points X and M 
are taken such that arc AL = m arc AM^ where «n is a constant ; prove that the 
envelope of LMis an epicycloid or a hypocycloid, according as the arcs AL and 
AM are measured in the same or opposite Sections from the point A, 

12. Prove that LM^ in the case of an epicycloid, is divided internally in the 
ratio m : I, at its point of contact with the envelope ; and, in the hypocycloid, 
externally in the same ratio. 

13. Show also that the given circle is circumscribed to, or inscribed in, the 
envelope, according as it is an epicycloid or hypocycloid. 

14. Prove, from equation (14), that the intrinsic equation of an epicycloid is 

8 = Sin 



a+ 2b* 

where s is measured from the vertex of the curve. 

15. Hence the equation 8 =■ I ain. n<i> represents an epicycloid or a hypo- 
cycloid, according as » is less or greater than unity. 
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16. In an epitrochoid, if the distance, d, of the moying point from the centre 
of the rolling circle be equal to the distance between the centres of the circles, 
prove that the polar equation of the locus becomes 



r = 2 (a + J) cos 



ae 



a + 2b 



17. Hence show that the curve 

r = amnn$ 

is an epitrochoid when m < i, and a hypotrochoid when m > t. 

This class of curves was elaborately treated of by the Abbe Grandi in the 
Philosophical Transactions for 1 723. He gave them the name of " Bhodoness," 
from a fancied resemblance to the petals of roses. See also Gregory's Examples 
on the Differential and Integral Caleultts, p. 183. 

For illustrations of the beauty and variety of form of these curves, as well as 
of epitrochoids and h3rpotrochoids in general, the student is referred to the admi- 
rable figures in Mr. Proctor's Geometry of Cycloids, 

287. Centre of CurTatare of an !Epitrochold or 
Hypotrochoid. — The position of the centre of curvature for 
any point of an epitrochoid can be easily 
found from geometrical considerations. For, 
let Ci and Ca be the centres of the rolling 
and the fixed circles, P2 the centre of cur- 
vature of the roulette described by Pi ; and, 
as before, let d and 0% be two points on the 
circles, infinitely near to 0, such that OOi 
= OO2. Now, suppose the circle to roll until 
Oi and O2 coincide; then the lines CiOi 
and C2O2 will lie in directum^ as also the 
lines PiOi and F2O2 (since P2 is the point Fig. 61. 

of intersection of two consecutive normals to 
the roulette). 

Hence z OCid + z OC2O2 = z OPid + z OP2O2, 

since each of these sums represents the angle through which 
the circle has turned. 




Again, let z dOPi = 0, OOi = OO2 = ds ; 



then 



ds 



ds 



COP.O.^^^, lOP.0.^^: 
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consequently we have 

Or, if OP, = n, OP^ = r^, 



II /I I 

- + -J- = cos — + - 

From this, equation r2, and consequently the radius of onrva- 
ture of the roulette, can be obtained for any position of tho 
generating point Pi. 

If we suppose Pi to be on the circumference of the rolling 

circle, we get cos ^ = -7777- ; whence it follows that 

OP^ = — ^ OPi, 

which agrees with the result arrived at in Art. 279. 

288. Centre of Currature of any Roulette. — The 

preceding formula can be readily extended to any roulette : for 
if Ci and C2 be respectively the centres of curvature of the 
rolling and fixed curvesy corresponding to the point of contcLot (?, 
we may regard OOi and OO2 as elementary arcs of the circles 
of curvature, and the preceding denionstration will still 
hold. 

Hence, denoting the radii of curvature Od and OC2 by 
pi and p2, we shall have 

— + — = cos 1 - + - V (22) 
pi pi ^Vi r2j 

It can be easily seen, without drawing a separate figure, 
that we must change the sign of p^ in this formula when the 
centres of curvature lie at the same side of 0. 

It may be noted that Pi is the centre of curvature of the 
roulette described by the point Pg, if the lower curve be sup- 
posed to roll on the upper regarded as fixed. 

289. Oeometrleal Construction* for the Centre of 



* This beautiful construction, and also the formula (22) on which it is based, 
were given by M. Savary, in his Ze^ons dea Machines a V Eeole Foly technique , 
See also Leroy's Gewnetrie Deacriptive, Quatridme Edition, p. 347. 
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Currature of a Roulette. — The formula {22) leads to 
a simple and elegant construction for the centre of curva- 
ture P2. 

We commence with the case when the base is a right 
line, as represented in the accom- 
panying figure. 

Join Pi to Ci, the centre of curva- 
ture of the rolling curve, and draw 
ON perpendicular to OPi, meeting 
PiCi in N\ through N draw NM j^ 
parallel to OCi, and the point P2 in 
which it meets OPi is the centre of 
curvature required. 

For, equation {22) becomes in 
this case 

I / I 




Fig. 6a. 



ocr '"''^'^Km^ m 



whence we get 
P1P2 



p} 



NP, 



OPi.OP, OCiBmCiON NCismCiNO NC^.OP^' 

P,P, NPi 

" OP2 NCi' 

and, accordingly, the line NP2 is parallel to OCi. Q. E, D. 

The construction in the genercd case is as follows : — 

Determine the point N as in the former 
case, and join it to Ci, the centre of curva- 
ture of the fixed curve, then the point of 
intersection of NC2 and Pi is the required 
centre of curvature. 

This is readily established ; for, from 
the equation ^ 

CiCi _ COS Pi P a 

^^ set oCa . Oa ~ OP, . OP, ' 
C1C3 0P» OCiCos^ 




oa PiPs 



OPt 

2 ▲ 



Fig. 6j. 
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But, as before, 



OCi cos ^ = 



henoe 



CiN. OP, . 00, cos » ^ irCi 
iVPi ' • • OPi " NPi 

0^ OP^ ^NCi 
OC^'P.P^^ NPi 



Consequently, by the well-known property of a transversal 
cutting the sides of a triangle, the points Ci, Pg, and N are 
in directum. 

The modification in the construction when the rolling 
curve is a right line can be readily supplied by the student. 

290. Circle of Inflexions. — The following geometzioal 
construction is in many cases more q 

useful than the preceding. 

On the line Od take OA such 
that 



OD, 00, 00^' 

and on OD, as diameter describe a 
circle. Let E, be its point of inter- 
section with OPi, then we have 

OE, 
cos^ = ^, 

and formula {22) becomes 




I I 

+ 



OP, OP2 ODiCos^ OE,' 



(23) 



Hence, if the tracing point Pi lie on the circle* OEiD,, 



* This theorem is due to La Hire, who showed that the element of the 
roulette traced hy any point is convex or concave with respect to the point of 
contact, Of according as the tracing point is inside or outside this circle. (See 
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the oorreBponding value of OP2 is infinite, and consequently 
Pi is a point of inflexion on the roulette. 

In consequence of this property, the circle in question is 
called the circle of inflexions^ as each point on it is a point of 
inflexion on the roulette which it describes. 

Again, it can be shown that the lines P1P2, PiO and PiEi 
are in continued proportion ; as also Cidy CiO, and CiDi. 
For, from Izx) we have 

P1P2 _ I 

oPi . 0P2 oe: 

Hence P1P2 : P,0 = OP2 : OEi\ 

.-. P1P2 : PiO = P1P2 - OP2 : PiO - OEx = PiO : P^Ei. (24) 
In the same manner it can be shown that 

CxCi : CiO = CiO : CiDi. (25) 

In the particular case where the base is a right line, the 
circle of inflexions becomes the circle described on the radius 
of curvature of the rolling curve as diameter. 

Again, if we take OD2 = OBi, we shall have, by describing 
a circle on Oi>2 as diameter, 

G2V/1 I G2C/ = C2C/ 1 G2X/2 f 

and also P2P1 : P2O = P2O : P2-B2. (26) 

The importance of these results will be shown further on. 

291. CSiiTelope of a Carried CurTe. — We shall next 
consider the envelope of a curve invariably connected with the 
rolling curve, and carried with it in its motion. 

Since the moving curve touches its envelope in each of its 



Memoires de VAeademie dea Sciences, 1706.) It is strange that this remarkable 
result remained almost unnoticed until recent years, when it was found to 
contain a key to the theory of curvature for roulettes, as well as for the 
envelopes of any carried curves. How little it is even as yet appreciated in 
this country will be apparent to any one who studies the most recent produc- 
tions on roulettes, even by distinguished Britidi Mathematicians. 

2 A 2 
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positions, the path of its point of contact at any instant xnizfit 
be tangential to the envelope; hence the normal at their 
common point must pass through 0, the point of oontaot of 
the fixed and rolling curves. 

In the particular case in which the carried curve is a 
right line, its point of contact with 
its envelope is found by dropping a 
perpendicular on it from the point of 
contact 0. 

For example, suppose a circle to 
roll on any curve : to find the envelope* 
of any diameter PQ : — 

!EVom draw ON perpendicular 
to PQ, then i^, by the preceding, is j.- ^ 

a point on the envelope. 

On OC describe a semicircle; it will pass through JV, 
and, as in Art. 286, the arc ON^^ arc OP = OA, if ^ be 
the point in which P was originally in contact with the 
fixed curve. Consequently, the envelope in question is the 
roulette traced by a point on the circumference of a oirole 
of half the radius of the rolling circle, having the fixed eurye 
AO for its base. 

For instance, if a circle roll on a right linCy the envelope of 
any diameter is a cycloid^ the radius of whose generating circle 
is half that of the rolling circle. 

Again, if a circle roll on another, the envelope of any 
diameter of the rolling circle is an epicycloid, or a hypocycloid. 

Moreover, it is obvious that if two carried right lines be 
parallel, their envelopes will be parallel curves. For ex- 
ample, the envelope of any right line, carried by a circle 
which rolls on a right line, is a parallel to a cycloid, i.e. the 
involute of a cycloid. 

These results admit of being stated in a somewhat different 
form, as follows : 

If one point, -4, in a plane area move uniformly along a 
right line, while the area turns uniformly in its own plane, 
then the envelope of any carried right line is an involute to a 
cycloid. If the carried line passes through the moving point 

* The theorems of this Article are, I helieye, due to Chasles : i$e his HUtoire 
de La OSometridf p. 69. 
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Aj its envelope is a cycloid. Again, if the point A move 
uniformly on the circumference of a fixed circle, while the 
area revolves uniformly, the envelope of any carried right 
line is an involute to either an epi- or hypo-cycloid. If the 
carried right line passes through Aj its envelope is either an 
epi- or hypo-cycloid. 

292. Centre of CarTatnre of the CSiiTelope of a 
Carried Carre. — Let «iJi represent a 
portion of the carried curve, to which Dm 
is normal at the point m ; then, by the 
preceding, m is the point of contact of aihi 
with its envelope. 

Now, suppose ^2^2 to represent a por- 
tion of the envelope, and let Pi be the 
centre of curvature of fl,Ji, for the points, 
and P2 the corresponding centre of cur- 
vature of ^262. 

As before, take Oi and O2 such that 
OOj = OO2, and join Pid and P2O2. 
Again, suppose the curve to roll until p 
Oi and O2 coincide; then the lines PiO\ 
and P2O2 will come in directum, as also 
the lines dCi and O2C2 ; and, as in Art. 
288, we shall have 

lCi-¥LC2 = LPi + lP2\ 




Fig. 66. 



and consequently 



OC, 



+ 



ocr'^'^Kop^^op. 



•pj' 



(27) 



From this equation the centre of curvature of the enve- 
lope, for any position, can be found. Moreover, it is obvious 
that the geometrical constructions of Arts. 289, 290, equally 
apply in this case. It may be remarked that these construc- 
tions hold in all cases, whatever be the directions of curvature 
of the curves. 

The case where the moving curve «i Ji is a right line is 
worthy of especial notice. 
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In this case the normal Om is perpendicular to the moYing 
line ; and, since the point Pi is infinitely 
distant, we have 



cos _ I I I 

Oft " OC,^ OUr 'OD, 



(Art. 290); 




Pig. 67. 



whence, P3 is situated on the lower circle of 
inflexions. Hence we infer that the dif- 
ferent centres of curvature of the curves en- 
veloped by all carried right lines, at any 
instant J lie on the circumference of a circle. 

As an example, suppose the right line OM to roll on a 
fixed circle, whose centre is C2, to 
find the envelope of any carried right 
line, LM. 

In this case the centre of cur- 
vature, P2, of the envelope of Zif, 
lies, by the preceding, on the circle 
described on 00 as diameter; and, 
accordingly, CP2 is perpendiculai- 
to the normal P1P2. 

Hence, since L OLPi remains 
constant during the motion, the line 
CP2 is of constant length; and, if 
we describe a circle with as centre, 
and CP2 as radius, the envelope of 
the moving line Zitf will, in all positions, be an involute of a 
circle. The same reasoning applies to any other moving 
right line. 

We shall conclude with the statement of one or two other 
important particular cases of the general principle of this 
Article. 

(i). If the envelope a^tbz of the moving curve aibi be a right 
line, the centre of curvature Pi lies on the corresponding circle of 
inflexions, 

(2). If the moving right line always passes through a fixed 
pointy that point lies on the circle 0D2E2, 

2g2{a). CSxpressIon for Radius of Currature of 
CSiiTelope of a Right I^Ine. — The following expression 
tor the radius of curvature of the envelope of a moving right 




Fig. 68. 
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line is sometimes useful. Let p be the perpendicular distance 
of the moving line, in any position, from a fixed point in the 
plane, and w the angle that this perpendicular makes with a 
fixed line in the plane, and p the radius of curvature of the 
envelope at the point of contact; then, by Art. 206, we have 

p=.*g. (.8, 

Whenever the conditions of the problem givejo in terms of 
(u (the angle through which the figure has turned), the value 
of p can be found from this equation. For example, the re- 
sult established in last Article {see Fig. 68) can be easily 
deduced from (28). This is left as an exercise for the student. 

293. On the motion of a Plane Figure In its Plane. 
— ^We shall now proceed to the consideration of a general 
method, due to Chasles, which is of fundamental importance 
in the treatment of roulettes, as also in the general investi- 
gation of the motion of a rigid body. 

We shall commence with the following theorem : — 

When an invariable plane figure moves in its plane^ it can 
he brought from any one position to any other by a single rotation 
round a fixed point in its plane. 

For, let A and B be two points of the figure in its first 
position, and Ai, J5i their new 
positions after a displacement. 
Join AAi and BBx, and sup- 
pose the perpendiculars drawn 
at the middle points of AAi 
and BBi to intersect at 0; 
then we have AO - AxO, and 
BO = BiO. Also, since the 
triangles AOB and AiOBi 
have their sides respectively ^^' ^' 

equal, we have lAOB-- lA^OB^ ; /. Z AOAx = Z BOBy. 

Accordingly, AB will be brought to the position AiBi by 
a rotation through the angle AOAi round 0, Consequently, 
any point C in the plane, which is rigidly connected with ABy 
will be brought from its original to its new position, d, by 
the same rotation. 

This latter result can also be proved otherwise thus : — Join 
OC and OCi ; then the triangles OAC and OAiCi are equal, 
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because OA = OAi, AC = AiCi^ and the angle OAC, being 
the difference between OAB and BAC^ is equal to OAiG^ 
the difference between OAiBi and BiAiCi ; therefore OC 
= 0(7i, and lAOC = z -iiOCi ; and hence L AOAi = z. C70(7i, 
Consequently the point C is brought to Ci by a rotation 
round through the same angle A OAi. The same reasoning 
applies to any other point invariably connected with A and B. 

The preceding construction re- 
quires modification when the lines 
AAi and BBi are parallel. In this 
case the point, 0, of intersection of the 
lines BA and BiAi is easily seen to be 
the point of instantaneous rotation. 

For, since AB = AiBiy and AAi^ p. ^^ 

BBiy are parallel, we have OA = OAi^ 

and OB = OBi. Hence, the figure will be brought from its 
old to its new position by a rotation around through the 
angle AOAi. 

Next, let AAiy and BBi be both equal and parallel. In 
this case the point is at an infinite distance ; but it is 
obvious that each point in the plane moves through the same 
distance, equal and parallel to ^^1 ; and the motion is one of 
simple translation, without any rotation. 

In general if we suppose the two positions of the moving 
figure to be indefinitely near each other, then the line AAi^ 
joining two infinitely near positions of the same point of the 
figure, becomes an element of the curve described by that point, 
and the line OA becomes at the same time a normal to the curve. 
Hence, the normals to the paths described by all the points of the 
moving figure pass through 0, which point is called the inatan^ 
taneous centre of rotation. 

The position of is determined whenever the directions of 
motion of any two points of the moving figure are known; for it 
is the intersection of the normals to the curves described by 
those points. 

This furnishes a geometrical method of drawing tangents 
to many curves, as was observed by Chasles.* 

* This method is given by Chasles as a generalization of the method of Des- 
cartes (Art. 273, note). It is itself a particular case of a more general principle 
concerning homologous figures. See Chasles, Sistoire de la GeonutriCj pp. 54S-9 : 
also Bulletin Universel dee Sciences^ 1830. 




Chasles^ Method of dramng Normals, 36 1 

The following case is deserving of special consideration : — 
A right line always passes through a fixed 
point, while one of its points moves along a 
fixed line : to find the instantaneous centre of 
rotation. Let A be the fixed point, and AB 
any position of the moving line, and take 
jB'-4' = BA ; then the centre of rotation, 0, is 
found as before, and is such that OA = 0A\ 
and OB = OB^. Accordingly, in the limit the 
centre of instantaneous rotation is the inter- p- ^j 
section of BO dravni perpendicular to the fixed 
line, and AO drawn perpendicular to the moving line at the 
fixed point. 

In general, if ABhe any moving curve, and LManj fixed 
curve, the instantaneous centre of rotation is the point of inter' 
section of the normals to the fixed and to the moving curves^for 
any position. 

Also the normal to the curve described by any point in- 
variably connected with AB is obtained by joining the point 
to 0, the instantaneous centre. 

More generally, if a moving curve always touches a fixed 
curve -4, while one point on the moving curve moves along a 
second fixed curve J?, the instantaneous centre is the point of 
intersection of the normals to A and B at the corresponding 
points; and the line joining this centre to any describing 
point is normal to the path which it describes. 

We shall illustrate this method of drawing tangents by 
applying it to the conchoid and the limacon. 

294. Application to Carves. — In the Conchoid (Fig. 49, 
V^S^ ZZ^)y regarding AP as a moving right line, the 
instantaneous centre is the point of intersection oi AO 
drawn perpendicular to AP, with RO drawn perpendicular to 
LM; and consequently, OP and OPi are the normals at P 
and Pi, respectively. 

For the same reason, the normal to the Lima9on (Fig. 48, 
page 33 1 ) at any point P is got by drawing OQ perpendicular 
to OP to meet the circle in Q, and joining PQ. 
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Examples. 

1. If the radius yector, OP, drawn from the origin to any point J* on a earfe, 
be produced to Pi, until FPi be a constant len^h ; proye that the normal at Pi 
to the locus of Pi, the normal at P to the original curve, and the perpendieolar 
at the origin to the line OP, all pass through the same puint. 

2. If a constant length measured from the curye be taken on the noxmals 
along a given curve, prove that these lines are also normals to the new cnrYe 
which is the locus of their extremities. 

3. An angle of constant magnitude moyes in such a manner that its sides 
constantly touch a given plane curve ; prove that the normal to the curve de- 
scribed by its vertex, P, is got by joining P to the centre of the circle passing 
through P and the points in which the sides of the moveable angle touch the 
given curve. 

4. If on the tangent at each point on a curve a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 

5. In general, if through each point of a curve a line of given length be 
drawn making a constant angle with the normal, the normal to the (^uirve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. 

295. Motion of any Plane Figure reduced to 
Roulettes. — ^Again, the most general motion of any fig^e 
in its plane may be regarded as consisting of a number of 
infinitely small rotations about the different instantaneous 
centres taken in succession. 

Let 0, 0', 0", 0"', &c., represent the successive centres of 
rotation, and consider the instant when / *'T 

the figure turns through the angle OiOCf o L''' * 

round the point 0, This rotation will q J^'''' '^t 

bring a certain point Oi of the figure to ^^i^^^l.. 
coincide with the next centre (7. The next "^^T^ ^^ 
rotation takes place around Cf\ and suppose ^^v *'** T 
the point Oi brought to coincide with the O n:^^ 

centre of rotation 0". In like manner, by n'T "^^^ 

a third rotation the point O3 is brought to \\ 

coincide with Cf'\ and so on. By this * N^ rr 

means the motion of the moveable figure p. 2. 

is equivalent to the rolling of the polygon 
OOiOiOz . . . invariably connected with the figure, on the 
polygon OOfOf'O"' . . . fixed in the plane. In the limit, the 
polygons change into curves, of which one rolls, without 
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sKding, on the other ; and hence we conclude that the general 
movement of any plane figure in its oum plane is equivalent to the 
rolling of one curve on another fixed curve. 

These curves are called by Eeuleaux* the " centroids" of 
the moving figures. 

For example, suppose two points A and B of the moving 
figure to slide along two fixed right 
lines CX and CY; then the instan- 
taneous centre is the point of inter- 
section oi AO and BOy drawn perpen- 
dicular to the fixed lines. Moreover, 
as AB is a constant length, and the 
angle A OB is fixed, the length CO is 
constant ; consequently the locus of 
the instantaneous centre is the circle 
described with as centre, and 00 as ^^' ^^' 

radius. Again, if we describe a circle round OBOA^ this 
circle is invariably connected with the line -4J5, and moves 
with it. Hence the motion of any figure invariably connected 
with AB is equivalent to the rolling of a circle inside another* 
of double its radius {see Art. 285). 

Again, if we consider the angle XOY to move so that its 
legs pass through the fixed points A and B, respectively ; then 
the instantaneous centre is determined as before. More- 
over, the circle BOA becomes a, fixed circle, along which the 
instantaneous centre moves. Also, since 00 is of constant 
length, the outer circle becomes in this case the rolling curve. 
Hence the motion of any figure invariably connected with tho 
moving lines OX and OY is equivalent to the rolling of the 
outer circle on the inner (compare Art. 286). 

295 («)• Eplcyclics, — ^As a further example, suppose one 
point in a plane area to move uniformly along the circum- 
ference of a fixed circle, while the area revolves with a uniform 
angular motion around the point, to find the position of the 
" centroids." 

The directions of motion are indicated by the arrow 
heads. Let be the centre of the fixed circle, P the position 



* See Kennedy's translation of Beuloaux's Kinemaiiea of Machinery^ 
pp. 65, &c. 
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of the moving point at any instant, Q a point in the moving 

figure such that GP = PQ. 

Now, to find the position of 

the instantaneous centre of 

rotations it is necessary to 

get the direction of motion of 

the point Q. 

Let Pi represent a con- 
secutive position of P, then 
the simultaneous position of Q 
is got by first supposing it to 
move through the infinitely 
small length QP, equal and 
parallel to PPi, and then to 
turn roimd Pi, through the 
angle PPiQ,, which the area 
turns through while P moves 
to Pi. Moreover, by hypo- 




Fig. 74. 



thesis, the angles PCPi and RPiQi are in a constant ratio: 
if this ratio be denoted by m, we have (since PQ = PC) 

RQi = mPPi = mQR. 

Join Q and Qi, then QQ\ represents the direction of mo- 
tion of Q. Hence the right line QO, drawn perpendicular 
to QQi, intersects CP in the instantaneous centre 0/ rotation. 

Again, since the directions of PO, PQ, and QO are, re- 
spectively, perpendicular to QP, PQi, and QQi, the triangles 
QPO and QiPQ are similar ; 

.-. PQ = mPO, i.e. CP = mPO. 



Accordingly, the instantaneous centre of rotation is got 
by cutting off 

PO = ^. (29) 



m 



Hence, if we describe two circles, one with centre C and 
radius CO, the other with centre P and radius PO; these 
circles are the required centroids; and the motion is equivalent 
to the rolling of the outer circle on the inner. 
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Accordingly, any point on the cironrnferenoe of the outer 
circle describes an epicycloid, and any point not on this cir* 
CTimference describes an epitroohoid. When the angular 
motion of PQ is less than that of CP, i.e. when m< ly 
the point lies in PG produced. Accordingly, in this 
case, the fixed circle lies inside the rolling circle; and the 
curves traced by any point are still either epitrochoids or epi- 
cycloids. 

In the preceding we have supposed that the angular 
rotations take place in the same direction. If we suppose them 
to be in opposite directions, the construction has to be modified^ 
as in the accompanying figure. 

In this case, the angle ^[^P7% 

RPiQi must be measured in 
an opposite direction to that 
of PCPi ; and, proceeding as 
in the former case, the direc- 
tion of motion of Q is repre- 
sented by QQi; accordingly, 
the perpendicular QO will in- 
tersect CP produced, and, as 
before, we have 



P0 = 



PC 



m 




Fig. 75. 



Hence the motion is equi- 
valent to the rolling of a circle 

of radius PO on the inside of a fixed circle, whose radius i» 
CO, Accordingly, in this case, the path described by any 
point in the moving area not on the circumference of the 
rolling circle is a hypotrochoid. 

Also, from Art. 291, it is plain that the envelope of any 
right line which passes through the point P in the moving 
area is an epicycloid in the former case, and a hypocyoloid 
in the latter. 

Again, if we suppose the point P, instead of moving in a 
circle, to move uniformly in a right line, the path of any 
point in the moving area becomes either a trochoid or a 
cycloid. 

Curves traced as above, that is, hy a point which moves 
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uniformly round the circumference of a circle^ whose centre ntoves 
uniformly on the circumference of a fixed circle in the same 
plane, are called epicyciicSf and were invented by Ptolemy 
(abont A.D. 140) for the purpose of explaining tlie planetary 
motions. In this system* the fixed drde is oalled the deferent, 
and that in which the tracing point moves is called the 
epicycle. The motion in the fixed circle may be supposed in 
all cases to take place in the same direction around O, that 
indicated by the arrows in our figures. Such motion is called 
direct. The case for which the motion in the epicycle is direct 
is exhibited in Fig. 74. 

Angular motion in the reverse direction is called retro- 
grade. This case is exhibited in Fig. 75. The corresponding 
epicydics are called by Ptolemy direct and retrograde epiqy- 
clics. 

ThQ preceding investigation shows that every direct epi- 
oyclic is an epitrochoid, and every retrograde epicydic a 
hypotrochoid. 

It is obvious that the greatest distance in an epicydio 
from the centre is equal to the sum of the radii of the oirclee, 
and the least to their difference. Such points on the epioyolio 
are called apocentres a,nA pericentresy respectively. 

Again, if a represent the radius of the fixed circle or 
deferent, and /3 the radius of the revolving circle or epioyde ; 
then, if the curve be referred to rectangular axes, that of a? 
passing through an apooentre, it is easily seen that we have 
for a direct epicydic 

a? = a cos + j3 ooBmOf \ 
y = asinO + /3sin mO. ) 



* The importance of the epicyclic method of Ptolemy, in representing ap- 
proximately the planetary paths relative to the earth at rest, has recenUy been 
brought prominently forward by Mr. Proctor, to whose work on the Oeometryof 
Cycloids the student is referred for fuller information on the subject. 

We owe also to Mr. Proctor the remark that the invention of cycloids, epi- 
cycloids, and epitrochoids, is properly attributable to Ptolemy and the ancient 
■astronomers, who, in their treatment of epicyclics, first investigated some of 
the properties of such curves. It may, however, be doubted if Ptolemy had 
any idea of the shape of an epicyclic, as no trace oi such is to be found in the entire 
of nis great work, The Almagest. 
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The formulaB for a retrograde epioyclic are obtained by 
cbanging the sign of m (compare Art. 284). 

It is easily seen that evert/ ejpicyclic admits of a twofold 
generation. 

For, if we make mQ = ^, equation (30) may be written 



a? = j3 cos + a cos — , 

2/ = fi sin + a sin — 

which is equivalent to an interchange of the radii of the 
deferent circle and of the epicycle, and an alteration of m 

into — . This result can also be seen immediately geometri- 
cally. 

It may be remarked that this contains Euler's theorem 
(Art. 280) under it as a particular case. 

296. Properties of the Circle of Inflexions. — It 
should be especially observed that the results established in 
Art. 290, relative to the circle of inflexions, h(Jld in all cases 
of the motion of a figure in its plane, and hence we infer 
that the distances of any moving point from the centre of curva- 
ture of its path, from the instantaneom centre of rotation, and 
from the circle of inflexions, are in continued proportion. 

Again, from Art. 292, we infer that if a moveable curve 
slide on a fixed curve, the distances of the centre of curvature of 
the moving, from that of the fixed curve, from the centre of in^ 
stantaneous rotation, and from the circle of inflexions, are in 
continued proportion. 

The particular cases mentioned in these Articles obviously 
hold also in this case, and admit of similar enunciations. 

These principles are the key to the theory of the curvature 
of the paths of points carried by moving curves, as also to the 
curvature of the envelopes of carried curves. 

We shall illustrate this statement by a few applications. 

297. Example on the Construction of Circle of 
Inflexions. — Suppose ttoo curves aibi and Cidi, invariably con-- 
nected uith a moving plane figure, always to touch two fixed 
curves ajbz and c^d^^ to find the centre of curvature of the roulette 
described by any point Bi of the moving figure. 
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The instantaneous circle of inflexions is easily constnofoted 
in the following manner : — Let 
Pi and P2 be the centres of cur- 
vature for the point of contact 
m for the curves aihi and fl2&2, 
respectively : and let Qi, Q2, he 
the corresponding points for 
the curves Cidi and C2d%. Take 

P.^.=^^,andQ.i^.= ^; 

then, by Art. 290, the points " y. g 

El and JPi lie on the circle of 

inflexions. Accordingly, the circle which passes through O, 

Ei and jPi, is the circle of inflexions. 

Hence, if iJiO meet this circle in Gi, and we take 

R1R2 = j^ ^ , the point R% (by the same theorem) is ihe 

centre of curvature of the roulette described by Ri. 

In the same case, by a like construction, the centre of cur- 
vature of the envelope of any carried curve can be found. 

The modifications when any of the curves ^iJi, 0262, &o., 
becomes a right line, or reduces to a single point, can also be 
readily seen by aid of the principles already established for 
such cases. 

298. Theorem of Bobllller.* — If two sides of amoving 
triangle always touch two fixed circles^ the third side also always 
touches a fixed circle. 

Let ABC be the moving triangle ; the side AB touching 
at c a fixed circle whose centre is 7, and AG touching at ft a 
cirole with centre j3. Then the instantaneous centre is the 
point of intersection of ft/3 and cy. 

Again, the angle jSOy, being the supplement of the con- 
stant angle BACy is given; and consequently the instanta- 
neous centre always lies on a fixed circle. 

* Co'irs de geometrie pour lea ieolea dea arts et metiers. See also CoUignon, 
Traits de Mecarnque tinhnatique^ p. 306. 

Tin's theorem admits of a simple proof by elementary geometry, Tlie in- 
vestigation above Las however the advantage of connecting it with the general 
theory given in t})e preceding Articles, as well as of leading to the more general 
theorem stated at the end of this Article. 
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Also if Oa be drawn perpendioular to the iiaxi. aide BO, 
a ia the point ia whioh the Bide 
touches its envelope (Art. 291). 
^x>duoe aO to meet the oirole 
in a ; and sinoe the angle aO^ 
is equal to the angle ACB, it 
is constant ; and oonBequentl7 
the point a is a fixed point on the 
drofe. Again, by (4) Art. 292, 
the oirole ^Oy passes through ( 
the centre of curvature of the 
envelope of an; oarried right 
line; and accordingly a is the 
centre of curvature of the enve- 
lope of SC; but a has already Fig. 77. 
been proved to be a fixed point; 

consequently BC in all positionB touches a fixed circle whosd 
centre is a. (Compare Art. 286.) 

This result can be readily extended to the case where tlie 
sides AB and AC slide on any curves ; for we can, for an in- 
finitely small motion, substitute for the curves the osoulating 
circles at the points b and c, and the construction for the point 
a vrill give the centre of curvature of the envelope of the 
third side BC. 

29S (a). AnalTtleal Demoiutratlon, — The result of the 
preceding Article can also be established analytically, as was 
shown by Mr. Ferrers, in the following manner : — 

Let a, b, c represent the lengths of the sides of the moving 
triangle, and p,, p%, pt the perpendiculars from any point 
on the sides a, b, c, resp^tively ; then, by elementaty 
geometry, we have 

api + bpi + cpi = 2 (area of triangle) = 2A. 

Again, if pi, pj, pg he the radii of curvature of the enve- 
lopes of the three sides, and w the angle through which eeeh. 
of the perpendiculars has turned, we have by (28), 

api + bpj + cp, = 2A, (31) 

Hence, if two of the radii of curvature be given the third 
can be determined. 
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We next proceed to oonsider the ooDohoid of Nioomedes. 

299. Centre of CnrTature for a Conehold. — Jjet A 

be the pole, and LM the directrix of a eonohoid. GonBfcmfli 
the instantaneous centre 0, as before : and produce ^O until 

It is easily seen that the circle circumscribing ^lOJRi is 
the instantaneous circle of inflexions : for the instanteuieoiis 
centre always lies on this circle ; also Bi lies on the Girole 
by Art. 290, since it moves along a right line : again, A lies 
on the lower circle of inflexions of same Article, and conse- 
quently Ai lies on the circle of inflexions. 

Hence, to And the centre of curvature of the oonohoid 

described by the moving point Pi, produce PiO to meet the 

circle of inflexions in ^1, and take 

P 0'^ 

^1-^3= Wlc7 5 tJ^®^> ^7 (22), Pa is 
jri-Ti 

the centre of curvature belonging to 
the point Pi on the conchoid. 

In the same case, the centre of 
curvature oi the curve described by 
any other point Qi, which is inva- 
riably connected with the moving 
line, can be found, i'or, if we p^^ 
produce QiO to meet the circle of 
inflexions in JEj, and take Q1Q2 

" TTeT > tli®^> ^7 ^^^ same theorem, 

Q2 is the centre of curvature re- Fig. 78. 

quired. 

A similar construction holds in all other cases. 

300. liphericai lEoiiiettes. — The method of reasoning 

adopted respecting the motion of a plane flgure in its plane 
is applicable identically to the motion of a curve on the sur- 
face of a sphere, and leads to the following results, amongst 
others : — 

(i). A spherical curve can be brought from any one 
position on a sphere to any other by means of a single 
rotation around a diameter of the sphere. 

(2). The elementary motion of a moveable figure on a 
sphere may be regarded as an infinitely small rotation 
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around a certain diameter of the sphere. This diameter is 
called the instantaneous axis of rotation, and its points of 
intersection with the sphere are called the poles of rotation. 

(3). The great circles drawn, for any position, from the 
pole to each of the points of the moving curve are normals to 
the curves described by these points. 

(4). When the instantaneous paths of any two points are 
given, the instantaneous poles are the points of intersection 
of the great circles drawn normal to the paths. 

(5). The continuous movement of a figure on a sphere 
may be reduced to the rolling of a curve fixed relatively to 
the moving figure on another curve fixed on the sphere. 
By aid of these principles the properties of spherical roulettes* 
can be discussed. 

301. Motioii of a Rigid Body about a Fixed 
Point. — We shall next consider the motion of any rigid 
body around a fixed point. Suppose a sphere described 
having its centre at the fixed point ; its surface will intersect 
the rigid body in a spherical curve -4, which will be carried 
with the body during its motion. The elementary motion of 
this curve, by the preceding Article, is an infinitely small 
rotation around a diameter of the sphere ; and hence the 
motion of the solid consists in a rotation around an instan- 
taneous axis passing through the fixed point. 

Again, the continuous motion of A on the sphere by (5) 
(preceding Article) is reducible to the rolling of a curve 
Z, connected with the figure -4, on a curve X, traced on the 
sphere. But the rolling of i on A is equivalent to the 
rolling of the cone with vertex standing on i, on the cone 
with the same vertex standing on \, Hence the most general 
motion of a rigid body having a fixed point is equivalent to 
the rolling of a conical surface, having the fixed point for its 
summit, and appertaining to the soUd, on a cone fixed in 
space, having the same vertex. 

These results are of fundamental importance in the gene- 
ral theory of rotation. 



* On the Curvature of Spherical Epicyoloids, see Besal; Journal d$ IJSooU 
JBolyteehnique^ 1858, pp. 235, &o. 
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Etaitpltw. 

I. If the radiiu of the generating cirde be one-fourth that of tlie ftnd, 
prove immediately that the hypocycloid becomes the envelope of a rigjht l<«f of 
ooDstant length whose extremities move on two rectangular lines. 

3. Prove that the evolute of a oardioid is another cardioid in vrhidi As 
radius of the generating circle is one-third of that for the original cunile. 

3. Prove that the entire length of the cardioid is eight times the diametor of 
its generating circle. 

4. Show that the points of inflexion in the trochoid are givexi by the 
equation cos 9 + - = o ; hence find when they are real and when imagiiuuy. 

5. One leg of a right angle passes through a fixed point, whilst its vertei 
slides along a given curve ; show that the problem of finding the envelope of 
the other leg of the right angle is reducible to the investigation of a locus. 

6. Show that the equation of the pedal of an epicycloid with xespeot to m 
origin IB of the form 

a9 
r = (a + 2*) cos 7 - cos (9 + a). 

^ a+ 2b ^ ' 

7. In figure 57, Art. 281, show that the points (7, F and Q are tit dirtctim. 

8. Prove that the locus of the vertex of an angle of given magnitude, irliois 
sides touc^ two given circles, is composed of two lima9on8. 

9. The legs of a |;iven an^le slide on two given circles : show that the 
locus of any carried point is a bma<;on, and the envelope of any canied right 
line is a circle. 

10. Find the equation to the tangent to the hypocycloid when the ladiiu of 
the fixed circle is three times that of the rolling. 

Aim, xQos»-\-y sixim^b sin 3«. 

This is called the three-cusped hypocycloid. See Ex. 5, Art. 286. 

II. Apply the method of envelopes to deduce the equation of the tlizee- 
eqsped hypocycloid. 

Substituting for sin 3a» its value, and making ^ = cota», the equation of the 
tangent becomes 

ar^ + (y- 3*)^* + »*+* + y = o, 

in which < is an arbitrary parameter. If < be eliminated between this and its 
derived equation taken witii respect to i^ we shall get for tiie equation of the 
hypocycloid, 

(«• + y»)* + 18^8 («• + y^ + a4*«V - 83y» = vj¥. 



ExampUs. 373 

12. If two tangents to a cycloid intersect at a constant angle, prove that the 
length of the portion which they intercept on the tangent at the yertex of the 
cydoid is constant. 

13. If two tangents to a hypocydoid intersect at a constant angle, proye 
that tibe arc which they intercept on the drde inscribed in the hypocydoid is of 
constant length. 

14. The yertex of a right angle moves along a right line, and one of its legs 
passes through a fixed point : show geometrically that the other legenydopes a 
parabola, having the fixed point for focus. 

15. One angle of a given triangle moves along a fixed curve, while the 
opposite side passes through a fixed point : find, for any position, the centre of 
curvature of the envelope of either of the other sides, and also that of the curve 
described by any carried point. 

16. If a right line move in any manner in a plane, prove that the locus of 
the centres of curvature of the paths of the different points on the line, at any 
instant, is a conic. — (Resal, Journal de V EeoU Foly technique^ 1858, p. 112). 

This, as wdl as the following, can be proved without difficulty from equa- 
tion (22), p. 352. 

17. When a conic rolls on any curve, the locus of the centres of curvature 
of the dements described simultaneously by aU the points on the conic is a new 
conic, touching the other at the instantaneous centre of rotation. — (Mannheim, 
9am$ Journal, p. 179.) 

18. An ellipse rolls on a right line : prove that p, the radius of curvature of 

the path described by either focus, is given by the equation - = ; where 

par 

r is the distance of the focus fi:t>m the point of contact, and a is the semi-axis 

major. — (Maunheim, Ibid,) 

19. The extremities of a right line of given length move along two fixed 
right lines : give a geometrical construction for the centre of curvature of the 
envelope in any position. 

20. Prove that the locus of the intersection of tangents to a cycloid whidi 
intersect at a constant angle is a prolate trochoid (La mre, Mim, de VAead, dee 
Sciences f 1704). 

31. More generally, prove that the corresponding locus for an epicycloid is 
an epitrochoid, and for a hypocydoid is a hypotrochoid. (Chades, Jkiat, de la 
Oiom., p. 125). 

« 

22. If a variable cirde touch a given c^rdoid, and also touch the tangent at 
the vertex, the locus of its centre is a cydoid. (Professor Casey, FhU. iVaiw., 
1877.) 

23. Being ^ven three fixed tangents to a variable cycloid, the envdope to 
the tangent at its vertex is a cirde. {Ibid,) 

24. If two tangents to a cycloid cut at a constant angle, the locus of the 
centre of the cirde described about the triangle, formed by the two tangents and 
the chord of contact, is a right line. (Ibid.) 

25. If a-curve (A) be such that the radius of curvature at each point is n 
times the normal intercepted between the point and a fixed straight line (^}, 
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then when the cnrre rolls along another straight line, (B) will envelope a curre 
in which the radius of curvature is » + i times the normal. 

Thus, when « =s - 2, {A) is a parahola, and {B) the directrix ; and when 
the parabola rolls along a straight Hne, its directrix envelopes a catenary (for 
which II = — i), to which the straight line is directrix. 

When the catenary rolls along a straight line, its directrix passes through a 
fixed point, for which » = o. 

When the point moves along a straight line, the straight line which it car- 
ries with it envelopes a circle (n = i), and (B) is a diameter. 

When the circle rolls along a straight line, its diameter envelopes a cycloid 
(11 = 2), to which (B) is the base. When the cycloid rolls along a straight line 
its base envelopes a curve which is the involute of the four-cnsped hypocycloid^ 
passing through two cusps, and is in figure like an ellipse whose major axis is 
twice the minor. (Professor Wolstenholme.) 

The fundamental theorem given above follows immediately from equation 
(27), P- 357. 

26. Prove the following extension of Bobillier's theorem : — If two sides of a 
moving triangle always touch the involutes to two circles, the third side will 
always touch the involute to a circle. 

27. Investigate the conditions of equilibrium of a heavy body which rests on 
a fixed rough surface. 

In this case it is plain that, in the position of equilibrium, the centre of 
gravity G of the body must be vertically over the point of contact of the body 
with the fixed surface. 

Again, if we suppose the body to receive a slight displacement by rolling on 
the fixed surface, the equilibrium will be stable or unstable, from elementary 
mechanical considerations, according as the new position of 6^ is higher or 
lower than its former position, i. e. according as 6^ is situated inside or outside 
the circle of inflexions (Art. 290). 

Hence, if p\ and p2 be the radii of curvature for the corresponding fixed and 
rolling curv 3, and h the distance of G from the point of contact of the surfaces, 

the equilibrium is stable or unstable according as A is < or > JlIlL. . See Walton's 

pi + P2 

Problems, p. 190 ; also, for a complete investigation of the case where h a= - ^'^ 

pi + P2' 
Minchin's Statics, pp. 320-2, 2nd Edition. 

28. Apply the method of Art. 285 to prove the following construction for 
the axes of an ellipse, being given a pair of its conjugate semi-diameters OP, OQ^ 
ia magnitude and position. From P draw a perpendicular to OQ, and on it lake 
PD = PQ ; join P to the centre of the circle described on OD as diameter by a 
right line, and let it cut the circumference in the points £ and F; then the right 
lines OE and OF are the axes of the ellipse, in position, and the segments PE 
and PF are the lengths of its semi-axes (Mannheim, Nouv, An, de Math. 1857, 
p. 188). 

29. An involute to a circle rolls on a right line : prove that its centre describes 
a parabola. 

30. A cycloid rolls on an equal cycloid, corresponding points being in con- 
show that the locus of the centre of curvature of the rolling curve at the 
*• pontact is a trochoid, whose generating circle is equal to that of either 
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CHAPTER XX. 



ON THE CARTESIAN OVAL. 

302. Eqaatlon of Cartesian Oval. — ^In tliis Chapter* 
it is proposed to give a short discussion of the principal pro- 
perties of the Cartesian Oval, treated geometrically. 

We commence by writing the equation of the curve in its 
usual form, viz., 

n ± im = a, 

where n and r^ represent the distances of any point on the 
curve from two fixed points, or foci, F^ and jFi, while fi and 
a are constants, of wmch we may assume that ^ is less than 
unity. We also assume that a is greater than FiFz^ the dis- 
tance between the fixed points. 

It is easily seen that the curve consists of two ovals, one 
lying inside the other ; the former corresponding to the 

equation n + firz = a, and p 

the latter to n - iirz = a. ^" ^ 

Now, with jPi as centre, 

and a as radius, describe a 

circle. Through F2 draw 

any chord DE^ join FiD 

and FxE; then, if P be \ '\ M' \^-^^s 

the point in which F\I) 

meets the inner oval, we 

have 

FB^a-n^lin^liPF^. 

From this relation the 
point P can be readily 




found. 
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* This Chapter is taken, with slight modifications, from a Paper publiahed 
by me in Hermathena, No. iy., p. 509. 
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Again, let Q be the oorresponding point for the outer 
oval n - fcTs = a ; and we have, in like manner, DQ^ M^Qf 

.\ FtQ:FtP=QD:DP; 

oonaeqnently, FJ) bisects the angle PFtQ. 

Produce QFt and PFt to intersect FJS^ and let Pi and Qi 
be the points of intersection. 

Then, since the triangles PFtD and PiFtE are equiangular, 
we have PiE = fiPiFz ; and consequently the point Pi Les on 
the inner ovaL Iji like manner it is plain that Qi lies on 
the outer. 

Again, by an elementary theorem in geometry, we have 

PJP. PaQ "PL.^Q^ Ftiy; 

.-. (i-/ii')PJP.P,Q = P22)*. 

Also, by similar triangles, we get 

FtP : P2P1 = FJ) : F^E ; 
consequently 

(i - /li*) P2Q . P»Pi = PJ) . P^B = const. (2) 

Therefore the rectangle under F2Q and P3P1 is constant ; a 
theorem due to M. Quetelet. 

303. Construction for Third Focus. — ^Next, draw 
QPs, making z PaQPs = z P2P1P1 ; then, since the points Pi, 
Pi, Q, Pa lie on the circumference of a circle, we get 

FiF, . F2F^ = F,Q . P2P1 = const. (3) 

Hence the point P3 is determined. 

We proceed to show that P3 possesses the same properties 
relative to the curve as Pi and Pg ; in other words, that P3 is 
a third focus* 

For this purpose it is convenient to write the equation of 
the curve in the form 

mri ± Irz = nczf (4) 

in which Cz represents P1P2, and /, m, n are constants. 
It may be observed that in this case we have n>m> L 



This fundamental property of the curve was discovered by Chasles. See 
tU la Odomitrie^ note xxi., p. 352. 
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Now, sinoe L F^F^Q = Z-RPiJi = z J^IPjP,, the triangles 
FiPFt and FiF^Q are equiangular ; but, by (4), we have 

mFiP + IFJP = nFiF^ ; 
acoordinglj we Have 

mFiFz + /J;Q = wJ;Q, 

or nFiQ - /JiQ » mFiF^ ; 

i. e. denoting the distance from ^3 by r^ and FiFz by Ct, 

nri - /rs = m(J2. 

This shows that the distances of any point on the outer oval 
from J^i and Fs are connected by an equation similar in form 
to (4) ; and, consequently, jPs is a third focus of the curve. 

304. Equations of Cmnre, relatlTe to each pair ot 
Foci. — In like manner, since the triangles FiQFt and FiFzP 
are equiangulcur, the equation 

mF,Q - IF2Q = nF^Fz 
gives 

mF^Fz - IFzP = nF^P. 

Hence, for the inner oval, we have 

nri + ^8 = ntC2. 

This, combined with the preceding result, shows that the con- 
jugate ovals of a Cartesian, referred to its two extreme fed, 
axe represented by the equation 

nri ± ^n = mci. (5) 

In like manner, it is easily seen that the conjugate ovals re- 
ferred to the foci Fi and F^ are comprised under the equation 

nra - mr^ = ± fc,, (6) 

where 

oi = F,F,. 

305. Relation between the Constants. — The equa- 
tion connecting the constants /, m, n in a Cartesian, which 
has three points JF\, 2^2, F^ for its foci, can be readily found. 
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For, if we Bubstitute in (3), Cs for J?iJP2, &o., the equation 
is easily reduced to the form 

Pci + n% = m^C2f 
or PFzFj, + m«i?lFi + n'J?; j; = o, (7) 

in which the lengths F^Fz, &o., are taken with their proper 
signs, viz., FzFi = - FiFsy &o. 

306. Conjugate OtbIs are Inverse Curves. — ^Next, 
since the four points Fiy P, Q, F^y lie in a circle, we have 

F,P . FiQ = F1F2 . F\Fz = const. (8) 

Consequently the two conjugate ovals are inverse to each other 
with respect to a circle* whose centre is JPi, and whose radius 
is a mean proportional between JPii^2 and FiF^, 

It follows immediately from this, since Fz lies inside both 
ovals, that jPs lies outside both. It hence may be called the 
external focus. This is on the supposition that the constantsf 
are connected by the relations n> m> L 

Also we have 

lPF^z = L PQFz = ^ F2Q1P1 = L FzFzPi ; 

hence the lines F^P and F^Pi are equally inclined to the 
axis FiFz. Consequently, if Pz be the second point in which 
the line FJP meets the inner oval, it follows, from the sym- 
metry of the curve, that the points Pz and Pi are the 



• It 18 easily seen that when / = o the Cartesian whose foci are Fi, JP2, Fsy 
reduces to this circle. Again, if » = o, the Cartesian hecomes another ciiole, 
whose centre is Fz, and which, as shall he presently seen, cuts orthogonaUy the 
system of Cartesians which have ^i, Fz, Fa for their foci. These circles aie 
called hy Fruf. Crofton {Transactions^ London Mathematical Society^ iS66),the 
Ckmfoeal Circles of the Cartesian system. 

t From the above discussion it will appear, that if the general equation of 
a Cartesian he written Ar + /tr' = ve, where c represents the distance between 
the foci; then (i) if, of the constants, A, /i, v, the greatest be v, the curre is 
referred to its two internal foci ; (2) if v be intermediate between A. and /i, the 
curve is referred to the two extreme foci ; (3) if r be the least of the three, the 
curve is referi'ed to the external and middle f ucus ; (4) it' A. = /tt, the curve is a 
i (i)iiv = K,OT v= fi, the curve is a lima9on ; (6) it onu of the constants 
Ynmali, the curve is a circle. 
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reflexioiis of eacli other with respect to the axis FiFty and the 
triangles FiPzF^ and FiPiF^ are equal in every respect. 
Again, since 

L F^PF, = lF^QF^ = z FiFiPi = z -FlPiPz, 

the four points P, Pz, Fi and F2 lie on the oiromnf erence of a 
circle. 

From this we have 

• 

F^P . FzPi = F^Fi . P3P2 = constant. 

Hence, the rectangle under the segments, made by the inner oval, 
on any transversal from the external focusj is constant. 

In like manner it can be shown that the same property 
holds for the segments made by the outer oval. 

If we suppose P and P2 to coincide, the line F^P becomes 
a tangent to the oval, and the length of this tangent becomes 
constant, being a mean proportional between FJPi and PaPg. 

Accordingly, the tangents drawn from the external focus 
to a system of triconfocal Cartesians are of equal length. 

This result may be otherwise stated, as follows : — A system 
of triconfocal Cartesians is cut orthogonally by the confocal circle 
whose centre is the external focm of the system (Prof. Crofton). 

This theorem is a particidar case of another — also due, I 
believe, to Prof. Crofton — which shall be proved subsequently, 
viz., that if two triconfocal Cartesians intersect, they cut each 
other orthogonally. 

307. Construction for Tangent at any Point. — 
We next proceed to give a geometrical method of drawing 
the tangent and the normal at any point on a Cartesian. 

Retaining the same notation as before, let R be the point 
in which the line F2D meets the circle which passes through 
the points P, P2, P3, Q ; then it can be shown that the lines 
PR and RQ are the normals at P and Q to the Cartesian 
oval which has Fi and F2 for its internal foci, and P3 for its 
external. For, from equation (4), we have for the outer oval 

dri , drt 
m --- /-r- = o. 
ds ds 



I 
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Eenoe, if wi and tn be the anffloB whioh the normal at Q 
makee with QFi and QF^ respeotively, we have 

in siiiui B Itanwt i or eiu (■)■: muui » /:tn. (9) 




Again, we have seen at the oommenoement tiliat 
l-.m^DQ: F^Q ; 
also, by fifU'Tar tnEBgles, 

£Q:IiF,'- DQ-.F^Q^ i:m; (10) 

but 

ItQ : MFj = son RQP : sin MQFi ; 
henoe 

ain iJQF, : Bin ^ Qf , = / : m. 

Consequently, by (g), the line £Q is the normal at Q to the 
outer oval. In like manner it foUowB immediately that PM 
is ntoinal to the inner oval. 

This theorem is given by Prof, Orofton in the following 
form : — The arc of a Cartesian oval makes equal angles with the 
right line draunfrom the point to any focus and the circular are 
draicnfrom it through the two other fod. 

This reBult furnishes an easy method of drawing the 
tangent at any point on a Cartesian whose three fool are 
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The oonstruotion may be exhibited in the following 
form : — 

Let Fij F%i jPs be the three fed, and P the point in question. 
Describe a circle through P and two foci F% and F^^ and let 
Q be the second point in which FxP meets this cirde ; then 
the line joining P to 22, the middle point of the arc cut off 
by PQ, is the normal. 

308. Confocal Cartesians Intersect Orthogonally* 
—It is plain, for the same reason, that the line drawn from 
P to i2i, the middle point of the other segment standing on 
PQy is normal to a second Cartesian passing through P, and 
having the same three points as foci — Fz and P3 for ite in- 
ternal foci, and Pi for its external. 

Hence it follows that through any point two Cartesian ovals 
can be dratvn having three given points — which are in directum — 
forfod. 

Also the two curves so described cut orthogonally. 

Again, if BC be drawn touching the circle PBQ, it is 
parallel to PQ^ and hence 

FiC'.F.C^FiB : BD = F^Jff : F^B.BD; 
but FJt . BD = BF" ; 

.'. F^C : FiC^F^B' : PB" ^^m'lP. (n) 

Hence the point C is fixed. 
Again 

CBiFiD = BFiiDF^ = m'^ : m« - P; 

which determines the length of (722. 

Next, since BP ^BQ,^ if with B as centre and BP as 
radius a circle be described, it will touch each of the oyals, 
from what has been shown above. 

Also, since (7 is a fixed point by (i i), and CB a constant 
length by (12), it follows that the hcus of the centre of a circle 
which touches both branches of a Cartesian is a circle (Quetelet, 
Nouv. Mim. de VAcad. Boy. de Brux. 1827). 
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THs oolistruotion is shown in the foUowing figure, in 
wHoh the form of two conjugate 
ovals, having the points -Pi, -Pa> 
Fsy for foci, IS exhibited. 

Again, since the ratio of 
FtR to Rp is constant, we get 
the following theorem, which 
is also due to M. Quetelet : — 

A Cartesian oval is the 
envelope of a circle, whose 
centre moves on the circum- 
ference of a given circle, while 
its radius is in a constant ratio 
to the distance of its centre 
from a given point. 




Fig. «i. 



310. Cartesian OTal as an KnTelope. — ^This oon- 
struction has been given in a different form by Professor 
Casey, Transactiom Boyal Irish Academy, 1869. 

If a circle cut a given circle orthogonally , while its centre 
moves along another given* circle, its envelope is a Cartesian 
oval. 

This follows immediately ; for the rectangle under FiP 
and FiQ is constant (8), and therefore the length of the tan- 
gent from Fi to the circle is constant. 

This result is given by Prof. Casey as a particular case of 
the general and elegant property of bicircular quartios, viz. : if 
in the preceding construction the centre of the moving circle 
describe any conic, instead of a circle, its envelope is a bioir- 
oular quartic. 



* It is easily seen that the three foci of the Cartesian oval are : the centre 
of the orthogonal centre, and the limiting points of this and the other fixed 
circle. 



\ 



\ 
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Examples. 

1. Find the polar equation of a Cartesian oval referred to a focus as pole. 
If the focus F\ be taken as pole, and the line FiFz as prime vector, we easily 
obtain, for the polar equation of the curve, 

(*n2 - ^)r« - 2ez{mn - P cos e)r + e^{fi^ - P) = o. 

The equations with respect to the other foci, taken as poles, are obtained by 
a change of letters. 

2. Hence any equation of the form 

r* - 2 (a + d cos 6)r + c^ = o 

represents a Cartesian oval. 

3. Hence deduce Quetelet's theorem of Art. 302. 

4. If any chord meet a Cartesian in four points, the sum of their distances 
from any focus is constant ? 

For, if we eliminate B between the equation of the curve and the equation of 
an arbitrary line, we get a biquadratic in r, of which — 4a is the coefficient of 
the second term. 

5. Show that the equation of a Cartesian may in general be brought to the 
form 

where 8 represents a circle, and L a right line, and Ar is a constant. 

6. Hence show that the curve is the envelope of the variable circle 

Compare Art. 309. 

7. From this show that the curve has three foci ; t. e. three evanescent 
circles having double contact with the curve. 

8. The base angles of a variable triangle move on two fbced circles, while 
the two sides pass through the centres of the circles, and the base passes through 
a fixed point on the line joining the centres ; prove that the locus of the vertex 
is a Cartesian. 

9. Prove that the inverse of a Cartesian with respect to any point is a bi- 
circular quartic. (See Salmon, Higher Flane Curves, Arts. 280, 281.) 

10. Prove that the Cartesian 

»* _ 2 (a + J cos 6)r + c' = o 

has three real foci, or only one according as 

a - ^ is > or < 0. 
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BLIMIirATIOIl OF CONBTANTS AKD FUlTCnOHS. 

311, EUmlmtloB of Coaatanto. — The prooesB of dif- 
ferentiation is often applied for the elimination of constants 
and functions from on equation, bo as to form differential 
tmtatu>n» independent of the partioulor oonstonts and fan^ 
tions employed. 

We oommenoe vith the simple example ^ = ae + b. "By 

diflerentiation we get 2y-j- = a,B, result independent of h. 
A Moond diflerentiatioQ gires 



[ti* 






• differential equation containing neither a nor I, and whicih 
oooordingly is satisfied \sj each of the individual equations 
whioh result from giving all possible Talues to a and 6 in the 
proposed. 

In gtmoral, lot the proposed equation be of_th e form 
/(,r, y, a) - o. By diS6i||g||uQ -with respect J^lke get 



IVvliiumAtionofa 
Wdt to a ditTorentili 




ImMU for all the eqi» 
Aj^D, vf the gi^ 
" k ■ and 6 ; hy 




+-p^=°- 
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original, when the constants a and h are eliminated, we get a 

differential equation containing Xy y,— and — . 

In general, for an equation containing n constants, the 

resulting differential equation contains a?, y> 3"> 33 • • • ^ 5 

arising from the elimination of the n constants between the 
given equation and the n equations derived from it by suc- 
cessive differentiation. 

Examples. 

1. Eliminate a from the equation 

y2-2fl!y + a;2 = a2. Ana. {z^ ^ 2y^) IjA - 4d?y ^ - a?* = o. 

2. Eliminate a and j8 from the equation 

(y-«r=/»(*-/8). Ant. z {^^^' -^^ 

3. Eliminate the constants a and fi from the equation 

^ = a cos fta; + j8 sin n«. ^««. r-r + «*y = o. 

oar 

4. Eliminate a and h from the equation 

This agrees with the formula for the radius of curvature in Art. 226. 

5. Eliminate a and fi from the equation 

6. Eliminate the constants 00, ai, . . . On from the equation 

y = 4> («) + ooa^ + aia?»"' + . . . a». Am, ^-4 = A('^i)(ir). 

7. Eliminate the constants a and iB from the equation 

^ 8. Eliminate a and h from the equation 

2 
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312. Kliminatloii of Transcendental FnnctlonB. — 

The process of difEerentiation can also be employed for the 
purpose of eliminating transcendental functions from equa- 
tions, of given form; lor example, the logarithmic function 
oan be eliminated by differentiation from the equation 

y = log0(a?), which gives — = ^y-v . We have met several 

instances of this process already ; thus, for example, in Art. 
86 we found that the elimination of the symbolic functions, 
sin and sin"^ from the equation y = sin (m sin"^a?) leads to the 
differential equation 

^ ^ da? dx ^ 

The principles involved in this process are of great im- 
portance in connexion with the converse problem — ^viz., the 
procedure from the differential equation to the primitive from 
which it is derived. This part of the subject comes under 
the Integral Calculus in connexion with the solution of diffe- 
rential equations. 

Examples. 

I. y = tan"^a;. Ans. —- = 



2. 



y = co8 g). An.. ^±=^7^ («'-*i)- 

3. Eliminate the exponential and logaritlunie functions from the equation 

y = log (^ + «-«). ^„,.g+(gy = ,. 

4. Eliminate the circular and exponential functions from 

y = tf« sin a?. 

-rr ^y 

Here — = ^ sin a; + «' cos a; = v + ^ cos« ; 

ax 

cPy dy . dy 

••• 3-;= 3r + «'cosa?-^8ina; = 2 •/■ - 2y. 
dsd^ dx dx 

«• + *-* - dy 

5- y=;rrFi- ^'«-^='"y'. 
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In the preceding examples we considered only the case 
of a single independent variable : the differential equations 
arrived at in such cases are called ordinary differential equa- 
tions. 

"Wlien our equations are of such a nature as to admit of 
two or more independent variables, the equations derived from 
them by differentiation are called j^ar^ea/ differential equations. 
We proceed to consider some cases of elimination which in- 
troduce differential equations of this class. 

313. Eliminatioii of Arbitrary Functioiis* — ^The 
equations hitherto considered contained only two variables ; 
we now proceed to the more general case of an equation in- 
volving three variables, two of which accordingly can be 
regarded as independent. We shall denote the independent 
variables by the letters x and y, and the dependent variable 
by 2. It will also be found convenient to adopt the usual 
notation, and to represent the partial differential coefficients 

dz dz d^z d^z , dh 
dx^ dy* da?^ dxdy dtf"^ 

by the letters jt?, g, r, s and ty respectively. 

We proceed to show that in this case we are enabled by 
differentiation to eliminate functions whose forms are alto- 
gether arbitrary. In fact we have already met with examples 

of this process; for instance, if s = i»"0 [ - ) we have seen in 

Art. 102 that in all cases we have 

dz dz 

x—^-y — ^^nz 
dx dy 

whatever be the form of the function ; this function accord- 
ingly may be regarded as completely arbitrary in its form, 
and the preceding differential equation holds whatever form 
is assigned to it. This can also be shown immediately by 
differentiation. Conversely, it can be established without 

difficulty that af^f-j is the most general form of z which 

2 Q 2 
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satisfies the preceding partial differential equation. This pro- 
cess, however, as in the case of ordinary differential equations, 
comes under the province of the Integral Calculus, and is 
mentioned here merely for the purpose of showing the con- 
nexion between the integration of differential equations and 
the formation of such equations by the method of elimination. 
As another simple example, let it be proposed to eliminate 
the arbitrary function from the equation s =/(ir^ + y^). 

dz dz 

Here P = ;^=2^/^(ar» + y»), q^-^= 2yf{(x? + y") i 

hence we get yp-xq=^o\ 

an equation which holds for all values of 2 whatever the form 
of the function (/) may be. 

Examples. 

1. 2 = ^(02;+ by). Am, aq ^ ip. 

2. p — bz = ^(x — az). ap -\-bq = I, 

3. «-«=(«- 7) ^(f-^j- (a5-o)i?+ (y-^)^= «-7. 

314. €onditioii that one Expression sbould be a 
Function of another, — ^Let 2 = (t?), where via a, known 
function of x and y. 

—. dz ,, . dv dz ,, . tfo 

dz dv dz dv dv dv __ 

' ' dxdy dydx ' dy dx 

This furnishes the condition that z should be a function of 
the quantity represented by t?. Also, denoting z by Fi and 
supposing V and <? to be two given explicit functions of x and 
y, the condition that V shall be a function of v is that the 
equation 

dx dy dy dx ^ ' 
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shall hold for all values of x and f/y i.e. shall be identioaUy 
satisfied. For instance, if 

XT _ \/i - ^ - VI - y^ , / i > ; 

^ - ~y and V ^x ^i - y^ + y v i -a^, 



, dVdv dV^. ., .. „ 

we get -; — ; — 7- = o, identically ; 

® dx dy dy dx ' "^ 

hence F^ is a function of t? in this case. 

This can also be independently verified ; for, if a? = sin 0, 
and y = sin 0, we get 

T^ _ cos - cos ^ ^ + . 

y — /, . = "~ xan \ 

sin t^ - sin 2 

V = sin cos + cos sin = sin (0 + 0) ; 

which establishes the result required. 

We have here assumed that whenever equation (i) is satis- 
fied identically, V is expressible as a function of v : this can 
be easily established as follows : — 

Since F'and v are supposed to be given functions of x and 
y, if one of these variables, y, be eliminated between them we 
can represent F' as a function of v and x. 

Accordingly let 

r=/(^,t^); 

., dV df dfdv dV df dv 

^^"^ ^"^•'^^' d^^TvTi' 

dVdv^^dVdo^'^dlfdv 
' ' dx dx dy dx dxdy 

Hence, since the left-hand side is zero by hypothesis, we must 
have -7- = o ; Le, the function /(a?, v) or F reduces to a func- 
tion of V simply ; which establishes the proposition. 
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315. More generally, let it be proposed to eliminate the 
arbitrary function <p from the equation 

where V and v are given functions of three variables, a?, y 
and z. 

Regarding x and y as independent variables, we get by 
differentiation 



dV 
dx 



dV ,f .Idv dv\ 



dV dV 
dy dz 

eliminating 0'(t?) we obtain 



u.r „ .fdv dv\ 



dFdv^dVdv fdVdv^^dodVX 
dx dy dy dx \dz dy dz dy J 

fdVdv d/odV\ 

a result independent of the arbitrary function 0. 

This equation can also be established as follows : — 
DifEerentiating the equation V = 0(t')> considering a?, y, z 

as all variables, we get 



- dV , dV. ^,,.fdv, dv , dv^\ 
dx + ^- dy + -^- dz = 6 (v){ -r dx + -r- dy -^ --- dz . 
dy dz ^ ^ ^ \dx dy dz J 



Then since the form of <p {v) is perfectly arbitrary, this equa- 
tion must hold whatever be the form of the function ^'(f), 
and hence we must have 



dV^ dV ^ dV ^ -^ 

dx + -r— dy + -J— dz = o. 



dx dy dz 

dv ■ dv . dv . 

-r dx + -r dy -\- -r- dz = o. 

dx dy dz 



>• (3) 
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Moreover, we have, introducing the condition that z de- 
pends on X and y, 

dz = pdx + qdy ; 

consequently, eliminating dxy dy^ dz between this and the 
equations in (3), we get 



dV dV dV 

dx* dy^ dz 

dv dv do 

dx^ dy^ dz 



P^ 



- I 



which agrees with the result in (2). 



= o: 



(4) 



Examples. 



Eliminate the arbitrary functions in the following cases : — 
I. 2 = ^ (a sina; + ^ sin ^). 



3. z^ = xy + i^ 



dz dz 

Ana, h cosy 3 — a cos a? -7- = 0. 
dx dy 



2. zs=^i^(a; -y). 

' z « "" \y x)' 

^ ,_ y^»(y) + g 

i-x<p{i/) 

6. 2 = a*/x^ + y2 + ^ ( - J . 

7. 2 = (« + y)»^(a;2-y2). 

8. ir^ + y2 + 2^ = ^(ao; + iy + «k). 



dz dz z 
dx dy a 

dz dz xy 

dx dy z 

dz dz 

a»2 — + y* — = «•, 
die ify 

y — + X — • 



dz dz 

Ant, {fiz - ^) ^ + ipX" az) — = ay-^ bx. 
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316. Next, let it be proposed to eliminate the arbitrary 
function ^ from the equation 

where w is a given explicit function of a?, y, and s. 

Eegarding x and y as the independent variables, we may 
differentiate the equation with respect to Xy and also with 
respect to y ; then, since 2 is a function of x and y, we have 

d.<k{u) ,. .fdu du 

- d . 6{u) ,, .(du du \ 

hence we obtain two partial differential equations involving 
^9 Vy 2,i?, qy <p{u) and ^\u). Accordingly, if 0(w) and 0'(w) 
be eliminated between these and the original equation, we 
shall have a resulting equation containing only Xj y, s, j9, 
and q. 

317. €ase of two or more Arbitrary Functioiis. — 
If the given equation contain more than one arbitrary func- 
tion, we have to proceed to partial differentiations of a higher 
degree in order to eliminate the functions : thus, in the case 
of two arbitrary functions, ^(i*) and i//(t?), the first differen- 
tiations with respect to x and y introduce the functions fjf{u) 
and "^'{v). It is plainly impossible, in general, to eliminate 
the four arbitrary functions between three equations; we 
accordingly must proceed to form the three partial differen- 
tials of the second order, introducing two new arbitrary 
functions it\u) and \l/\v). Here, again, it is in general 
impossible to eliminate the six functions between six equa- 
tions, so that it is necessary to proceed to differentials of the 
third order : in doing so we obtain four new equations, con- 
taining two additional functions, <p'^'{u) and \l/^^{v). After 
the elimination of the eight arbitrary functions there would 
remain, in general, two resulting partial differential equa- 
tions of the third order. 

318. There is one case, however, in which we can always 
obtain a resulting partial differential equation of the second 
order — ^viz., where the turbitrary functions are functions of 
the same quantity, u. 
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Thus, suppose the given equation of the form 

-PKy, 2, ^(w), ^(w)} =0, (5) 

where w is a known function of a?, y, and s. 
By differentiation we get 



dF 
dx 



dF dF/du du\ _ 
dz du\dx dzj ' 



dF dF dFfdu du\ 
^"^d^^dl^Kdy^^Tz)^''' 

dF 
Eliminating — between these equations, we obtain 

dFdu^^dFdu^ /dFdu_^dFdti 
dx dy dy dx \dz dy dy dz 

fdFdu^dFdu\_ .. 

\dx dz dz dx) 

This equation contains only the original functions 0(t*), 
i//(w), along with a?, y, is, jt?, and q. Again, if we apply the 
same method to it, we can form a new partial differential 
equation, involving the same functions fp{u) and ^(t^), along 
with X, y, 2, p, qy r, s, t. 

The elimination of the unknown functions i^{u) and ^{u\ 
between this last equation and equations (5) and (6), leads to 
the required partial differential equation of the second order. 
The result in (6) admits also of being arrived at by the 
method adopted in the second proof of Art. 315 ; for regard- 
ing Xy y, s, as aU variables, we get from (5), on differentia- 
tion, 

dF . dF , dF , dFfdu ^ du ^ (^^ ^\ / ^ 
-J- dx + -J- dy + -r dz + -r- 1 -7- dx + -y- dy + ^ dz ] = o. (7) 
dx dy dz du \dx dy dz J 



But 



dF dF ,, , dF ,„ , 
du d<p{u) ^ ^ ' d^(u) ^ ^ ' 
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and accordingly, since (7) must hold for all values of ^'(w) 
and \l/{u)f we evidently must have 



and 



dF^ dF ^ dF ^ 
dx dy dz 

dU' . du , du , 

-r dx -v -r-dy + -;- 02 = o, 

dx dy dz 



^• 



(8) 



Eliminating between these equations and 

dz -pdx + qdy^ 

we get the following determinant : 

dF dF dF 



dx* dy* dz 

du du du 
dx* dy* dz 



P^ 



- I 



= 0; 



(9) 



wHch plainly is identical with (6) . 

This result admits also of the following statement : sub- 
stitute c instead oiuin the proposed equation ; then regarding 
c as constant, differentiate the resulting equation, as also the 
equation u =^ c (on the same hypothesis) : on combining the 
resulting equations with 

dz =pdx + qdy^ 

we get another equation connecting <p{c) and xl^{c), and 
applying the same method to it, we obtain the result, on 
eliminating the arbitrary functions 0(c) and i/*(c) between 
the original equation and the two others thus arrived at. 

These methods will be illustrated in the following ex- 
amples : — 
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Examples. 

1. £ = «<^(«) +y^(«). 

Here JP = <^ (2) + {a;^'» + yf W } P, 

Hence - = 77-f =/(«), suppose. 

q y^(z) 

Applying the principle of Art. 314, we have 

*i(f)--^l(i)="' 

or j^r — 2pqB + 1?*< = o. 

^Otherwise thus : let e = e^ and we get <£s = 0, and ^{e) dx + 4^(0 <fy ~ ; 
iiao pdx + qdp = 0, 

• ' q r^,{ey 
Differentiating again, we have 

qdp—pdq = o, 

» 

or q {rdx + 9(fy } - j? {tdx + <<fy) = o, 

which, combined with pdx + qd^ = o, 

leads to the same result as before. 

2. z = x^{ax + ^} + y^{a« + ^). 

Here p = <p{ax + by) + a{x^\ax + by) + y4/(aa? + iy)} , 

q = 4^(0* + by) + dlar^X^'^ + *y) + yi^'Caa? ■\rby)}\ 
.\ bp-aq=: b^{ax + Jy) — a^{ax + dy) ; 
hence br — aa^ a{b^'{ax + by) - a^'{ax + ^} } » 

bt-^at^ b{b<l/ (ojc + Jy) - a4''(<Mf + *y) }> 
.-. iV - 2abs + a*^ = o. 
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Otherwise thus : let o^t; + ^ = 0, then adx + hdy = o ; also dz = ^{e) dx 
+ if/ {e) df/j and de =pdx + gdy ; hence 

Differentiating again, we get 

bdp — adq = o, or & {rdx + «?y) — a {tdx + ^^y) = o. 

Combining this with the equation adx + bdt/ » o, we get 

^r — 2ai« + aH = o, 
as before. 

319. €ase of n Arbitrary Functloiis of same 
Functioii of X. — It can be readily seen that the preceding 
method is capable of extension to the elimination of any 
number n of arbitrary functions from an equation, provided 
that they are all functions of the same quantity u. 

For the equation (6) plainly holds in this case, and pro- 
ceeding as in the last Article, we obtain a series of equations 
(the last being of the n*^ order of difEerentiation), each con- 
taining the n arbitrary functions along with the variables and 
their derived functions. If the n functions be eliminated 
between the n differential equations and the original equation, 
we obtain a differential equation of the n*^ order, which is 
independent of the arbitrary functions in question. 
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Examples. 

1. Giyen y = tf«*(C + C'x), prove that 

2. Eliminate the constaDts from the equation 

^y dy 
y = C\e^ COB 3a? + Cjj^** sin 3a?. Ana. 3— — 4 ^r" + 'Sy = o- 

<M^ ax 

3. Eliminate (7 and C from the equations 



(a), y = ~^ r + C/C08««+ C" SinfMf, 



(&). y = a;8in»i«+ (7co8fM;+ (/' Binnx. 

-4»*. (a). ^ + *» y = cos »»*• (*)• ^ + *» y = 21 COS IMP. 

4. Eliminate the arbitrary functions from the equation 

z =3-^ +^(y + ««) + 4'(y- ««)• -^w*. r-aH = xy. 

5. Eliminate the functions from the equation 

X d^ dy 

y = AGOB {a sin-i - + a). Atu, (c* - «') 34 - * "^ + »V = ©• 

6. Eliminate A and a from 

d^y dy 

y = Aoos{nx + a), Ans, y-z.-n cotnx-f- -^ n^y sin* #Mf = o. 

tAi;' ax 

7. If 2 = cosad;^f-j + 8in<M?4'{-)> proye that 

ra?' + 28xy + <y* + a^x^z = o. 
S. If aif 02, 03 be the roots of the equation 

i?+pisfl-{- p2Z+pz = o, 



lO 
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prove tliat the result of eliminating the exponentials firom the equation 

d^u tC^y dy 

9. Find the result of the elimination of the arbitrary functionB from 

j5 = ^(« + ay) + 4'(« — «y). ^*w. aV — ^ = o, 

. liz^f f - j + ^ (a?y), prove that 

a^r - yH -^-xp — yq — o, 

1 1. if arv + he-y =ce^ + efe-*, prove that 

12. ^^ = ^^ (^) + ^''' (1) • 

Jfi». icV + 2sey8 + y2^ _ (w» + n - i) (pa; + jy) + mns = o, 

13. Eliminate the arbitrary functions from the equation 

« = ^ {« +/(y)}. Ana. ps- qr = o. 

14. If the substitution of Ae^ for y satisfies the differential equation with 
constant coefficients 

d*Hf d**'^y dy 

prove that a must be a root of the equation 

2^ + JPIZ^"! + . . . + Pn-lZ +Pn-0. 

15. Eliminate the constants from the equation 

ax^ + 2bxy + ey^ + 2^ + 2^y +/= o. 

Ans. 4or5 - 45^« + 9^** s o, 

, dy dki d?y ^ 
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CHAPTER XXII. 

ON CHANGE OF THE INDEPENDENT VARIABLE. 

320. Case of a Single Independent Tariable. — ^We 

have already pointed out the distinction between indepen- 
dent and dependent variables in the formation of differen- 
tial coefficients. 

In applications of the Differential Calculus it is sometimes 
necessary to make our differential equations depend on new 
independent variables instead of those which had been origi- 
nally selected. 

We commence with the case of one independent variable, 

and suppose V to represent any function of a?, y, -^, -7^, &o. 

We proceed to show how the expressions for -—^ j^, &c., 

are transformed, when, instead of a?, any function of x is taken 
as the independent variable. 

Let this new function be denoted by ty and suppose that 

— , jr^y &c., are represented by x\ x'\ &c. Then in all cases 

Cvv Cvt 

we have 

du _du dx 
dt^dxdi' 

where u is any function of x ; 

rf,v id.. ids. 

dt 

XT dy I dy 

Hence T-- ~37> v) 

dx X dt ^ ' 
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*^ dt?~ dx\dxj " dx\af dt) af dl\af dt / 

{by substituting - -^ instead of « in (i)}; 



x' dt 



/^-<r"§ 



d^y dt* dt , , 

<Ptf_d( "df* * dt \_\_d\ _dP~ dt 
^^'^ da?~dx\ (7p J'afdtX (7)5 



KrS-3^V'g4^3(^0'-^O 



dt^ " dt* dt , . 

= ^757 ; (4) 

and so on for differentiations of higher degrees. 

If y be taken as the independent yariable, we obtain the 
corresponding values by making 

dy d^y ^ 

^=1,^ = 0, &0. 

Hence |f = J-, ^ = - J^,, (5) 

dx dx^ dx^ fdxy 

dy \dy) 

/d'xV dx d^x 
^ ^ ^W) 'dyd^ ^ . . 

do^ /^Y ' ^^ 

and so on. 

The preceding results can also be arrived at otherwise as 

follows. As the essential distinction of an independent 

variable is that its differential is regarded as constant, ac- 

d%i 
cordingly, in differentiating -j- when x is the independent 
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variable we have ^ ( ;/ ) = -j-* However, when ^ is no longer 

regarded as the independent variable we must consider the 

numerator and the denominator of the fraction — as both 

dx 

variables, and by Art. 15, we get 

^(dy\ _ dxd^y - dyd^x d fdy\ _ dxd^y - dyCfix 
\dxj da^ ' dx \dxj cla^ 

Differentiating again on the same hypothesis, we get 

d fd^y\ __ dx^d^y-dxdyd^y - ^dxd^xd^y + s{d^xydy 
dx \da?j da^ 

These results are perfectly general whatever function of x 
be taken as the independent variable. Their identity with 
the equations previously arrived at is manifest. 

Examples. 

1. Being given that jp = 0(6 - sin 9), y = a (i - cos 9), find the Talue of 

<Py -I 

^3 a(l-C086)* 

2. Hence deduce the expression for the radius of curvature in a cycloid. 

a + d a-\- h 

3. If 3; = (a + h) cos 6 - i cos -T— 6, y = (a + i) sin 6 - * sin -r— ^, find 



the value of ^-r. 



dv h 

Here ^ = ^ . , = tan 



a + 6 
cos 6 - cos — 7- ^ / \ 

Bin— r— 6 — sm (> * 

6 



<Py g + 2^ 

4*(a+*)sm-C08»^-+ijtf 

. <?'y 
4. Change the independent variable firom a; to 9 in the expression — , sup- 
posing X = sin 0, 



dy i_ ^ rfV i__ ^ /_£_. ^\ - _L. ^ 4. 

^^"'costfrftf'* **• <te3 " COS tf <f« Vcostfrfe/ "oos^Orfe' 



smtf — 
rf9 

COS^tf 

2 D 
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5. Transform the equation 

. rf^y dv 

dx^ dx 

into another in which $ is the independent yariable, being given x = ^. 

Here dy^dj^^^ dy 

de dx de dx 



, d /dv\ d I dy\ d^y 



't^y , ^y 

dx^^ dx' 

, d^y d*y dv 
*. x^ 



^ d^y __ d*y dy 



dx^ de^ de ' 
and th0 transformed equation is 

6. Transform the equation 

d^y dy a' 

X* — 4- 2X —A- — V = o 

dx^^ dx^ x^"^ 

into another where z is the independent yaiiable, being given x = -. 

z 

, dy dy 

It is evident that in this case we have x -j- = — z—, and for the same reason 

dx az 



x 



dx\ dx) dz \ dzj' 



AZJ.^„^.,i^« ■ -^ 



dx* dx ds? dz* 



dty dy . d^y 



and the transformed equation is 

^y 

7. Change the independent variable from » to 2 in the equation 

«* ^ + ary = o, where « = -, 



d^ z dz ^ 
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321. Case of T'wo Independent Tariables. — We 

will next consider the process of transformation for two inde- 
pendent variables, and commence with the transformations 
introduced by changing from rectangular to polar co-ordi- 
nates, and vice versd. In this case we have 

X = r 008 0y y = r Bin ; (7) 

and therefore r^ = ar' + y^ tan = -. (8) 

Accordingly, any function Voi x and y may be regarded 
as a function of r and 0, and by Art. 98, we have 



dV _ dV^ dVdf 
d0 '^dx dd^ dp dd 

dV_ dVdx dVdp 
dr dx dr dy dr. 



y (9) 



But, from (7), 



dx n dx . « dy . ^ dy , . 

^=0080, ^=-rsm0=-y, ^ = am 0. ^ = a.; (lo) 

henoe we obtain 

dV dV dV 

dV dV dV 

These transformations are of importance in the Flanetaiy 
Theory. 

Again, we have 



dVdVdr^ dVdd; 
dx dr dx dd dx 



dr^dVdr^ dVdOl 
dy dr dy dd dyj 

2J) 2 



y ('3) 
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But, from (8) we have 

dd ,^ y sin dd cos fl , , 

— =-cos'03 = , — = ; (15) 

dx it^ r dy r ^ ^^ 

dV ^dV mnOdV 

dV . ndV cosOdV , , 

^=«m0^-f — ^. (17) 

The two latter equations can also be derived by solving for 

-7— and -r- from the equations (11) and (12). 
dx dy . 

d'V dT 
%22, To find -^-r- and -^-r- in the same Transfbrma* 

^ dix? dy^ 

Hon. — 

Since formula (16) holds, whatever be the form of the func- 
tion F, we have 

d t \ i\^ t \ sin d , . 

^(«)=CO8 0^(«)- — ^(^), 

where ^ stands for any function of x and y. On substituting 

dV 

J— instead of ^, this equation becomes 

ax 

dx\dx ) dr\_ dr r dO \ 

sine rfr ^dV BinOdVl 

d^V cos 9 sin fl d'V cosgsinO ^r 
'^^^W r drdQ^ r" dO 

sin or ^dT . ^d 
r 



anerooaedr andePV l 
'*' r I r dO "^ r dO* y 
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*^ 2/1^^ 2^0 008 VidV (PV 



c&» (fr» r \rde drd0 









In like maimer we get 
<?F 



dy 



?= »2fl^^ 2sin9oo89 ri^F rf'FI 



008^ dV cos^0(fF 



+ -=— + 



r rfr r' d0^ ' 



This result can be also readily deduced from the pre- 
ceding by substituting in it — for 0. 

If these equations be added, we have 

dx^ ^ df ' dr" ^ rdr '^r'dO' ' ^^ ^ 

^ePF <PF dT 
323. To find the transformation of -r-r- + -z-r-^ tt 

duf dtp' dz^ 

into polar Co-ordinates. 

Let them be expressed by the equations 

a; = r sin ^ cos 0, y = r sin ^ sin 0, 2 = r cos ^ ; 
also, assume p = r sin ^, and we have 

a; = p cos 0, y = p sin ; 

1. / ON ^^ ^f^ di'V ^dV idT 
hence,by(i8),— + ^= — 4--^-f-,^. 
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Again, from the equations 

p = r sin ^, 2 = r cos ^, 
we have in like manner 

dp^ "" dz^ " dr" '^ rdr "*" r' d^^ ' 

Accordingly 

d'V (PV (PV_^ idV I rf^ irfF I d'V 
d^ ^ dy" "*'fl?s* '^W '^'pl^'^J^W '''rlr '^l^d^' 

But by (17) we have 

dV . dV cos » dV 
dp ^ dr r d^ ^ 

idV idV cot fbdV 
''-pd^^rdiT^-^T^' 

Hence we get finally 

d'V d'V d'V d'V I d'V 

1 4. = 1 

da? dy^ ds? dr^ r* sin*^ fl?fl* 

I (f F 2^ cot » rfF 
^ r^d^"^ ^ rdr ^ ^ d^' ^'^^ 

324. Remarks on Partial DiflTerentlate* — As already 
stated in Art. 113, the student must be careful to attach their 
proper meanings to the partial differential coefficients in each 
case. 

— _ dx 

Thus, in finding -7- in (10) we regard a? as a function of r 

av 

and 0, and differentiate on the supposition that % is constant ; 

dv 
in like manner the value of ~ in (14) is found on the suppo- 

cue 

sition that y is constant. 
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The beginner, accordingly, must not fall into the con- 

fusion of supposing that in this case we have -r >^ -r- i. 

asc ar 

This caution is necessary, as even advanced students, from 

not paying proper attention to the meanings of partial 

derived functions, are apt to fall into the error referred to. 

325. C^eometrical Illustration. — The following geo- 

dr dtC 
metrical method of determining the proper values of -y- and -7- 

dx dr 

under the preceding hypotheses may assist the beginner 

towards forming correct ideas on this important subject. 

Let P be the point whose co-ordinates are x and t/ ; then 

OM = X, PM ^ y, OP = r, 

POX = e. Now, in finding 

due 

—J regarding as constant, 

dr 

we take on the radius vector 
OP produced a portion PQ 
= Ar, and draw QN perpen- 
dicular to 0X\ then Aa?, the 
corresponding increment in x^ 
is represented by MN or PL ; 




M N X 



Fig. 82. 



Arr 
Ar 



PL 



dx 



_,^ = cos 0, or -7- = cos 0. 
PQ dr 



dr 
Again, to find — on the supposition that y is constant : 

ax 

let MN be Aa?, the increment in x, and draw the parallelo- 
gram PLMN^ and join OZ, meeting in / a circle described 
with radius r and centre ; then LI represents the cor- 
responding increment in r, and we have 

-— = limit of -— = limit of ^^r^ = cos 0, 
dx Ax PL 

dr dx 

80 that in this case the values of — and — are each equal to 

ax ar 

oos d or -, as before. 
r 
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The values of —^^ -rj &o., can also be readily represented 

d\j dx 

geometrically in a similar manner. 

326. Idnear Transfonnatloiis. — ^If we are given 

ar=aX+6F+cZ,y=fl'J + yF+c'Z,s = fl"X+i"F+c"Z, (20) 

then any function F, of a?, y, and 2, is tranformed into a func- 
tion of X, F, Z, and, as in Ex. 2, Art. 98, we have 

dV^ dV ^dV^^^dV 
dX dx dy dz ^ 

dY dx dy dz^ 

dV dV ,dV .,dr 
dZ dx dy dz 

Again on proceeding to second differentiation, we get 



d^r d_( dV , 
dX^ dx\ dx 



dy dz J dy\ dx dy dz J 
dz\ dx dy dz J 

,d'v ,d'r „d'v ,,,d^r 

= a^ ;r-r- + 2«fl -r—r- + Ztttt -7-7- + 2a ($ -^-7- 

dar . dxdy dxdz dydz 

+ a + a * . 

df dz^ 

Similarly we have 

dY^ da? dy^ dz^ dxdy 

dxdz dydz 
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dp "^ d^ ^"^ df ^"^ dz' ^^"""^d^dy 

+ 2CC -7-7- + 2CC -T—T' 

dxdz dydz 

327. Case of Orthogonal . Transformatloiis. — ^If the 

iransf oimation be such that 

ar^ + y'^ + s' = J'* + F" + Z^ 
we have 

«' + (/» + «"* = I, i' + 6'^ + i"*= I, c* + c'' + c"»= I. (21) 
aft + fl'J' + rt"r = o, «c + aV + aV' = o, 6c + 6V + iV' = o. (22) 

Again, multiplying the first of equations (20) by a, the 
seoond by a\ and the third by fl", we get on addition, by aid 
of (21) and {22) J 

X = ax+ a'y + d'z. 

In like manner, if the equations (20) be respectively 
multiplied by J, h\ V\ we get 

gunilarly 

If these equations be squared and added, we obtain 
a» + J» + c«=i, a'2 + i'* + c''= I, flr'* + i"2 + c"»= I, (23) 
a(/ + W'+cc' = o, aa" + J6" + cc" = o, fl'a"+6'r+cV' = o. (24) 

Hence in this case, if the equations of the last Article be 
added we shall have 

dW d^V djr^d^ iPV d^ 

da? "^ df "^ dz^ ' dX' "*" dY' "^ dZ" ' ^^^^ 



another, the function j-y + ^r-r + jt" ^ unaltered. 
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The transformations in this and the preceding Article 
are necessary when the axes of co-ordinates are changed in 
Analytic Greometry of three dimensions; and equation (25) 
shows that in transforming from one rectangular system to 

(PV (PV (PV. 

dx^ dy^ dz^ 
328. C^eneral Case of Transfonnatloii for two 
Independent ITariables. — Suppose that we are given the 
equations 

« = «(ne), y = ^(r, 0), (26) 

then any function Fof a? and y may be regarded as a function 
of r and 0, and we have, from (9), 

dVdVdx dVdy 
dB ~ dx de"" dy dO' 

dVdVdx dVdy 
dr dx dr dy dr^ 

where the values of -77:, -^», -r> -/ can be determined from 

dO dO dr dr 

equations (26). 

Whenever these equations can be solved for r and fl, 

separately, we can determine, by direct differentiation, the 

values of -7-, -7-, t-> -r* and hence by substituting in (13) 
dx dy dx dy 

we can obtain the values of -7— and -p-. 

dx dy 

When, however, this process is impracticable we can 

obtain their values by solving for -j- and -r— from the pre- 

ax ciy 

ceding equations. 

Thus, we obtain 

dVdy^dVdy^ 
dV dO dr dr dO 



mm • 



(27) 

dx dxdy dxdy ^ ^ 

dOdT'drW 
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dVdx ^ dVdx 
dV d9 dr dr dO /^gx 

di/ dx dy dx dy 
dr dd dti dr 

The values of -r^ , 7-^-, &o., can be deduced from these : 

but the general formulse are too complicated to be of much 
interest or utility. 

329. Concomitant Functions. — ^We shall conclude 
with one or two results in connexion with linear transfor- 
mations, commencing with the case of two variables. We 
suppose X and y changed into aX + bY and a'X + J'F, 
respectively, so that any function {x, y) is transformed 
into a function of X and Y ; let the latter be denoted by 
^1 (X, Y)y and we have 

* (^, y) = *i (^, y)' 

Again, let of and y' be transformed by the same substitu- 
tions, L e,j 

x'^aX+bY\ /=fl'X' + J'r'; 

and since a? + A;/ = a (X + hX') + 6 (F + kY')y 

arid y + */ = fl'(X + hX') + b\Y+ kY'), 

it is evident that 

(l^{x-{-kx\y-{- hy') = 0i (X + hX\ Y^kY'). 

Hence, expanding by the theorem of Art. 127, and 
equating like powers of A:, we get 

&c., &0. (30) 



412 Om Ckanf^ of tie Imdepmdemi Vmaik, 

Aooordisglj, if if rep reBCut any fandian of x and y, flie 
expreflBioDB denoted by 

are nnaltered by linear tran8fonnatioii& 

Similar residts obvionaly hold for linear tzansfdrmatioDB 
whatever be the number of YaiiaUea (Salmon'a Higher 
Algebra, Art. 125). 

Functions, such as the above, whose relations to a quantio 
are unaltered by linear transformation^ haTB been called otm- 
eamitants by Dr. Sylvester. 

330. TraauiformatloB or C^^-mrdtoaAe Axes. — When 
applied to transformation from one system of co-ordinate 
axes to another, the preceding leads to some important 
results, by applying* Boole's method (Salmon's Gonios, 
Art. 159). 

For in the case of two dimensions when the origin is 
unaltered we have 

i/' + 2//cos(.i + /» = x* + 2xr'coso + r^, (31) 

where oi and Q, denote the angle between the original axes 
and that between the transformed axes, respectively. 

Multiply (31) by A, and add to (30): then denoting 
^ (^, y) by w, and ^i (X, Y) by J7, we get 

Now, suppose X assumed so as to make the first side of 
this equation a perfect square, it is obvious that the other 
side will be a perfect square at the same time. The former 
condition gives 



''-^^)(?-^0°(Sr^^~'"J' 



Xde" 



* I am indebted to Prof. Bumside for the suggest'on that the equations of 
thif Article are immediately obtained by Boole's method. 
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/^ rf^_ d^ \ 

\dx^ dy^ dxdy / 



or X*sm'c«i + X 

\ax' ay 

d^u <Pu ( d^u V 



\da;dy) ~ 



a\ 



da? dy^ 
Aooordingljy we must have at the same time 

d^Ud^U f d^U Y 
"^(/J? dY^ \dXdr) " ^' 

Henoe, comparing coefficients, we get 

d'u d'u f d'u Y d'Ud^U / d^U ^ 
dn^dy^ \My) dX^dT^ " \dXd~Y) 
sm^ 01 sin^ Q ' 

and 



(32) 



d»fi rf^e* rf'^tt d'U d^U d^U 

€to* dy^ dxdy dX^ dY^ dXdY 



,2 



smr w sm' Q 



• (33) 



Consequently, if u be any function of the co-ordinates of 
a point, the expressions 

d'u d^u f d^u Y (Pu d^ _ £u 
da? di/^ \dxdy) , da? dy^ dxdy 
sm^ 01 sm^ 01 

are unaltered when the axes of co-ordinates are changed in any 
manner^ the origin remaining the same. 

In the paxticxdar case of rectangular axes, it follows that 

dhi d^ d — — - f— V 
da? dy^ da? dy^ \dxdyj 

preserve the same values when the axes are turned round 
through any angle. 
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331. Case of Orthogonal Transformatioii. — It is 

easy to extend the preceding results to three or more variables 
when the transformations are orthogonal (Art. 327). 
Thus, in the ease of three variables we have 

a:'^ + y'^ + 2'^ = T' + Y'' + Z\ 

Multiplying by X and adding to the equation which corre- 
sponds to (30), it follows that the expression 



'is^>^yH$^'yH^^'y'^' 



, dHi 
dydz 



, J d^u , , d^u 

+ zzaf-T-T- + 2xy 



dzdx 



dxdy 



is unaltered by orthogonal transformation. 

Next, suppose that X is such that the quadratic function 
in x\ y\ and 2' shall be the product of two linear f actors, and, 
by Art. 107, we must have 



d^ X .^ 
dm? ' dxd'if 



d^u 
dxdy* 

d'u 



d^u , 



dxdz 

d^u 
dydz 

d'u 



dxdz' dydz' dz' 



+ \ 



= 0. 



(34) 



But as the transformed expression lunst evidentlj at the 
RfiTnA time be the product of twd linear factors, we must have 



same 



d\ ^ «?*« dh 
+ X, 



da? ' dxdy' dxdz 

d^u d^u d^u 
dydx' dy^ ' dydz 

d'u d^u d^u ^ 
dxdz' dydz' dz* 



d'U . dW d^U 



dX' 



dXdY' dXdZ 



d^U d^U ^ d^U 



dXdY' dY"^ ■ "'dYdZ 
d^U d^U d^XT 



dXdZ" dYdZ' dZ* 



+ X 



(35) 
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Equating the ooeffioients of like powers of X, we see that the 
expressions 



da^df 
and 



rf'tt d^u d^u 
^ "*■ ^ "*" ^' 

/ d^u Y d^d^ __ fdyy d^d^ 
\dxdy) da^ dz^ xdxd" ' '^^'^ '^•^ 



jdxdzj dy^ dz^ 



f d^u Y 
[dydzj ' 



d^u d^u d^u 

dx^ ' dxdy* dxdz 

d^u d^u d^u 

dxdy* dy^^ dydz 

d^u d^u d^u 

dxdz^ dydz^ dz^ 



are unaffected by orthogonal transformation. 

The first of these resxdts has been already arrived at by 
direct substitution (Art. 327). 
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Examples. 

1. Being giyen y ^/(u), and « = ^ (m), find — , 

2. If y = ^(0, t =/(«), t# = ^ («), find the value of -^. 

3. Change the independent variable from a; to 2 in the equation 

ir* -r4 - ^fi** ^ + a'y = o, where a? = -. 
(fa;* dx z 

<^v dy 

4. Transform (i - x^) -j\ — « -j- + a'y = o, being given a; = sin z. 

oa;' aa? 

5. If F be a function of r, where r^ z^x^-k- ^, prove that 

d^r d^r^d^r idv 

dx^ dy^ dr* r dr ' 

6. If Fbe a function of r, where r* = a?^ + y2 ^_ ^2^ prove that 

<ii5* <?y* rf«» dr^ r dr ' 

dx df 

7. If a: = r sin $ cos A, y = r sin sin ^, J5 = r cos $, prove that -j-^ yi 

dr dx 

dx 
where in finding -—, and ^ are regarded as constants; while in finding 

dr 

dr 

— , y and t are regarded as constants. 
dx 

8. If 2 be a function of two independent variables, x and y, which are 
connected with two other variables, u and v, by the equations 

/i K y, w, «>) = O, /2 (ar, y, w, f) = o; 

. , dz dz dz dz 

show how to express — and -rr in terms of -r and — . 

dx dy du dv 
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9. Transfonn the equation 



dot 1 + a^ dx {i ^ of^)* 



= 



into anotiher in which is the independent yaiiable, supposing ** = tan 0. 

10. If « be a function of x and y, and u = px + qy- z, proye that when 
p and g are taken as independent yariables, we haye 



du 



du 



dH 



d'hA 



dH 



^ = ^' 3I = y: 



dq ^' dj^ rt-a^* dpdg rt-tP-' dq^ rt-s*' 



where Pf q, r, s, t, denote the partial differential coefficients of «, as in Art. 313. 
II. If the equation 

d^ d^'^v dv 

dx^ <foii-i dx 

be transformed to depend on 0^ where x = «^, proye that the coefficients in the 
tnuasfoimed differential equation are aU constants. 

12. In orthogonal transformations, proye that 



dv^ dT2 dv^ d-n _ dj^ , d-n 

dx* ^ dy^ "^ 



dX^'^ dT*"^ dZ^' 



13. Giyena? = ^, y = |^, proye tiiat 






^(0, r(t), r'{t) 
^(0» ^'W, f'W 

*w» n). rw 



2 E 



4i8 
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I. If a, i8, 7 be the roots of the cabio 



«* + pa^ + j'* + r = o, 



fihow that 



dp dq dr 

da da da 

dp dq dr 

d$* J$' dfi 

dp dq dr 

d^* ^' d^ 



= (7-i8)05-a)(«-7). 



2. Being given the three simiiltaneoas equations 

^1 («i, «2, «3, ^i) = 0, ^ (a?i, af2, a?3, »i) = o, ^s (4?i, «2, «&, a?*) = o, 

determine the values of 

dx2 dx^ dxi 
dx\ dsB\ dx\ 

3. If M be a solution of the differential equation 

d^r £V d^V 
dz^ ^ dy^ "*"&» "°' 



prove that 



du du 



du 



dx dy dz 



will also be a solution of it. 

4. If X and y be not independent, prove that the equation 
does not hold, in general. 



d^u dht 



dxdy df/dx 



5. Prove that the points of intersection of a curve of the fourth degree with 
its asymptotes lie on a conic : and in general for a curve of the degree n they 
lie on a curve of the degree ft - 2. 

6. Prove that every curve of the third degree is capable of being projected 
into a central curve. (Chasles). 

For if the harmonic polar of a point of inflexion be prqfeeted to t^/lnitf, tk$ 
point of inflexion will beprojeeted into a centre of the prqfeeted eurve {see p. a8a). 

7. Two ellipses having the same foci are described infinitely near one 
another ; how does the interval between them vary ? 

(a). How will the interval vary if the ellipses be concentric, Bimilar, and 
similarly placed? 
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8. Eliminate the arbitrary fanctionB from the equation isi^{x) .iff (y). 

9. Show that in order to eliminate n arbitrary functionB firom an equation 
containing two independent yaiiables, it is, in general, requisite to proceed to 
differentials of the order 211 — i. How many resulting equations would be ob- 
tained in this case P 

10. In the Lemniscate r* = a' cos 20, show that the angle between the tan- 

gent and the radius yector is - + 20. 

2 

11. In transforming from rectangular to polar co-ordinates, proye that 

df^ '^ dy» "*■<&« "r^ldrX dr } "^sin^rf^ \^*rf^ / "*" sin*^ de'^y 
I a. Froye that the ellipses 

«V + ^^ = ^^t (0 ; »'«• soc*^ + *V* cosec*^ = «*e*, (a), 

are so related that the enyelope of (2) for different yalues of ^ is the eyolute of 
(i) ; and the point of contact of ([2) with its enyelope is the centre of buryature 
at the point of (i) whose ezcentric angle is ^. 

13. Being giyen the equations 

te = A/i, by = -/(\2 - *2) (*« - /i3), 
proye that 

14. If I - y - a^ = o, deyelop y^ in terms of a by Lagrange's Theorem. 

15. Being giyen = rcosO, y = rsin0, find the transformation of 

'dyV)^ 



{■ * (2)7 



dx* 
into a function of r and 0, where 9 is taken as the independent yariable. 



Ana, 



hm 



d0»^ 



(S) 



16. Apply the method of infinitesimals to find a point such that the sum of 
its distances from three giyen points shall be a m inimu m. 

Let pi, p2, f>3 denote the three distances, and we haye dpi + dps + <^jp3 s o ; 
suppose dfn = o, tiien d{p2 + ps) = o, and it is easily seen that pi bisects the 
angte between pa and p3, and similarly for the others ; .*. &o. 

17. Eliminate the circular and exponential function from the equation 

2 E 2 
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1 8. One leg of a right angle passes tbrongli a fixed point, wliilst its yertal 
slides along a giyen curve ; uiow that the problem of finding the envelope d\ 
the other leg of the right angle may be reduced to the inrestigation of a locna 

19. If two pairs of conjugates, in a system of lines in inydntion, be grrttl 
by the equations 

u = asfl + ihxy + ^ = o, i/ = t^x^ + 2h'xy + ify^ = o, 

show that the double lines are given by the equation 

-J- 3 T" 3~ = ®" (Salmon's Conies, Art. 342.) 

dx dy dy dx 

ao. Find the condition that three fonotions 

^1 («, y» «)> ^ («» y» «)» ^ («» y» «)» 

should be mutually dependent. 





d^i d^\ d^i 
dx* dy* de 




Ana, 


din din d^pt 
dx* dy* ds 

d^z din difn 
dx* dy* ds 


= 


21. Prove that the equation 


ry^ - 28xy + <«• ^px + qy-n 


f be reduced to the fonn 




dH 





by putting 



Mcosr, ysMSinr. 



22. Investigate the nature of the singular point which occurs at the origin of 
co-ordinates in the curve 

«* — zasfiy — wfy* + a*y» = o. 

23. Investigate the form of the curve represented by the equation 



24. How would you ascertain whether a proposed expression, F, invdlvio^ 
jT, y, and s, IB a function of two linear functions of these same variables ? 

Aim, The given function must be homogeneous ; and the equations 



dV 



dy 



= 0. 



IT 

dtt 



= 0. 



mist be capable of being satisfied by the same values of «, y, s : i.e. the result 
ctf the elimination oix, y, and z between these equations must vanish identi* 
cally. 
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25. If y = ^(«*), prove that 

P^ = (2a?») 9(")(«3) + ff (n - I) (2a:)'^2 ^»-i) (««) 
da?" 

+ =(2a?)«-*^«-»)(a^),&c. 

1*2 

26. H (« + yV- i) = (o + i8 V-i)»», prove that 



= »« 



«» + y* a« + i8 



» J. «2 • 



•r« . . . I .-i. j.^ /i ~ c* sin** 

37. If tatt^ . tan^^ = -7==, prove that ^ +^_---^ = o. 



Vn^' ' rf4^ "V I - «8 flma^. 



I 



28. If « = T-, prove that 



transforms into 



\/(i - a?2) (i - l^x^) V(i - y«) (I - Jfc2y2) 

29. Prove that ■-■ {xu) = f i + a? ~ j u. 

30. Hence prove that 

„ I d\ I iu\ I .d\du du .d^u 

••• ('^-')['di)°'^^- 

31. Prove that 

('l)M-')("i"*)"°''S- 

By the preceding example we have 

(*i-'){'i-'yi'"'('i-')'^di' 
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but 



dh4 



/ d \^dh* .dhi 



32. ProYe, in general, that 



(*i)('|-OW-*)"(*s-" + 



«* 



d*^u 
dat^' 



This can be easily arriyed at from the preceding by the method of mathematioal 
induction ; that is, assuming that the meorem holds for any positiye integer fi» 
proye that it holds for the next higher integer (n + i)» &o. 



.....'0. 



33. Find + — ~-, in terms of r, when r* = a* cos 2$. 

r d0^ ' 

34. If M =: (af« + y« + «^*, proye that 

d^ d^u d^u d*u dHt dki 



.^IM. 



3«* 
r5" 



35- If « = 



<faj* <^ £fc* <te*£^ £^«fc« <fc»<fe» 



a;2 + y» 



, proye that 



<?"g _ . . i.2.:;...n.cos(n-t-i)^. C08*>*^ ^ 






_, . 1 . 1 . 3 . . . an . eos(an + i) ^ . coa^*"^ ^ 



j58f»fl 



£!l!!!f-U XfH^i ' '^'S' " (ait-f i)sin(afH-a)^.coa^^^ 



«»»+2 



where 



♦ = tan-.(g. 



36. If M be a homogeneous function of the n<* degree in «, y, s, andni, ifi, ifs> 
denote its dififerential coefficients with regard to x, y, s, respectiyely, while 
**iu t«i2) &c., in like manner denote its second differential coefficients ; proye thst 



Mil, M12, Ml3, Ml 

M81» ^22} M28f «8 

M319 MsS} Mn» Ms 

Ml, «2, Ms, O 



nu 



» — I 



Mil, Mil, Mis 
MSI, Mss, Mss 
Msi, MSB, Mss 
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37. If M be a homogeneous fonution of the »'* degree in jt, y, z, to, show 
that for all yalues of the yaiiables which satisfy the equation m « o we hieiYe 



Mll» Ml2» UiZ, Ml 

M21, «22> «S3, «<3 

t<3l9 t<829 «8S) t<3 

Ml» «3f t<3» O 

38. Show that the equation 



tr« 



(n-i)' 



i('-">a^74 



t^ll) t«i2y Ml3| MU 

«Vll Unf t^y t<34 

t^ly «S8> ffaS) KM 

tl41} tlA2, tlis, MM 






+ 6P = o 



s flatisfied if P is any of the quantities 



--mS (» -/*^ cosaa, (i -/i')8in20, /i\/i -m'cos©, /i\/i - /**Bine, 
3 

or any linear function of them. 

39. II « + A be substituted for a; in the quantic 

, fi(if- 1) - - 

ao«* + fWi«*"^ + — a8»»"' + &c. + «» ; 

I . a 

and if a'o) a'l, .... aV ... . denote the corresponding coefficients in the new 
quantic ; prove that 

da'r 

-=— s= ra r-i. 

It is easily seen that in this case we haye 

, ♦•(»•- 1) • - - 

tfr = ar + r«r-l A H ^ ' «r-2X' + &C. . . . + aoK^ 1 .*. &C. 

1.2 

40. If ^ be any function of the differences of the roots of the quantic in the 
preceding example, proye that 

I d d d d\ 

This result follows immediately, since any function of the differences of the 

roots remains unaltered when « + A is substituted for x^ and accordmgly 

d^ 

~ ts o in this case. 

dK 

41. Being giyen 
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pFOTO thftt 

d* dy dx dy^ * 

and explain the meaning of the result. 
43. Find the minimnm value of 

sin^ sin 2? sinC . j , -n ', ^ ,0^0 

+ . ^ . — - + -: — . . „ , where A + B'\- C^ I8o^ 



sin^sinC sinCsin^ sinuisin^ 

43. ProTethat 

where ^(o;) is a rational function of x, 

44. Show that the reciprocal polar to the eyolute of the ellipse 

Trith respect to the circle described on the line joining the Iboi as diameter, has 
for its equation 

45. If the second term be remoyed from the quantic 

(«o, ai, 02, . . . o»)(ir, y)** 

by the substitution of « - — y, instead of «, and if the new quantic be denoted 

Oo 
by (^0, o, ^2, -48, . . . -4») (a:, y) ; show that the successive coefficients 
JLz, Asf ... -^n are obtained by the substitution of ai for x, and — aofotj/^ 
the series of quantics 

(«o, «i, «2)(«;, y), (flo, fli, «a, «3)(a?, y), • . • («o, «i, . . • «*)(«?, y)« 

46. Distinguish the maxima and minima values of 

I + 2a? tan'^ x 

<^ _ (flg - ^g) yg 4 («<?" + g'g - a^y)y 4 a'cT - h** 
^dx" {ab')x^-(e(^)x-^-{pe') 
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48. If /X + jfiF + nZ, VX ^-m'T -k- n'Z, rx + m'T + n"Z, be aubstituted 
for Xf Pf s, in the quadratic expression ax* + bt/* + e^ -\- 2dy% + ^eKX + ^fxy ; 
and li a', b\ tf', <f , /, f^ be the respectiye coefficients in the new expression ; 
prove that 






= whenever 






d, 



= o. 



49. If the transformation be orthoffonaly i.e. if 



«» + y* + «* = JP + r« + Z», 

prove that the preceding determinants are equal to one another. 

50. Prove that the maximum and minimum values of the expression 



««♦ + ^bx^ + Sex* + 4dx + e 



are the roots of the cubic 



where 



a»«3 - 3(a'J- 3^2) 22+3 {aP - iSHJ) « - A = o, 
Hs^ac-il^j J= «* - 4W + 3c«, 



7 = 



a, 6, e 

b, e, d 
e, dy e 



', and A = /» - 27/2. 



B^ Art. 138 it is evident that the equation in 2 is obtained by substituting 
« - « instead of e in the discriminant of the biquadratic ; accordingly we have 
for the resulting equation 

(J-«)3 = 27(/-2fi-)2, 
since the discriminant of the biquadratic is 

J3 _ 27/2 = o. 

In general, the equation in z whose roots are the n— 1 maximum and mini- 
mum values of a given function of n dimensions in x^ can be got from the dis- 
criminant of the function, by substituting in it, instead of the absolute term, 
the absolute term minus z. 

It is evident that the discriminant of the function in a; is, in all cases, the 
absolute term in the equation in 2. 

51. If A be the product of the squares of the differences of the roots of 



s? — px'^ ■{■ qx — r = Of 
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find an ezpreaioii in terms of tbe roots Ibr — -, hftMin^bam. ftite 



of thalbni 

Sm^dpSm^Sfdm^dr dm' 

Jbu. 20 + 7 - 3«} (7 + «- aA (« -I- ^ - n)- 

52. If X + Y*y~\ bo a fonction <rf * -I- y^/ - 't pn>to tiiat X and F 

most satisfy tiie eqnadons 



^ +^=o,and^+— = 0. 

53. If the tbree odes of a triangle anayO-l-«,a + A wlwn « and tf aie 
miJiMf^Mitiaia^ find the three angles, ezpnased in eiitnlar 



Asu. -jz^ - + — 7= -, - + 



54. If y = s + oa;*, where a is an fnfinitraiinal, find the order ol tiieeporin 
takmg x^y- t^. 

55. The sides a, 3, «, of a lig^t-an^ed trian^ beeome •-¥ m, h-^^^-^Ji 
whae OfBtjaie infinitesimals; find ttie change in the right an^leu 

Am, — r . 

56. If a cnrre he giren by the eqnaticms 

2y = v^<»+a< - V^<* - al, 
find the radius of curratnre in terms of t, 

57. In the dure whose eqiiation is y = r^^ determine all the cases where 
the tangent ia parallel to the axis of x. 

If 9 be the greatest angle which any of its tangents makes with the azisof Si 
prove that tan • = ji. 

58. In a cunre traced on a sphere^ prore the following fimnnln fior the radios 
of curvature at any point : 

sin nfr 
tanpss —. 

C0S|N^ 

59. Apply this form to show that in a spherical ellipse sin|» sin p' = eonst., 
where p andp' are the perpendiculars from the fod on any great oirde toaehing 
the ellipse. 
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60. ProT6 the following relation between (p, p') the radii of currature at 
corresponding points of two redprooal polar curres : 

where ^ is the angle between the radius vector and normal. 

61. HAS, JBC, CD, ... be the sides of an eqmlateral polygon inscribed in 
any curve, and if AD be produced to meet DC in P; prove that, when the sides 

of the polygon are diminished indefinitely, BjP= 3 ^, where p and p' are the 

P 
radii of curvature at B and at the corresponding point of the evolute. 

"^^ ^= (^ — i^^::7 — ) "*-*+^' 

find the value of 

dUdV dVdU 
dx dy dx dy' 

63. If r = «» + — , and « = » + -, 



prove that 



d^V dV 



64. Determine b and A; so that the curve 

(«* + y®)(« cosa + y sine - a) = **(» cos/S + y sin/S - ft) 

may have a cusp ; a, /S, and a being given, and the co-ordinates being rectan- 
gular. 

Prove that in this case the cuspidal tangent makes equal angles with the 
asymptote and with the line drawn from the cusp to the origin. 

65. Find the co-ordinates of the two real finite points of inflexion on the 
curve y^ s (« - 2)> (« - 5), and show that they subtend a right angle at the 
doaUe point. 

66. li Xf y, 2, be given in terms of three new variables n, v, w, by the fol- 
lowing equations : x = Fu, y » (P - ft) v, s = (P- «) u^, where 

I + ftt»a + «i>« 

X^ SI — ._— -^— — * 
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it is re<)nired to prove tliat d^ + <^ + <ii^ = L^du^ + iPA^ + N^du^^ and to 
determine the actual yalues of X, if, N. 

67. If a? + y = Z, y = ZF, prove that 

xdy — ydttP 

68. Being given « = 1** - 3«r*,'y = 3i»»f; - f>*, find what ^. beoomes 

in tenna of t#, •, ^t#, dv. Am. -^- — -^. 



69. If the polar equation of a curve be r = sec' -, find an expression for 

2 

its radius of curvaturo at any point. 

dx 

70. Show that the differontial ia put nnder the fomi 

V^«* - 3«* i- 3 



-v/(i +y^taii^\)(i +y«cot»\)' 
4/-i-y 



71. If y* + ary = I, prove that 

, rf«y £^ dy^ 

^'d^^^^'^^^d;^-''' 

72. The pair of curves represented by the equation 

r*- 2rJ'(«)+<^ = o 

may be regarded as the envelope of a series of circles, whose centres lie on a 
certain curve, and which cut orthogonally the circle whose radius is e, and 
whose centre is the origin (Mannheim, Journal de Math,, 1862). 

73. A chord FQ cuts off a constant area from a given oval curve ; show that 
the radius of curvature of its envelope will be |PQ (cot B + cot 0), and ^ being 
the angles at which FQ cuts the curve. 

74. In the polar equations of two curves, 

J?(r,«)=o, /(r, «) = o, 

if JS^" be substituted for r, and nQ for «, prove that the curves represented by 
the transformed equations intersect at the same angle as the original curves. 

(Mr. W. Boberts, LiomiU^s Journal, Tome 13, p. 209). 



by assuming x = v/3 ^, and find the value of cos 4A. (Mr. M. Boberts.) I 

Vi 

Ana. -^, X «s 7" 30'. 
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Tdw 
This result follows immediately from the property that — is unaltered by 

the transformation in question. 

75. A system of concentric and similarly situated equilateral hyperbolas is 
cut by another such system hayine the same centre, under a constant angle, 
which is double that under which the axes of the two systems intersect. 

Ibid.^ p. 2 10. 

76. In a triangle formed by three arcs of equilateral hyperbolas, having the 
same centre (or by parabolas having the same focus), the sum of the angles is 
equal to two right angles. iiN^., p. 210. 

77. Being given two hyperbolic tangents to a conic, the arc of any third 
hyperbolic tangent, which is intercepted by the two first, subtends a constant 
angle at the focus. Ibid.y p. 212. 

An equilateral hyperbola which touches a conic, and is concentric with it, is 
called a hyperbolic tangent to the conic. 

78. A system of confocal cassinoids is cut orthogonally by a system of equi- 
lateral hyperbolas passing through the foci and concentric with tiie cassinoids. 

Jbid.f p. 214. 

The student will find a number of other remarkable theorems, deduced by 
the same general method, in Mr. Boberts's Memoir. This method is an ezten- 
non of the method of inversion. 

79. If Pn be the coefficient of a:" in the expansion of (i ~ lax + a?') , prove 
the two following equations : 

dPn 
(a* - i) -^ = naPn - «P».i, 

nPn = (in - I) aPn-i - (« - i) Pn-2. 

80. If at eacb point on a curve a right line be drawn making a constant 
angle with the radius vector drawn to a fixed point, prove that the envelope of 
the line so drawn is a curve which is similar to the negative pedal of the given 
oorve, taken with respect to the fixed point as pole. 

81. If 2Us M^ + 2bxy + <y», iVsa'x^ + ib'xy + (fi/*, 



and 



dU dU 

dx* dy 

dV dV 

dx' dy 



eATP + 2JBUr+ CV^, find A, 3, C. 



82. Prove that the values of the diameters of curvature of the curve y' =/(«) 

where it meets the axis of a? are /(a), /'(iS) if o, iS, . . . be the roots of 

/(«) = o. 

Hence find the radii of curvature of y^ = (/^ _ fn*)[x - a) at such points. 

83. A constant length PQ is measured along the tang^t at any point P on 
a curve ; give, by aid of Art. 290, a geometrical construction for tiie centre of 
curvature of the locus of the point Q. 
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84. In same case, if PQ' be measured equal to PQ, in the opposite direotioa 
along the tangent^ prove that the point P, and the oentrea of ounratiue of the 
lod of Q and Q*, lie in directum. 

85. A framework is formed by four rods jointed toother at their extremifies; 
proye that the distance between the middle points of either pair of opposite sidei 
IS a maximum or a minimum when the otherxods are parallel, being a maTOimm 
when the rods are uncrossed, and a minimum when they cross. 

86. At each point of a closed ourve are formed the rectangular hyperbols, 
and the parabola, of closest contact ; show that the arc of the ourre deMzibsd lij 
the centre of the hyperbola will exceed the arc of the OTal by twioe the arc 01 
the curve described by the focus of the parabola ; provided that no panbokhsi 
five-pointic contact with the curve. (Qnni, M^th, IV^. i^TS)* 

87. A curve rolls on a straight line, determine the nature of the motion of 
one of its involutes {Prof, Orofton), 

88. Prove the following properties of the three-cusped hypooydoid: — 

(i). The segment intercepted by any two of the three branches on sny 
tangent to ihe third is of constant length. (2). The locus of the middle pdnt 
of the segment is a circle. (3). The tangents to these branches at its extremities 
intersect at right angles on the inscribed circle. (4). The normals correspond- 
ing to the three tangents intersect in a common pomt, which lies on the circum- 
scribed circle. 

Definition, — The rightline joining the feet of the perpendicnlan drawn totiie 
sides of a triangle from any point on its circumscribed circle, is called the pedal 
line of the triangle, 

89. Prove that the envelope of the pedal line of a triangle is a three-cusped 
hypocycloid, having its centre at the centre of the nine-point circle of the 
triangle. (Steiner, Ueber eine beeondere eurve dritter klaese, tmd vierten gradet, 
Crelle, 1857.) 

This is called Steiner* a Envelope^ and the theorem can be demonstrated, 
geometrically, as follows : — 

Let P be any point on the circumscribed circle of a triangle ABC^ of whieh 
D is the intersection of perpendiculars ; and it can be shown, without difficulty, 
that the pedal line corresponding to P passes through the middle point of DP. 
Let Q denote this middle point, tiien Q lies on the nine-point dLrde of the 
triangle ABC, If be the centre of the nine-point circle, it is easily seen that, 
as Q moves round the circle, the angular motion of the pedal line is half that of 
OQt and takes place in the opposite direction. Let R be the other point in 
which the pedal line cuts the niue-point circle, and, by drawing a consecutive 
position of the moving line, it can be seen immediately that the corresponding 
point T on the envelope is obtained by taking QT « QR. Hence it can be 
readily shown that the locus of T is a tluree-cusped hypocycloid. 

This can also be easily proved otherwise by the method of Art. 295 (a). 

90. The envelope of the tangent at the vertex of a parabola which touches 
three given lines is a three-cusped hypocycloid. 

91. The envelope of the parabola is the same hypocycloid. 

For fuller information on Steiner's envelope, and the general properties of 
the three-cusped hypocycloid the student is referred, amongst other memoirs, to 
Cremona, Crelle, 1865. Townsend, JSdue. Timet. Reprint. 1866. Ferrers. 
Quar. Jour, of Math. ^ 1866. Serret, Nbuv, Ann,, 1870. Painvin, iWrf., 1870. 
Cahen, Ibid,, 1875. » » / 
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On the Failttbs of Taylob's Thbobem. 

As no mention has been made in Chapter III. of the oases when Taylor's 
Series beoomes inapplicable, or what is usuallj* called the failure of Taylor's 
Theorem, the following extract from M. Nayier's Zegona d^AntUyte is intro- 
duced for the purpose of elucidating this case : — 

On the- Case wlten^ for certain partienlar Values of the 
ITariable^ Taylor's Series does not flr^Te the DeTelopment of 
the VnnetioB* — ^The existence of Taylor's Series supposes that the function 
/(ff), and its differential coefficients /'(j;), /"(')> &c., do not become infinite for 
the yalue of » from which the increment h is counted. If the contrary takes 
pkoe, the series will be inapplicable. 

Suppose, for example, that /(a?) is of the form -, — ^-^, m being any positive 

number, and F(x) a function of x which does not become either zero or infinite 

when « B a. 

Fix + A) 
If, confonnably to our rules, -. — ^-r -r- be developed in a series of posi- 
es? + A — ffj*" 

tive powers of A, all the terms would become infinite when we make x = a. At 

F la A- K\ 

the same time the function has then a determinate value, viz. : — ^ -, But 

as the development of this value according to powers of h must necessarily con- 
tain negative powers of A, it cannot be given by Taylor's Series. 

Taylor's Series naturally gives indeterminate results when, the proposed 
function f{x) containing radicals, the particular value attributed to x causes 
these radicals to disappear in the function and in its differential coefficients. 
In order to understand the reason, we remark that a radical of the form 

{x — 0)i^ p and q denoting whole numbers, which forms part of a function /(a;), 
gives to this function q different values, real or imaginary. As this same radical 
is reproduced in the differential coefficients of the function, these coefficients also 
present a number, q, of values. But, if the particular value a be attributed to «, 
the radical will disappear from all the terms of the series, while it remains 

p 
always in the function, where it becomes As. Therefore the series no longer re- 
presents the function, because the latter has many values, while the series can 
have but one. The analysis solves this contradiction by giving infinite values 
to the terms of the series, which consequently does not any longer represent a 
determined result. 

The development of f{x) ought, in the case with which we are occupied, to 

contain terms of the form A?. We should obtain the development by making 
sessa + h'm the proposed function. 

Fractional powers of A would appear in the latter development. 

For example, suppose 

f{x) = 2ax — x^ — a^x^ - a* ; 
this gives 

ux 

f'{x)=^2{a-x) + 



*y x^ - a* 



a ax^ 



^/si^ - a2 " («a - a')!' 



432 Notes an the Failure of Tap lor* a Theorem. 

On making x = a, we haye f{x) = a', and all the differential coeffidenis 
become infinite. This circumstance indicates that the development o£f{x + h) 
ought here to contain fractional powen of h when « = a. 

In fact the function becomes then 

f{a + A) = a» - A» + «\/2«A + A», 

of which the development iuscording to powers of h would contain h\ Ai, A^, fto. 

It should be remarked that a radical contained in the function /{») nay 
disappear in two different ways when a particular value is attributed to the 
variable x, that is, i^, because the quantity contained under the radical vanjahes; 
2**, because a factor with which the radical may be affected vanishes. 

In the former case the development according to Taylor's Theorem can never 
agree wilb the function f{x + h) for the particular value of d; in question, for 
the reason already indicated. 

But it is not the same in the latter case, because the factor with which the 
radical is affected, and which becomes zero in the function, may cease to afEsct 
the radical in the differential coefficients of higher orders ; in &ct it may not 
disappear at all, and the series may in consequence present the necessary number 
of values. 

For example, let the proposed function be 



f(x) = (« - a)"» y/x - i. 



m being a positive integer. 
Here we have 



f(x) =m{x- a)"»-> ^/x - 4 + —^-7==, 

2 v a? — b 

/"(») = m(«» - i)(ir - a)^Yx - * + ^ ' -^ '—. 

*yx~h 4(«— *)* 

Each differentiation causes one of the factors of (a; — a)«* to disappear in the 
first term. After m differentiations these factors would entirely disappear ; and 
consequently the supposition a; = a, in causing the first m derived functions to 

vanish, will leave the radical v^ a; — 6 to remain in all the others. 
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On the Conditions foe a Maximum oe Mtnimitm of a Function 
OF any ITuMBEE OF Yaeiables (Art. 163). 

The conditions for a maximum or a minimum in the case of two or of three 
variables have been given in Chapter X. 

It can be readily seen that the mode of investigation, and the form of the 
conditions there given, admit of extension to the case of any number of inde- 
pendent variables. 

We shall commence with the case of four independent variables. Proceed- 
ing as in Art. 162, it is obvious that the problem reduces to the consideration of 
a quadratic expression in four variables which shall preserve the same sign for 
all real values of the variable. 

Let the quadratic be written in the form 

«ii«i' + tf2a«2* + ffas^a* + «44af4* + 2«iaiPiiP2 + 2aizXiXs + 2aiiZiXi + 2023^2^3, 

+ lOfiXz^i + 2aziX3Xif (i) 

in which an, ai2> <i22> &c., represent the respective second differential coefficients 
of the function, as in Art. 162. 

We shall £brat investigate the conditions that this expression shall be always 
a positive quantity ; in this case an evidently is necessarily positive ; again, 
multiplying by an, the expression may be written in the following form : — 

(«11«1 + «12ir2 + aizXz + aiiXl^y + («ll«22 - «12')af2* + («ll«33 - ai^x^ 

+ (011^44 — ai4*)if4* + 2 («iia23 - «i2«i3) Xz^z -\- 2 (anou - anaiijxzXi 
+ 2 (ail a34 - «i8 ai4) ^s^i' {2) 

Also, in order that the part of this expression after the first term shall be 
always positive, we must have^ by the Article referred to, the following con- 
ditions : — 

aiia22- ai2'>o, (s) 

(«llfl2S - »12*) (»ll»38 - «13^ - {«11«2» - Oi^aizy' > O, (4) 

«iia22 - fli2*» flii^^s — «i2«i3, «iia24 - a^aii 

and 011023 — ai2«13, tfll^SS - «18*, «110S4 - «18«I4 > ^' (5) 

«lia24 — «12«14, Oll«34 — ai3«14, «11«44 — 014* 

To express this determinant in a simpler form, we write it ae follows : — 



I 

On 



an, ai2, «i3, «i4 

o, «ii«22 — «i2^ «iia28 -^ ai2ai3> •ii«24 — awfli4 

o, an 023 — ai2ai3, an ass — <»i3^ ^^n^si — awai* 

o, 011024 -aiaau) 0ii«s4 — oisow, onoa-ou* 

2 F 



• 



(6) 
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Next» to fonn a new detennmaiit, multiply tfaefint row hj «it, cu, «i4,md- 
eetsiTely. and add the lesultiiig tenns to tiie 2iid, 3id, and ^th. rows, reep6»> 
tmlr; toen, since eachtenn in the rows after the rat ftn-tMim «ii as a ftetaib 
the detenninant is efidently e^Talent to 



an* 



«ll> ffl2f «13, «14 



AlSf tf»y <l23t 024 



0IS» tf23> 0^ «M 



<>U) <'34y «94) ^44 



(7) 



In like manner the relation in (4) is at once reducible to the form 



a\\ 



<l\lt Al2) 013 



012) 422> 023 



013) 023) 083 



>o. 



Hence we conclude that whenever the following conditions are fnlfifled, 
viz.: 



011) 012 

011 > o, I I > o, 

012) 022 



011) 012) 013 




012) 022) 023 


>o, 


013) 023) 033 





011) 012) 013) 014 

012) 022) 023) 024 



013) 023) 033) 034 



014) 024) 034) 044 



>o, 



(8) 



the quadratic expression ( i) if positive for all real values of xi, X2t fl?3» xi. 

Accordingly the conditions are the same as in the case (Art. 162) of three 
variables) xi^ X2, x^ ; with the addition that the determioant (7) shall be also 
positive. 

In like manner it can be readily seen that if the second and fourth of ths 
preceding determinants be positive, and the two others negative, the quadiatic 
expression (l) is negative for all real values of the variables. 

The last determinant in (8) is called the discriminant of the quadratic func- 
tion) and the preceding detenninant is derived from it by omitting the extreme 
row and column, and the other is derived from that in like manner. 

When the discriminant vanishes, it can be seen without difficulty that the 
expression (i) is reducible to the sum of three squares. 

It can be easily proved by induction that the preceding principle holds in 
general, and that in the case of n variables the conditions can be deduced from 
the discriminant in the manner indicated above. 

Accor^g as the number of rows in a determinant is even or odd^ the de- 
terminant shall be styled one of an even or of an odd order. 
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If the notation already adopted be generalized, the coefficient of av* is de- 
noted h^ Om and that of dVm> by aom* In this case tiie discriminant of the 
qnadratio function in n yariables is 



ail, ai2» tfisy 



^I2t A22» 023) 



ai3» 038) 033* 



tfln 



(hn 



Asm 



iiim a^ny osfi, 



(hm 



(9) 



and the conditions that the quadratic expression shall be always positive are, 
that the determinant (9) and the series of determinants derived in succession by 
erasing the outside row and column shall be all positive. 

^ To establish this result, we multiply the quadratic function by an, and it is 
evident that it may be written in the form 

(ail«i + ai2X2 + . . . ainXn)^ + (an 022 - fll2*)«2* +• . ' + (anOnn- «ln') «»• 
+ 2(aii"a23 — ai2ai8)fl?2a?3 + &C. + (lanOm — (tlr^lnjXrXn + . . . 

In order that this should be always positive, it is necessary that the part 
after the first term should be always positive. This is a quadratic function of 
the ft — I variables X2, ^3» • • • Xn» Accordingly, assuming that the conditions in 
question hold for it, its discriminant must be positive, as also the series of deter- 
minants derived from it. But the discriminant is 



aiia22 — ai2^, aiia23 — a^ais 
an 023 — 012013, onass - aia^. 
On 024 — oi2ai4, On a34 — ai3 ai*, 



aii02n — Oijain 
OnOsw — 013 Oin 

On 0411 — auaiH 



Ona2n - oijain, 01103^ — aisOin, 



On Onn — Oiik* 



(10) 



Writing this as in (6), and proceeding as before, it is easily seen that the 
detexminant becomes 



On** 



r2 



On, ai2, Ois, . . 



012, 022, a23. 



• • . 



OI8, O23, 083) • 



Oin 



02« 



08n 



Om, CtHf (tsny • • • ftnn 



(") 



».#. the discriminant of the function multiplied by an^-*. 
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Hence we bder^ that if the principle in quertioii hM fin: m -> I rambles it 
holdfl far ft. But it has been shown to hold in the oaaee of 3 and 4 TariabieB; 
consequently it holds for any number. 

We conclude finally that the quadratic expression in n yariables is always 
positiye, whenever the series of determinants . 



«ii, 



«11, tfl2 



012, 022 



ail, 


flw, 


013 






012, 


«22, 


023 


> • 


• • 


ai3, 


<'23y 


«33 







011» 012) • 



«12» 022, 



am 



A2n 



^Im *3ni 



• 0im 



(12) 



are all positive. 

Again, if the aeries of detemunants of an even order be all positive, and those 
of an odd order, commencing with ait, be all negative, the qnadratio ezpresaioa 
is negative for all real values of the variables. 

ifsnce we infer that the number of independent conditions for a mR-rinii^Tn 
or a minimTun in the case of n variables is n — I, as stated in Art. 163. 

It is scarcely necessary to state that similar results hold if we interchange 
any two of the suffix numbers; i.e, if any of the coefficients, 022, 033, . . Onnt 
be taken instead of 011 as the leading term in the series of determinants. 

If ^e determinants in (12) be denoted by Ai, A2, A3, . . ^ An, it can be proved 
without difficulty that, whenever none of these determinants vanishes, the quad- 
ratic expression under consideration may be written in the form 



Ai A2 An-l 



(13) 



Hence, in general, when the quadratic is transformed into a sum of squares, 
the number of positive squares in the sum depends on the number of continua- 
tions of sign in the series of determinants in ^12}. 

It is easy to see independently that the series of conditions in (12) are neces- 
sary in order that the quadratic function under consideration should be always 
positive ; the preceding investigation proves, howevj^r, that they are not only 
necessary y but that they are sufficient. 

Again, since these results hold if any two or more of the suffix numbers be 
interchanged, we get the following theorem in the theory of numbers: that if 
the series of determinants given in (12) be all positive, then every determinant 
obtained from them by an interchange of the suffix numbers is also necessarily 
positive. 

Also, since when a quadratic expresoion is reduced to a sum of squares, the 
number of positive and negative squares in the sum is fixed (Salmon's Sigher 
4.lgebra, Art. 162), we infer that the number of variations of sign in any series 
of determinants obtained from (12) by altering the suffix numbers is the same 
as the number of variations of sign in the series in (12). 

As already stated, a quadratic expression can be transformed in an infinite 
number of ways by linear transformations into the sum of a number of squares 
multiplied by constant coefficients ; there is, however, one mode that is unique, 
viz., what is styled the orthogonal transformation. 
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In this case, if Xi, X2, Xsy . . . Xn denote the new linear functions, we 
have 

and also, denoting the coefficients of the squares in the transformed expression 
hy ai, a2, • • • «n, 

U= flUiPl* + dizX^ + . . . + Onn^t? + . . . + 2012^1^2 + 2airX\Xr + . . . 

= aiXi^ + ^2X22+ . . . a„X«*. 
Hence, equating the discriminants of U -KViox the two systems, we get 



«ii — A., ai2, 

ai2, «22 — A., 



013) 



ain» 



«23, 



Oinj 



«ln 



«2n 



dZn 



dnn— A. 



= (fli - X)(fl2 - X) . . . (On - A.). {14) 



Accordingly, the coefficients ai, a2, . . . Ony are the roots of the determinant 
at the left-hand side of the equation (14). 

Moreover, in order that the function JT should be always positive or always 
negative for all real values of the variables xi, X2, , , , x^ the coefficients 
ai, 02» ^ • • ^» must be all positive in the former case, and all negative in the 
latter; and consequently, in either case, the roots of the determinant in (14) 
must all have the same sign. 

The application of this result to the determination of the conditions of 
maxima and minima is easily seen ; however, as the conditions thus arrived at 
are clumsy and complicated in comparison with those given in (12) it is not con- 
sidered necessary to enter into their discussion here. 
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Acnode, 259. 
Approximationfl, 42. 

further trigonometrical applica« 
tionsof, 131, 135. 
Arbogast's method of derivatioxis, S8. 
Arc of plane curve, differential ex- 
pressions for, 220, 223. 
Archimedes, spiral of, 301, 303. 
Asymptotes, definition of, 242, 249. 

method of finding, 242, 245. 

number of, 243. 

parallel, 247. 

of cubic, 249, 325. 

in polar co-ordmates, 250. 

circular, 252. 

Bernoulli's numbers, 93. 

series, 70. 
Bertrand, on limits of Taylor's series, 

77. 
BobilHer's theorem, 368, 374. 

Boole, on transformation of co-ordi- 
nates, 412. 
Brigg*s logarithmic system, 26. 
Bumside^ on co-yariants, 412. 

Gardioid, 297, 372. 

Cartesian oval, or Cartesian, 233, 

375- 
third focus, 376. 

tangent to, 379. 

coniocals intersect orthogonally, 

381. 
Casey, on new form of tangential 
equation, 339. 
on cycloid, 373. 
on Cartesians, 382. 
Cassini, oval 0^ 233, 333. 
Catenary, 288, 321. 
Cayley, 259, 266. 
Centre of curve, 237. 



Centroid, 363. 

Change of single independent variable^ 

399- 
of two independent variables, 403, 

410. 
Chasles, on envelope of a carried right 
line, 356. 
construction for centre of instan- 
taneous rotation, 359. 
generalization of method of draw- 
ing normals to a roulette, 360. 
on epicycloids, 373. 
on Cartesian oval, 376. 
on cubics, 418. 
Circle of inflexions in motion of a plane 

area, 354, 358, 367, 374. 
Conchoid of Nicomedes, 332, 361. 

centre of curvature of, 370* 
Concomitant functions, 411. 
Condition for Pdx + Qdy to be a total 

differential, 146. 
Conjugate points, 259. 
Contact, different orders of, 304. 
Convexity and concavity, 278. 
Crofton, on Cartesian oval, 378, 379, 

3*0. 
Crunode, 259. 
Cubics, 281, 262, 323, 334. 
Curvature, radius of, 280, 287, 295, 
297, 301. 
chord of, 296. 
, at a double point, 310. 
at a cusp, 311, 313. 
measure of, on a surfiftce, 209. 
Cusps, 259, 266, 315. 
curvature at, 311. 
Cycloid, 335, 356. 

equation of, 335, 336. 

radius of curvature, and evolute, 

337. 
length of arc, 338. 
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Descartes, on normal to a roidette, 

33^- 
ovals of, 375. 

Differential co-efficients, definition, 5. 

successive, 34. 
Differentiation, of a product, 13, 14. 

a quotient, 15. 

a power, 16, 17. 

a function of a function, 17. 

an inverse function, 18. 

trigonometrical functions, 19, 20. 

circular functions, 21, 22. 

logarithm, 25. 

exponential functions, 26., 

functions of two variables, 1 15. 
three or more variables, 117. 

an implicit function, 120. 

partid, 113, 406. 

of a function of two variables, 

I '5- 
of three or more variables, 

115. 
applications in plane trigono- 
metry, 130. 
in spherical trigonome- 
try, 133. 
successive, 144. 
of ^ (a; + a<, y + fi^) with respect 
to ty 148. 
Discriminant of a ternary quadratic 
expression, 129, 194, 196. 
of any quadric, 435. 
Doable points, 258, 261. 

Elimination, of constants, 384. 

of transcendental functions, 386. 

of arbitrary functions, 387, 396. 
Envelope, 270. 

of Xa* + 2 Jfa + iV= o, 272. 

of a system of confbcal conies, 
Ex. 8, p. 276. 

of a carried curve, 355. 

centre of curvature of, 357. 
Epicyclics, 363. 

are epi- or hypo^trochoids, 366. 
Epicycloids and hypocydoids, 339, 

35^- 
radius of curvature of, 342. 

cusps in, 341. 

double generation (^, 543. 

evolute of, 344. 

length of are, 345. 

pedal, 346, 372. 

regarded as envelope, 347. 



Epitrochoids and hypotrochoids, 347. 

ellipse as a case of, 348, 363. 

centre of curvature of, 35 1 . 

double generation of, 367. 
Equation of tangent to a plane curve, 
212, 218. 

normal, 215. 
Errors in trigonometrical observation, 

135. 
Euler, formulae for sin x and cos «, 
69. 

theorem on homogeneous func- 
tions, 123, 127, 148, 162. 

on double generations of epi^- and 
hypocydoids, 344. 
Evolute,. 297. 

of parabola, 29$. 

of ellipse', 299, 308 ; as an enve* 
lope, 297. 

of equiangular spiral, 300. 
Expansion of a function by Taylor's 
series, 61. 

of0(ir + A, y-f^), 156. 

of0(ar+ A, jr + *,»+/), 159. 

Family of curves, 27a 

Ferrers on Bobillier*s theorem, 369. 

on Steiner's envelope,. 432^ 
Folium of Descartes, 333. 
Functions, elementiury forms of, a. 

continuous, 3. 

derive^ 3. 

successive, 34. 

examples of, 46. 

partial derived, 1 13. 

elliptic, illustrations oi, 136. 

Graves, on new ibrm of tangmitial 

equation, 339. 
Harmonic polar of point of inflezioB 

on a cubic, 281. 
Huygens, approximation to length of 

circidar arc, 66. 
Hyperbolic branches of curve, 246. 
Hypocydoid, see epicycloid. 
Hypotrochoid, see epitrochoicL 

Indeterminate forms, 96. 

treated algebraically, 9609. 

treated by the calculus, 99, gtt$q. 
Infinitesimalsy orders of, 36. 

geometrical illustration, 57. 
Inflexion, points of, 279, 2&1. . 

in polar co-ordlaatees 303^ . 
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Intrinsic equation of a curve, 304. 

of a cycloid, 358. 

of an epicycloid, 

of the involute of a circle, 
Inverse curves, 225. 

tangent to, 225. 

radius of curvature, 295. 

conjugate Cartesians as, 378. 
Involute, 297. 

of circle, 300, 358, 374. 

of cycloid, 356. 

of epicycloid, 357. 

Lagi'ange, on derived ftinctions, /[ , note, 
on limits of Taylor's series, 76. 
on addition of elliptic integrals, 

136. 
theorem on expansion in series, 

on Euler*s theorem, 163. 
condition for maxima and minima, 
191, 197, 199, 202. 
La Hire, circle of inflexions, 354. 

on cycloid, 373. 
Landen's transformation in elliptic 

functions, 133. 
Laplace's theorem on expansion in 

series, 154. 
Legendre, on elliptic functions, 137. 
on rectification of curves, 233. 
Leibnitz, on the fundamental principle 
of the calculus, 40. 
theorem on the n^ derived func- 
tion of a product, 51. 
on tangents to curves in Tectorial 
co-ordinates, 234. 
Xemniscate, 259, 277, 296, 329, 553. 
Lima9on, is inverse to a ccmic, 227, 

33i» 334, 349» 36i,.372. 
Limiting ratios, algebraic illustrations 

of, 5. 
trigonometrical illustration, 7. 

Limits, fundcunental principles as to, 

II. 

Maclaurin, series, 65, 81. 

on harmonic polar for a cubic, 282. 
Mannheim, construction for axes of an 

ellipse, 374. 
Maxima or Minima, 164. 

geometrical examples^ 164, 183. 

algebraic examples, 166. 

of ^±li^i±:^, .66, ,77. 



condition for, 169, 174. 



problem on area of section of a 
right cone, 181. 

for implicit functions, 185. 

quadrilateral of given sides, 186. 

for two variables, 191 ; La- 
grange's condition, 191, 197. 

for functions of three variables, 
198. 
of n variables, 199, 435. 

application to surfaces, 200. 

imdetermined multipliers applied 
to, 204. 
Multiple points on curves, 256, 265, 

367. 
Multipliers, method of undetermined, 
204. 

Napier, logarithmic system, 25. 
Navier, geometrical illustration of 
fundamental principles of the 
calculus, 8. 
on Taylor's theorem, 436. 
Newton's definition of fluxion, 10. 
prime and ultimate ratios, 40. 
expansions of sin x, cos x, sin-i Xt 
&c., 64, 69. 
by di^erential equations, 85* 
method of investigating radius of 

curvature, 291. 
on evolute of epicycloid, 345. 
Nicomedes, conchoid of, 332. 
Node, 259. 
Normal, equation of, 215. 

number passing through a given 

point, 220. 
in vectorial co-ordinates, 233. 

Orthogonal transformations, 409, 414, 

437. 
Osc-node, 259. 

Osculating curves, 309, 

circle, 291, 306. 

conic, 317. 
Oscul-inflexion, point oi^ 314, 317. 

Parabola, of the third degree, 262, 288. 

osculating, 318. 
Parabolic branches of a curve, 246U 
Parameter, 270. 

Partial differentiation, 113, 406. 
Pascal, lima^on of, 227. 
Pedal, 227. 

tangent to, 227. 

examples of, 230. 

negative, 2^7. 
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Plucker, on Iocub of cusps of cubics 
having given asymptotes, 265. 
Points de rewoussement, 266. 

of inflexion, 279. 
Polar conic of a point, 219. 
Proctor, definition of epi- and hypocy- 
cloids, 399. 
epicyclics, 366. 
Ptolemy, epicydics, 366. 

Quetelet, on Cartesian oval, 376, 381. 

Radius of cnrvatore, 286. 

in Cartesian co-ordinates, 287, 

289. 
in r, p co-ordinates, 295. 
in polar co-ordinates, 301. 
at singular points, 310. 
of envelope of a moving right 
line, 358. 
Beauleaux, on centroids of moving 

areas, 363. 
Reciprocal polars, 228, 230. 
Remainder in series, Taylor's, 76, 79. 

Maclaurin's, 81. 
Resultant of concurrent lines, 234. 
Roberts, W., extension of method of 

inversion, 429. 
Rotation of a plane area, 359. 

centre of instantaneous, 360, 364. 
of a rigid body^ 371. 
Roulettes, 335. 
normal to, 336. 
centre of curvature, 352 ; Sa- 

vary*s construction, 352. 
circle of inflexions of, 354. 
motion of a plane figure reduced 

to, 362. 
spherical, 370. 

Savary's construction for centre of 

curvature of roulette, 353. 
Series, Taylor's, 61, 70, 76. 

binomial, 63, 82. 

logarithmic, 63, 82. 

for sin x and cos Xy 64, 66, 81. 

Maclaurin's, 64, 81. 

exponential, 65, 81. 

BemouUrs, 70. 



convergent and divergent, 72, 75. 

for sin ~^x, 68, 85. 

for tan -^Xy 68, 84. 

for sin mx and cos mx, 87. 

Arbogast's, 88. 

Lagrange's, 151. 
Spinode, 259. 
Stationary, points, 266. 

tangents, 282. 
Subtangent and subnormal, 215. 

polar, 223. 
Symbols, separation of, 53. 

representation of Taylor's theo- 
rem by, 70, 160. 

Tacnode, 266. 

Tangent to curve, 212, 218, 258. 

number through a point, 219. 

expression for perpendicul^ on, 
217, 224. 

expression for intercept on, 232. 
Taylor^s series, 61. 

symbolic form of, 70. 

Lagrange on limits of, 76. 

extension to two variables, 156. 
to three variables, 159. 

symbolic form of, 160. 

on inapplicability of, 431. 
Three-cusped hypocycloid, 350, 372, 

430. 
Tracing of curves, 322, 328. 

Transformations, Imear, 408. 

orthogonal, 409. 

Trisectrix, 332, 

Trochoids, 339. 

Ultimate intersection, locus of, 271, 
for consecutive normals, 290. 

Undetermined multipliers, application 
to maxima and minima, 204. 
applied to envelope, 273. 

Undulation, points of, 280. 

Variables, dependent and indepen- 
dent, I. 

Variations of elements of a triangle, 
plane, 130; spherical, 133. 

Vectorial co-ordinates, 233. 

Whewell, on intrinsic equation 304. 



THE END. 
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